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Part 1 Calculus

Chapter 1
Differentiation 1: Rules and standard derivatives

points @ N

Differentiate exponential and natural logarithmic functions
¢ differentiate functions involving e* and Inx ]

Differentiate functions using the chain rule
& apply the chain rule to differentiate the composition of at most three functions O

Difterentiate functions given in the form of a product or a quotient

¢ differentiate functions of the form f(x)g(x) and /)

g(x)
*¢ know the definitions and apply the derivatives of tanx, cotx, secx and cosecx
*k derive and use the derivatives of tanx, cotx, secx and cosecx
¢ differentiate functions that require more than one application or a combination of applications
of the chain rule, product rule and quotient rule

dy

s apply a= dlx where appropriate
[dy]

Differentiate inverse trigonometric functions
& differentiate expressions of the form sin™![f(x)], cos![f(x)] and tan"'[f(x)] ]

I R I I e B

Apply differentiation to problems in context

& apply differentiation to problems in context
& apply differentiation to optimisation

kl:ll:l

Differentiate implicit functions and parametric equations (Chapter 2), investigate stationary
points and points of inflection (Chapter 6) and find Maclaurin expansions (Chapter 8) using
the content of this chapter.

The Chain rule

The chain rule for differentiation states that (f(g(x))'=f"(g(x)).g'(x).

Alternatively, using Leibniz notation, treat y = f(g(x)) as y = f(u) where u = g(x)

&y du

then dx_duxdx'
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Chapter 1 Differentiation 1: Rules and standard derivatives
Example (D)

fx)=Vx>+5=(x*+ 5)% = fi(x)=3(x*+ 5)_%.2x

1
=x(x*+5) %= al
x> +5
- J
 Example () .
y=cos (1-x) = Y _ 3cos’ (1—-x).—sin (1-x).—1
dx ' ' Remember (/(g))'=/"(g) x &"
. Give final answers in their
S =3cos (1-x) sin(1 - x) ) simplest form.

The Product rule

The product rule is a formula used to find the derivative of a product of functions.
It may be stated as (f{(x)g(x))" = f(x)g(x) + fx)g'(x).

f(x) =x*cosx = f'(x) = 2x.cosx + x%. — sinx = 2xcosx — x’sinx j

 Exemmple () \

y=xQ2-x)'= %= 3x2.2-x)+x4Q2-x).—1
X

=3x’Q2-x)"-4x’2-x)’

= 20— xVI3(2 — x)— 4 Remember (fg)'=f"g + fg'. Give
¥ 2-xy 32 - x)=4x final answers in their simplest

= x*(2-x)’(6—Tx) form.

N /

The Quotient rule

The quotient rule is a formula used to find the derivative of a quotient of functions.
J@) | S0g@) - f(0)g'x)

g(x) (g(x))2

It may be stated as (

1+sinx , cosx.(1—sinx)—(1+sinx).—cosx 2cosx
L f()= Sollmsing)~(L+sinx) ~cosx __doosx
(l—smx) (l—smx)
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Derivatives of exponential and natural logarithmic functions
°
m} ) W

2x+1 2x+1 ’
y=\/3 2 > Remember ! :f'g—fg'-
—X (3_ x2)2 g g2
L 1 Ll Look for a common factor on the
— 2 _ (33— 2 _ 0 e a
N dy _ 2.3-x7) - (2x+1). 5 (3-x7)%-2x Qumerator when simplifying. y
dix 3—x°
4
(G- 2[ 23— x%) + x(2x+ 1)]
_ =z I-x
6+Xx 6+x 1 Differentiate f(x)=
_ = x
_ (3-x7)? \/(3—x2)3 y
Derivatives of exponential and natural  [s® /@)
logarithmic functions e (or exp(x) ¢
The derivatives of e* and Inx are given in the Formulae list. Inx (or log x) x
Hints & s Qo
f(x) =x*e*! = f(x) = 3x%.e> + x3.271.2 = x%e*1(3 + 2x) Remember

d 1
E(IHX) = }

is only valid for the
natural logarithmic

_ dy 1 _ sinx Gunction. y
y=In(cosx) = & cosx SIX = —goer=- tan x
2 Differentiate

a) f(x)=~e" +1 b) y=xIn2x. 2,2

Derivatives of trigonometric functions

The reciprocal trigonometric functions secant, cosecant and tangent are defined by:

1
, Secx= and cosecx=——.

cotx=——
tanx CcOSXx sinx

The derivatives of these functions and of tanx can be obtained by expressing each function in
terms of sinx and/or cosx then using the quotient rule.
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Chapter 1 Differentiation 1: Rules and standard derivatives

 Exemnple (G \

sinx dy  cosx.cosx—sinx.—sinx
y=tanx = — = 3 d
cosx  dx Cosx 3 Show that d—(sec x)=secxtanx,
X
cos’x +sin’x 1 ) 3
= 5 = ———=sec’x
N COS™ X COS™ X P

In the examination use the derivatives of tanx, cotx, secx and cosec x which are given in the
Formulae list, unless you are specifically asked to derive them.

X tanx cotx secx cosecx
Jx)
f(x) sec’x —cosec’x | secxtanx | —cosecx cotx

Example QYRR check-uo @) \

f(x) = sec?3x

5 Given that f(x) = e"™secx evaluate f '[ ] 3
- J
Derivatives of inverse functions

When a function y = f(x) has an inverse denoted by y = f _l(x), then the derivative of the inverse
function can be obtained as follows.

v W= )= ) =
'y

N

4 Given that f(x)= tan’ X, find 7).
= f"(x) = 2sec 3x.sec 3x tan3x.3 2

&8

_ 2
\ 6sec’3x tan3x )

dy 1

dx [y

Then express the derivative in simplest form in terms of x.

tan 'x is ‘the angle whose tangent is x’, i.e. tan"'x = 0 < tan 6= x.

Note that tan 'x # L
tan x

Obtain the derivative of y = tan 'x.

Solution
-1 dx 2
y = tan x:>x=tany:>d—=sec y
6 Show that
dy 1 2 d
= ——= =cos’y= < (sin”'x) =
dx  sec’y Y ( e (sin” x)
K &N o | M




Higher derivatives

In the examination use the derivatives of sin"'x, cos'x and tan"'x which are given in the
Formulae list, unless you are specifically asked to derive them.

f(x) sin"'x cos'x tan'x

) 1 1 1
S(x) 2 P 152

f(x)=sin"5x = f/(x) = ! S= >

J1-(5x)° V1—25x

 Examole () .

)’=XCOS_1£=>@=1.cos‘1£+x.—;.l
2 dx g 2 2
- *
(2) Check-
-1 X X X X 7 Differentiate
= COS 5— - = COS 5_ - 1
2 it 4-x y=cos'| x| 3
\_ 4 )

Higher derivatives
The derivative of f(x) is denoted by f"(x) and is called the second derivative.

The derivative of f"(x) is denoted by f"(x) and is called the third derivative, and so on.
2 3
In Leibniz notation the higher derivatives are denoted by dy dy and so on.

dx? ’?

f(x)=cos3x = f’(x)=—sin3x.3=-3sin3x

J"'(x) = =3c0s3x.3 = —9cos 3x 8 Given that f(x) = In(3x +2),
/7" (x) =9sin3x.3 = 27cos3x find f"(x) and f"(x).

 Examole () .

1 4 d , -
y:2x+1:(2x+1)1:>d—i::—1(2x+1)2.2:—2(2x+1)2
d? _ .
g);=4(2x+1)3.2=8(2x+1)3
i{ = 24(2x+1)" 2= —48(2x+1)"
_ ~ . dxl - P i J




Chapter 1 Differentiation 1: Rules and standard derivatives

Applying differentiation in context

G ) \

The distance, s metres, travelled by a particle moving along a straight line after # seconds is

given by s = %f — %tZ + ¢ + 4. Find the acceleration of the particle after 3 seconds.

Solution
_d’s _dds\ dy., - ) )
a_?_E(E)_E(zf —71+1)—4t—7 = a=5whent=3

So the acceleration of the particle is 5ms™ after 3 seconds.

 Examplo ()

Part of the graph of the curve with
equation y = 3xe > is shown in the
diagram.
Find the coordinates of the maximum
turning point on the graph.
Solution
At maximum turning point Check-u p Q
d S
D 0= 3¢ —6xe =0= 3¢ (1-2x)=0=x=1 9 Afunction fis
dx defined on the
3 1_ 3 . . domain0<x<2b
= y=2¢ ' ==, so the maximum turnin =X=2Dy
Y72¢ T2 . f(x)=e""'—x+3.
| Find the maximum
2" 2e values of /. 4
NG DN J

Ten metres of decorative edging is used

to section off a flower bed against two
perpendicular walls in the corner of a garden.
Find the maximum possible area of the flower In your answers give
bed. exact values rather
than decimal
approximations.

10 m

N




Practice questions

= )

Solution

Let the length of the flower bed be xm, then using Pythagoras’ theorem the

width is /100 — x> X 10

Hence the area is given by 4 =1 x\/ 100 —x°

I N
dd 2 % ~— 100 —»* >
o =5(100—-x 241 2% 2(100 x%)
1 2
o 1 2 _E 2 2 o 100 — 2x
=5(100-x") 7| (100-x")—x" |= —F/——=
[ ] 24100 - x*
AtSP Y _0 - 100-25 =0 =x =50 =5/2 LR PEIPN R
“a 1, o -
so area is maximised when x = 5\/5 and maximum area dx
> slope ~ N

=1 x 52 x,[100—(5v2] =25m? >
- J

Practice questions ? ~

1 Differentiate the following. Marks

a) y =cos*(m —x) b) fx)=(x+1)2x—1)° c) y (T) 3,3,3
X
2 Differentiate these.
a) f(x) = e*cot 4x b) y=tan 'v2x-1. 2,3
2
3 Given that y = e*sinx, find 4 and — dy 4
24 de
4 Given that f(x) = sin"' 3x evaluate f ’(\/;J 3

5 The distance, s metres, travelled by a particle moving along a straight line after # seconds is

given by s =5\/(2¢t+1)’.

Find the acceleration of the particle after 4 seconds. 3
6 A function f'is defined on the domain 0 <x <5 by f(x)= al 113

Find the maximum and minimum values of /. 5
7 A movie screen on a wall is 4 metres high and 2 metres above the floor. 4m

a) Show that, from a position x metres from the front of the room, the
viewing angle, 6, of the screen is given by

2m
L
0 tanl[g]—tanl(g]. xrm 2

X

b) At what distance from the front of the room is the viewing angle of the screen as large as
possible and what is the largest viewing angle?
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