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1 Algebra

Algebra review 1

¥ THE LOWDOWN \

P
Hint: You can
use letters (such

(D In algebra, symbols (called variables) are used to represent numbers. <
A number on its own is a called a constant.

A term is made from numbers and variables alone or multiplied together or
on their own.

An expression is made by adding or subtracting one or more terms. It has no =.

3X<lj

example 5-——=+ X? Ls an expression with three terms.

(2 You can expand brackets by multiplying them out.

as 1, x, y or 6) to

represent:

e any number
(a variable)

¢ an unknown
number that
you want to
work out.

[ Hint: Multiply
each term in the
second bracket by

Example Expand and simplify (5x + 4) (3x — 2) <
23X -2 23X —2
5X = | 5x 15x? | —10x
+4 +4 12x -8

So(5x+4)(2x—2)=15x2 +2x—8

(3 You can factorise an expression by rewriting it with brackets.

each term in the
first.

Hint: 8 and 12
have a common
factor of 4

x and x” have a
common factor
of x

Example Factorising 2x2Yy? — 12 xy* glves 4xy*(2x—3y) <«

(@) You can put one expression equal to another to make an equation.

An equation has an = and is usually only true for certain values.

Example Solve  4x+3=2—-5x
+5)<g‘9}<_'_3:;2 +5x
—3&)_9/(:_1) —<)
+9 (} 1)+3
X=——
9

(5) An identity is an equation that is true for all values of x.

The symbol = is used to show that an equation is an identity.

Example 2x+1)==2x+3

y® and y” have a
common factor
of y°.

(Watch out!

Keep the equation
balanced by doing
the same to both

@ GETITRIGHT

3 _ 4
a) Solve pr e
b) Factorise 15x% — 10xy + 12x — 8y.
Solution:
) Clear fractions: 3 _ 4
a ear fractions: -5 " ax

Expand brackets: 2(2x)=4(x—2)
CX=4xX—L83= 2X=—"88 = X=—4
15 — 10xy + 12x — Y

=5x(3x—2y) + 4(3x—2y)

b) There is no common factor...

so factorise pairs of terms:

sides!
N

Hint: Check
you are right by
substituting your
answer back into

the equation.

(> See page 8
for using the
grid method to
 factorise.

~
Hint: You can

check you are
right by expanding
the brackets. Use a

=(5x+4)(3x —2y) <

K Now factorise fully:

grid to help you.




Algebra review 1

% YOU ARE THE EXAMINER \

Sam and Lilia have both made some mistakes in their maths homework.
Which questions have they got right?
Where have they gone wrong?
SAM’S SOLUTION LILIA'S SOLUTION
1 simpLLﬁj (Bx +1) — (x — 2) 1 simpLiﬁj (Bx+1) — (x—2)
Bx+1)— (x—2)=585x+1—x—22 Bx+1)— (x—2)=5x+1—x+2
=4x —1 =4x+ 3
2 simpLiﬂj = (ab) 2 simpLiﬂj =(ab)
2(ab) = =zab 2(ab) ==za X =2b
3 Factorise 12y — 2x*° + 4xy =9b
1;2/623 - QX"‘gs +4xy = 4}(&(3)( - 2}(’232) 2 Factorise 12K2(lj - gﬁf + 4xy
4  Bxpand (3x — 2) (x — 5) 12y — 8¢y + axy =
Bx—2)(x—5) =3 —2x —15x + 10 4xy(3x — 23y + 1)
=3 — 1F#x + 10 4  Bxpand (3x — 2) (x — 5)
5 solve £F=_2X+5_ Ex—2)(x—5) =33 —2x+ 15x — 10
;<+3:a :zx3+5 =37+ 13k - 10
exXEE_oxBXES _ oy 5 soe K3 _2xEE_,
(x+3)—-202x+5)=24 2Ax+3)—20x+5)=4
X+ 9-A4x—10=24 B3xX+ 9—4x—10=4
a==25 -x=5
K X=7=25 x=-5

% SKILL BUILDER \

1 Simplify these expressions.
a) Sx(4xy—3)+3y2x—y) b) 2x(3x —3)—(2-5x) c)] 3x(1-2x)—3x(4x—2)

(Hint: Be careful when there is a negative outside the bracket. )

2 Expand and simplify.
a) (x+5)(x—4) b) (2x+3)(3x—5) c)  (4x —2y)(2y — 3x)

(Hint: Use the grid method to help you. )

3 Factorise each expression fully.
a) 1242+ 8a b) 8b%c—4b c)  3bc—2b+ 6¢% — 4¢

(Hint: Make sure the terms inside the brackets in your answer don’t have a common factor. )

4 Solve these equations.
a] 52x-4)=13 b) 4(x+3)=5B3-x) c) 32x+1)—-2(1-x)=209x+4)

(Hint: Expand any brackets first. )

5  Solve these equations.

x _2x—1 1 __2
al 1=773 b i3T5 c)

\ (Hint: Clear any fractions first. j

Copyright: Sample material




1 Algebra

Algebra review 2

¥ THE LOWDOWN I

(1) Simultaneous equations are two equations connecting two unknowns.

(2) To solve simultaneous equations, substitute one equation into the other.
Example 2x+ y=120 and y=3—x

Substituting for iy gives 2x+3-x=10 = x= >
Since y=3—x then y=3-7=-4

Or you can add/subtract one equation to eliminate one of the unknowns

Example 2x+z=zYy=2+
*x-3y=9 @
3X =36 = x=12
From D 12-3y=9soy=1

(3@ A formula is a rule connecting two or more variables.
The subject of a formula is the variable calculated from the rest of the formula.

The subject is a letter on its own on one side and is not on both sides of the =.
Example V=u+tator s= 1,a&+éat;2

(4) You can rearrange a formula to make a different variable the subject.

Rearrange the formula in the same way you would solve an equation.

Example v=u+at
Swap sioes: u+at=v
Subtract w from both sides:  at =v—u«
.o , vV—u
pLvide both stdes bg t a=—

e ~
Watch out! Your

| enough working!

N\

calculator may
solve equations
for you but in
the exam you
may lose marks if
you don’t show

Hint: Don’t
forget to find the
values of both
unknowns.
Check your
answer works for
both equations.

@ GET ITRIGHT I

a) Solve 3a+ 2b = =5 and 4a+ 3b = —4.5.
2x+b
x =3¢’

b) Make x the subject of y =

Solution:
a) To eliminate b, multiply each equation to get 6b in both.

Then subtract one equation from the other.
za+20=-5 (1) (D) xby 3
4a+3b=—45 (2 @ xby 2

9a+teb=-15
—-ga+eb=-9
a =-c

2X—6+2b=-5
20=12=b=065

Use equation (1) to find b:

b) Clear the fraction:

Expand the brackets:
Gather x terms on one side:

g(x—30)=2x+b
XYy—3ey=22x+0b
XY—2x=0b+3cy
x(5—2)=b+3og

Factorise:

_b+3o‘1j

Divide by (y — 2): )(—‘lj_;z

(> See page 18 )
for inverse
functions and
page 38 for more
on simultaneous

equations.

\a )

<
Hint: You can

eliminate an
unknown if both
equations have the
same amount of
that unknown.

Look at the signs
of that unknown:
Different signs:
ADD Same signs:
SUBTRACT




Algebra review 2

% YOU ARE THE EXAMINER \

Mo and Lilia have both missed out some work in their maths homework.

Complete their working.

MO’S SOLUTION LILIA'S SOLUTION

Make a the subject of s = wt + %atz Solve 3x+4y=-1 O,
ex—5y=-85 @

Swap sides: wut + %”tg =S Multiply equation ©O) by =2: I:I ®

Subtract wtfrom both sides: use @ and ) to eliminate x:

Multiply both sides by D: |:| ex-5y=-8.5

at? =

Dpivide both stdes by D : D :D

Sog=

a= I:l Using equation (D:
X+ 4 X D =1

which gives x = |:|

N

% SKILL BUILDER \

1 Which one of the following is the correct x-value for the linear simultaneous equations 5x — 3y = 1
and 3x — 4y = 42

_ 16 _16 -_8 -3 -2
A X =59 B X =17 C x= 11 D x= 11 E X =55
2 Which one of the following is the correct y-value for the linear simultaneous equations 5x — 2y = 3
and y =1-2x7?
_ _5 _7 _ 1 __7
A y=-9 B r=y C r=gy D y= 9 E y= 3
3 Solve a] 2a+b=14 b) 2c+3d=14 c) 5e—3f=11
a=2b—-3 4c+ 3d =10 4e + 2f=18

4 Decide whether each statement is true (T) or false (F).

a] y=x+ % =2y=x+5 (Hint: Substitute in values for x to check your answers.)

b) y=9x> =>y=(3x)2
) S(x—4)=6=20x-12) =18

5  Make y the subject of ax + by = ¢.

: _ax+1 . . W
6 Make x the subject of y = x+by (Hlnt. Look at the ‘Get it right box.)
7 Make x the subject of y = L
612 _ x2

Hint: Follow these steps:

1 Multiply both sides by Va? — x2.

2 Divide both sides by y.

3 Square both sides to remove the square root.
K 4 Make x? the subject and then square root.

Copyright: Sample material



1 Algebra

Indices and surds

v THE LOWDOWN

(D) 3*means 3 X 3 X 3 X 3; 4 is the index or power and 3 is the base.
%f—/

4 of them
(2) Laws of indices
a' =aXaX..Xa a =1 a'=a
%/—/
n of them
a"
am X an — am+ n _n — am—n (am)n — amxn
a

(3 Fractional and negative indices

~

GCSE Review/Year 1

an

Remember v means the positive square root only.

(4) You can use roots to solve some equations involving powers.

example x*=20= x=1¥20 =£211 (tozs.f)

® V2 = 1.414213... the decimal carries on forever and never repeats.

V2 is a surd; a surd is a number that is left in square root form.

(® To simplify a surd use square factors of the number under the root.

JF2 =VEex2 =ev2

Examp le

(7) Useful rules:
\/x_=\/;\/; \/;X\/;=x (x+y)(x—y)=x2—y2
A fraction 1sn’t in its simplest form when there is a surd in the bottom line.

To simplify it you need to rationalise the denominator.

= _ =3xJ5 _=J/5

V5 JsxiJs5 5

examp Le

-

=t w =4 an = Yo = (o)<

When you are asked for an exact answer then you often need to use surds.

Hint: You might )

like this memory
m

aid:an = Ya" .

A fractional index
is like a flower, the
bottom’s the root
and the top’s the
power!

p
Watch out!

When the power
is even then there
are two roots: one
positive and one
negative.

‘When the power
is odd, there is

only one root.
A

@ GET ITRIGHT

Rationa{ise the denominator of each fraction:  a) 2 i4\/§ b) ﬁ
Solution:
Stept a) 1% b) 1+

(z3++2) (5 —2v=)

__ 14(z—+=2) 3 1(5 +2v=)

S (3+V2)(3-V=2) T (5 -2v3) (5 +2V=)
Step 2 - M _ (5 + ZZ\/E)

= - (V2)* 52 —(2Vz)?

_ 14(z-+2) _(5+2v=)
Step 3 - 9-2 o5 —4x=

_14(z=+2) _5+2vJ3

B Ve T 1=
\ =2(z-/2)

N

PP See page 8
for the difference
of two squares.

/Hint: Step 1:

Multiply ‘top’ and
‘bottom’ lines by
the ‘bottom line
with the opposite
sign’. Don’t forget
brackets!

Step 2: Multiply
out the brackets.
Remember
(x+y)x—y)

2 2
=x° —y°

Step 3: Simplify.




Indices and surds

% YOU ARE THE EXAMINER

SAM’S SOLUTION

1 Solve x*+1=22
X% =27

cube root: x=1=

2 simpLL-fg _Aab*
(2a2b)*
_4ab* _ b

ga%b®* 2a°

2 simplify 147 — 27
J147 — 27 =120 = J4 x =20 = 2v/=0

_3
4 evaluate 64 =2

N

64_22 ES = L _izi
s (Jewy & 512

Sam and Nasreen have both made some mistakes in their maths homework.
Which questions have they got right? Where have they gone wrong?

NASREEN’S SOLUTION
1 Solve x* +1 =28
XZ =27
culbe root: X=3
. . 4ab*
2 Swmplfyy ———
_ 4ab* _ _ o
22505 2a°b

3 Simplify V147 —J27F

Ji4r —J27 = J49x=z-[9x=
=#JVz-3JVz3=4J=

_=2 2
4 evaluate 64 2 = 642 = (34 /64—)2 =42 =1¢

% SKILL BUILDER

K a) x2-49=15

Don’t use your calculator; only use it to check your answers!
1 -2
1 Find the value of (3)
1 1 2
A 9 B 5 C 9 D ~5 E -3
. 2x42Y L
2 Find the value of ————, giving the answer in its simplest form.
1O(x3\/y5 '
1y 2 0 4x© 40 el
A 5xy B ¥y 5y D5 B0y
3 Simplify (2 - 2\/5)2, giving your answer in factorised form.
A 16 B 8(2-+/3) C -8(1++/3) D 16-8V3 E 404 —+3)
4 Decide whether each statement is true or false.
Write down the correct statement, where possible, when the statement is false.
a] —42=16 b) V9 =413 ¢) Va+vb =va+b
d) V162" = 4ab? e) Va2 +b2 = a+b ) (Va+Vb)Na—-by=a—b
5 Rationalise the denominator:
a) L ) —2 ) —2
V2 3+45 6— 32
6  Solve these equations.
b) 5x®-27=13 c) 10x(x—4)=4(1-10x)

~

Copyright: Sample material




1 Algebra

¥ THE LOWDOWN

(1) A quadratic equation can be written in the form ax? + bx + ¢ = 0.

(2 You can solve some quadratic equations by factorising.

~

P
Hint: Use a

Exawmple Solve x? —10x+16 =0
ac=1X1e=16and b = — 10, sp — 10x splits to —2x — g«
X -2
X2 | TRk | X X2 x| x| x? | —ax \\
—-8x |16 —g|—8&x |16 —2|—8sx |16

x is the HCF of x* and —8x

—g Ls the HCF of —8x and 16
From the grid: (x—2) (x—8)=0
So X=20rx=8

(3 Make sure you can recognise these special forms:
® The difference of two squares: x> — a> = (x + a)(x — a).
® Perfect squares: x> + 2ax + a*> = (x + a)>.

(4) Watch out for quadratic equations in disguise!

Rewrite them as a quadratic equation first.

Solve 279 —1ox29%+16=0
Letx=2Y <o x2 —10x+16 =0

Since x=2orx=8then29=2o0r29=¢
50g=10V3=3

Example

\

@ GET IT RIGHT

Show that there is only one solution to 2y +5./y =3 =0.

Hint: You can
write 227 as (2)’)2.

Solution:
Let x= [y, sothe equation is 2X* +5x—2=0 <—
ac=2X —=2=—cand b =5, so Sxsplits to —x + &x
X +=
2 | ex o 2x (22X | ex o 2x [ 2x7 | 6x
—X -= -1 | —x -z -1 | —x -3

From the grid: (x+3)(2x—1)=0

1
S =3 0rX=_—
o X X >

So \/(Tj = —3 which is mpossible,

| ' »
( Y= S = y= 2+ so there Ls ong one solution.

grid and split the
middle term.
Look for two
numbers that
multiply to give ac
and add to give b.
Take out the
common factors.

PP See page 12 )
for completing
the square

and page 20

for factorising
cubic equations.

J

Hint: Since
y =,
2(/7)Y +547-3=0

thZ Y5x —3=0

[ Watch out: Make |
sure you find the
solutions for y and

| not just for x.

{Watch out:
</ means the
positive square
root, so it is never

negative.
\neg




Quadratic equations

% YOU ARE THE EXAMINER \

Which one of these solutions is correct? Where are the errors in the other solution?
Solve 5x* = 10x?
LILIA’S SOLUTION PETER’S SOLUTION
sx* =10x> Lety = X2, so 5y> =10y
Divide by 5x: X2 =2 Rearvange: 5y> — 10y =0
Take the square root: X =~/2 Factorice: sy(y-2)=o
Solve: y=oory=2
So E=0or) =2
K Take the square root: x = 0 or x =1tvJ2
¥ SKILL BUILDER N\
1 Which of the following is the solution of the quadratic equation x> —5x — 6 = 0?
A x=-6orx=1 B x=—2o0rx=3 C x=2o0rx=3
D x=-3o0rx=2 E x=-lorx=6
2 Factorise 6x2 + 19x — 20
A (x+4)(6x—-5) B (Bx+10)(2x —2) C (x+20)(6x—1)
D (Bx+4)(2x-15) E (6x+10)(x —2)
3 Which of the following is the solution of the quadratic equation 2x? — 9x — 18 = 0?
A x=%orx=—6 B x=%orx=—2 C x=6orx=3
D x=—%orx=2 E x=—%orx=6
4 Factorise.
a) x2+7x+12 b) x%2-2x-15 c)] x2+6x+9
d) «x%2-12x+36 e)] x2-49 f)  4x>—100
g) 2x°+7x+3 h) 6x2+x—15 i) 9x2—-12x+4
5  Solve these equations by factorising.
a)] x2+3x-10=0 b) 2x2—-x-1=0 c) 2x%2=11x-12
d) 4x2% =5x e) 4x%+25=20x f] 9x%2 =25
6  Solve these equations by factorising.
al i) ¥>—8x+12=0 i) y*—8y2+412=0 i) 2—8Jz+12=0
b) i) x>2-10x+9=0 i) 32 -10x3"+9=0 iiii) =102 +9=0
c) i) 4x2+3x—-1=0 i) 4y +3y2-1=0 iiii) 42+3Jz-1=0

7 Daisy factorises f(x) = 5x2 + 25x + 20 by dividing through by 5 to give f(x) = x? + 5x + 4.
a) Explain why Daisy is wrong.
b) Ahmed says f(x) = 5x2 + 25x + 20 and g(x) = x? + 5x + 4 have the same roots.

K Is Ahmed right?

Copyright: Sample material



1 Algebra

Inequalities

v THE LOWDOWN

(1 An inequality states that two expressions are not equal.
You can solve an inequality in a similar way to solving an equation.

Remember:

® keep the inequality sign instead of =

® the solution to an inequality is a range of values.

Example 10—2x< 4
Subtract 10 from both sides: 2x < —6&

Divide both stoes bg —2: X>3

(2 To solve a quadratic inequality:
Example Solve 2x* —4 = 14

X2 —4 =14
x* =9
DS X="20rxXx=2=
Since x2 = 9
thew x < -—=2o0rx =2

® replace the inequality sign with =
solve to find the critical values

aand b

® the solution is either

between the critical values: @ < x < b.

OR at the extremes: x < a or x > b.
To decide which solution is correct you can:
® test a value between o and b see if it satisfies the inequality
® Jook at a sketch of the graph of the quadratic.

(3 You can use set notation to write the solutions to inequalities
® x<aorx>biswrittenas {y: <t U{x:x> b}

\ ® s=x=b)iswrittenas {x:a=xrNnix:x =0}

~

® when you multiply or divide by a negative number, reverse the inequality

@ GET IT RIGHT

a) Draw the graphs of y = x2 =3 and y = 2x J
on the same axes. 1
b) Solve x> — 3 = 2x. y=x213
c) Solve the inequality x> — 3 < 2x. ]
Solution: 4-
a] Y= x*—3isthesameshape as y= x>
but translated = squares dowwn. 2 -
Y =22x is a straight Lline through
the origin, with gradient 2. |- 0y
b) X —3=2x -4 -3 2\ 1/2 3 4X
Subtract 2x: x> —2x—3=0 >
Factorise: (x+1)(x—=)=o0 y=2X
Solve: X=—1Land x=3 Ly

c] Socritical values are x = —1 and x = =.

You want y = x* — 3 to be below Yy = 2x
\ so from the graph you can see the solution is 1 < x < 3.

regions need two
inequalities to
| describe them!

e N
Watch out! Two

the word ‘or’;

x can’t be both
less than —3 and
| greater than 3!

e ~
Watch out! Note

Hint: U means
union.

A U B means
anything in set A
or set B (or both).
M means
intersection.

A M B means
anything that is in
set A and in set B.

~N

Hint: Use a

solid line, — , to
show the line is
included.

Use a dashed

line, - - -, to show
the line is not

included.

KPP See page
12 for the
discriminant
and section 3 for
graphs.

PP See pages
94-97 for Venn
| diagrams.




Inequalities

% YOU ARE THE EXAMINER \

Which one of these solutions is correct? Where are the errors in the other solution?
Solve 2x% + 5x =12
SAM’S SOLUTION LILIA'S SOLUTION
Rearrange 2x*+5x-12=0 Find critical values: 2x* +5x =12
Find critical values: 2x2+5x—12=0 x(2x+5)=12
(2x—-3)(x+4)=0 2X6=12,s0x=20r 2X+5 =6
- _ 3
Critical values: X="Horx=3 So critical values are x = 2 or X = %
\ yT J Test a value between X = % and x = 2:
% Ty x =1.8
-4 3 2 —
2 2XL.ET+ 5 X1.8&=154 =12
So the solution is % sSx<2
@the solution ls X < —4 or x = 2
™ SKILL BUILDER N\
1 Solve x+7 < 3x—5.
A x>6 B «x<l1 C «x>1 D x<6 E x>4
2(2x +1
2 Solve 2ex+ 1) > 6.
A x=5 B x>% C «x>4 D x=4 E «x>5
3 The diagram shows the lines y =3x — 3 and y = —x + 5.
y
y=3x-3
0 X
y=-X+5
For what values of x is the line y = 3x — 3 above the line y = —x + 5?
A x<4 B x<2 C x>y D x>2 E x>4
4 Solve the inequality x> + 2x — 15 < 0.
A S5=x<3 B 3sxs C 3sxs5
D x=-5o0rx=3 E xs=-5o0rx=3
5  Solve the inequality 6x — 6 < x? —1.
A x<-lorx>7 B 1<x<5 C x<lorx>7
D x<-5orx>-1 E x<lorx>5
6  Use set notation to write the solutions to the inequalities in questions 4 and 5.
? A ball is thrown up in the air.
The height i metres of the ball at time ¢ seconds is given by h = 2 + 15¢ — 5¢%.
a) Find the times when the ball reaches a height of 12 metres.
b) Find when the height of the ball is:
\ i) above 12 metres ii) below 12 metres.

Copyright: Sample material



1 Algebra

Completing the square

v THE LOWDOWN

This is called completing the square.

Example 2x2 —12x+ F
Step1 Factor a from first 2 terms: 2x2—6x)+F
Step2 Tuke the coefficient of x: -5
Stepz  Hualve it: —-=
Step 4 Square the result: 59

Step 5 Add and subtract this square: 2| x> —ex+ 9

Step & Factorise:

Step F simpLLﬁjz =2(x—3)* —-11

It 1s symmetrical about the line x = —p.

Example

form ax? + bx +c = 0.
—b £ Vb? = 4ac
X=—n
2a
The square root of a negative number isn’t real.

(1 You can write a quadratic expression in the form a(x + p) + q.

this is a perfect square

=2[(x—2)2 - 9|+ 7

~

Follow the steps to complete the square for a quadratic in the form ax? + bx + c.

(2) The turning point of the graph of y = a(x + p)* + ¢ is at (—p,q).

Y=2x* —12x+ F has a turning point at (3, —11).

(3 You can use the quadratic formula to solve a quadratic equation in the

So when b? — 4ac is negative the quadratic equation has no real roots.
b? = 4ac is called the discriminant, it tells you how many roots to expect.

When the discriminant is... Positive Zero Negative

b —4ac >0 > —4dac=0 |b>—4dac <0
The number of real roots is... 2 1 (repeated) 0
When a is positive graph is: y y y
Note when a is negative the curve is
‘upside down’

x| 0 0 X

\/ /\ Two real roots One real root No real roots

\Positive a Negative a

@ GET IT RIGHT

The equation 16x> + kx + 9 = 0 has no real roots.
Work out the possible values of k.

Solution:

Use the discriminant:
a=16,b=Fkandc=09:

b2 —4ac<o

R* —4X1eXxX 9<o0

k? — 576 <0 = k? < 576
k? =576 = k=124

So 24 < k<24

Find the critical values:

~

(Hint: The graph
of a quadratic
equation

y = ax® +bx + ¢
is a curve called a
parabola.

The curve is

\/

Positive

shaped when a is
+ve and

/\

Negative
shaped when a

s —ve.

(Hint: When a
question asks for
exact solutions
then you should
leave your answer
as a surd (with the
V).

KPP See page 38 )
for simultaneous
equations.

4« See page 8

for quadratic
equations.

4« See page 10

| for inequalities.

(Watch out! Use )
the discriminant
when a question
asks about the
\number of roots.

Hint: When
k = *24 then
1? = ac = 0 so the
equation has one

repeated root.




Completing the square

% YOU ARE THE EXAMINER \

Mo and Lilia have both missed out some work in their maths homework.

Complete their working.

MO’S SOLUTION LILIA'S SOLUTION
a) Write Y=5x>+10x+8 n the form a) Find the exact solutions of

y=a(x+by+c 2(x—4)P-15=0

Y=5x>+10x+¢2 3()(_4)2=D
=5(x2+Dx)+2 (X_4)2:D
:5(;<2+Dx+|j—|:|)+8 SN
=5[(;<+D)2—D}+g X:Di\/—

- b) y=3(x—4)*-15
=5 (/'< +D) +D The coordinates of the turning point are

b) Yy=5x>+10x+8 has D real roots (I:II:I)

2 —_— ’ ’ ’
because b —MMD o The equation of the line of symmetry is

K X=D.
N

1 Which of the following is the exact solution of the quadratic equation 2x> —3x —4 =0?

-3+ + +
A ’9¢*=3—T\/H B .96‘:3_4-\/H C .96‘:3_4;/5 D x:#\/ﬁ
E There are no real solutions.
(Hint: Use the quadratic formula and use your calculator to check.)
2 Write x> — 12x + 3 in completed square form.
A (x—602+3 B (x—12)% —141
C (x+6)?>-33 D (x—6—+/33)(x—6+/33)

E (x—6)2-33

3 The curve y = —2(x — 5)> + 3 meets the y-axis at A and has a maximum point at B.
What are the coordinates of A and B?
A A(0,3) and B(5, 3) B A(0,—47) and B(5, 3)
C A(0,—47) and B(5, —6) D A(0,3) and B(—10, —47)
E A(0,—47) and B(—10, 3)

4 Four of the following statements are true and one is false. Which one is false?

3x%> — 2x + 1 = 0 has no real roots.

2x% = 5x + 1 = 0 has two distinct real roots.

9x% — 6x + 1 = 0 has one repeated real root.

x% + 2x — 5 = 0 has two distinct real roots.

moOR

4x% — 9 = ( has one repeated real root.
5  Find the exact solutions of 3(x + 5)> =9 = 0.

(Hint:You don’t need to expand the bracket! )

6 The equation 3x% + 7x + k = 0 has two real roots. Work out the possible values of k.

(Hint: Look at the ‘Get it right’ box. )
?K The equation 5x? + kx +5 = 0 has no real roots. Work out the possible values of k.

Copyright: Sample material




1 Algebra

Algebraic fractions

(1) An algebraic fraction is a fraction with a letter symbol in the denominator.
You can simplify an algebraic fraction by cancelling common factors.

Factorise the expressions on the top and bottom of the fraction first.

X2 -1 =M(X—1)=x—1
x2—2x—-23 x+T)(x—3) x—3

You can combine algebraic fractions in the same way as you would ordinary
fractions.

eExamp Le

(2) Addition and subtraction — find a common denominator. <

¥ THE LOWDOWN \

p
Watch out! You
can only cancel

common factors.

X
For exarnple, m
doesn’t simplify

to — as x isn’t

4
a factor of the

\bottom line.

Hint To rewrite

2 3_ 2Xx s3X(x++4)
X+4  x (x+4)Xx xX(x+4)
__ 2 3(x+4)
T ox(x+4) " x(x+4)
_2x+3(x+4) 5x+12
T ox(x+4) T x(x+4)

examp le

Sometimes you need to rewrite a term as a fraction.

X x2 _ =
5 L5 _2x_5 2xXx_5-2x

Example
P X2 e 1 e 1 X x2 X2

(3 Multiplication — multiply numerators (tops) and multiply denominators
(bottoms).

atd 5 20

Example X =
P 2-2x x+2 (3-2x)(x+2)

(4) Division — flip the second fraction and multiply.

X—5 2x+1 x—-5 X
_4A(x+1) _ 4(2x+1)
Alx—5) X—5

.

with a common
denominator,
multiply the top
and bottom of
each fraction by
the bottom of the

other fraction.

Hint When you

‘flip” a fraction you

are finding the

reciprocal.

The reciprocal of
2 o xt1

x+1 2

The ieciprocal of’

xis =.
5

x2-25
6x

Simpli .
implify (x_—S)
2x3
Solution: (%2) o os -
. L. X X~ = . X—
Step1 Rewrite as a division: s\  ex o X
(?)
2 _ 3
Step2 Flip the second fraction and multiply: = X —25, 2X

X X—5
_ 2R - 25)

@ GET ITRIGHT \

(€« Factorising )
quadratics

on page 8 and
simplifying
expressions on
page 2.

P » Partial
fractions on

Step3  Simplify:

-

ex(x—5)
_2x(x=5)(x+5) _ x*(x+5)
- ex(x—5) B 3

| page 30.




Algebraic fractions

% YOU ARE THE EXAMINER

Which one of these solutions is correct? Where is the error in the other solution?
Simplify X +1
x— 4
x
SAM’S SOLUTION LILIA'S SOLUTION
x+1 _ (x+1)(x*—1) X+1 _ X1
X2 -1 X P
X X
_x+1)(x+1)(x—1) = (x+1)X —
X X2 —
_(x+1)2(x—1) _ x(x+1)
X X2 -1
__ xx+1)
(x+1)(x—1)
—_X
X—1
™ SKILL BUILDER N\
1 Simplify the expression x> =9 asfaras possible.
x*—x—12
9 3 x+3 x—=3 x+3
A T2 B 7 C =3 D E 14
R 6x3 3x+3 :
2 Simplify e X =5 ) a;(far a; )posmble. sy 2 2
x7(x + x~(3x + 12x 9x
—_ ——— D E
A (x +1)° (x + 1) x+1 x+1
3 Decide whether each of the following statements is true or false.
2x 2 1 _1.1
1 _1 .1 == LI N
R i bl Xy Ty o WXy
1 1 X’ _ «x +4 _x 4
d] —+x=— e] == f) X =242
4 4 P y oy
(Hint: Substitute in values of x and y to check that you get the same answer for both sides. )
4  Write as a single fraction.
x+3 5 1,1 x x-3
a) 52 T x b) <t " c) 3
(Hint: Start by finding a common denominator.)
5  Worite as a single fraction.
2 4 2 _ 2 2
a) 9c2x}’+£2 b) x2x25 2+x6 — ) x2
\_ ! S 3t

Copyright: Sample material



1 Algebra

¥ THE LOWDOWN \

(1) When you are asked to prove or show a statement or conjecture is true you
must show all your working.
You can use:
a) Proof by direction argument (deduction)
You start from a known result and then use logical argument — you
usually need to use algebra.

b) Proof by exhaustion
You test every possible case.
c) Proof by contradiction

Start by assuming the conjecture is false and then use logical argument to
show this leads to a contradiction.

d] Disproof by counter example
You only need one counter example to disprove a conjecture.
(2 Here are some useful starting points for questions on proof.
An integer is a whole number.

A rational number can be written as a fraction.

Example 9=2,075=2ando.42871=2

An irrational number can’t be written as a fraction — its decimal part carries
on for ever and never repeats.

Example T =314159....,e= 2. 71828... ano V2 = 1.41421..

Consecutive numbers are numbers that follow one after another other in order.
Examples: 3 consecutive integers:n, n + 14, n +2orn —1, n, n+ 1
2 consecutive even numbers: 2m, 2m + 2, 21 + 4
32 consecutive odd numbers: 2n + 1, 2n+ 2,20+ 5

\ 3 consecutive square mumbers: n2, (n + 1)2 (n + 2)2

@ GETITRIGHT \

a) Use proof by exhaustion to show that, with the exceptions of 2 and 3, every
prime number is either 1 more or 1 less than a multiple of 6.

b) Find a counter example to prove that the following statement is not true.
n? > n for all values of n

c) Prove that the sum of two consecutive odd numbers is a multiple of 4.

Solution:
a] A wmultiple of & is not prime as 1, 2, = and & are factors.
1 more than a multiple of & is odd, so coula be prime.
2 more than a multiple of & is even so is not prime.
3 more than a multiple of & is a multiple of 3 so Ls not prime.
4 more than a multiple of & is even so is not prime.
5 wmore than a multiple of & is oddl, so could be prime.
5 more than a multiple of & is the same as 1 Less than a multiple of &.
So all prime numbers are either 1 more or 1 Less than a multiple of &.
b) whenwwn =0.5,052=025<05,s0 * <nwhenwo<n<i
c)] 2nt+1+oantz=4n+4=4n+1)
Since 4 is a factor thew the sum of two consecutive odd numbers is a
multiple of 4-

Year 1 and 2

p

PP Proofs in
trigonometry on
| pages 56 and 58.

J

[ Hint: Often
proofs use the
following symbols:
= implies or
‘leads to’

A shape is a square
= the shape is a
quadrilateral.

& implied by or
‘follows from’
The shape is a
polygon < a
shape has 5 sides.
< implies and
is implied by

or ‘leads to and
follows from’

A shape has 3
straight sides < the
shape is a triangle.

(Hint: When

you are asked to
find a counter
example it is often
a good idea to test
negative numbers
and numbers less
than 1.

P
Watch out!

You must write a

\conclusion.

Hint: To show

a number is a
multiple of 4, you
need to show 4 is

a factor.




% YOU ARE THE EXAMINER

Sam’s proot'is muddled up and Lilia’s proof is incomplete.

Correct both proofs.

SAM’S SOLUTION

Proof that there are an infinite number of
'PYLVM,&S:

Assume that there are a finite number of
primes and List all the primes.

LILIA'S SOLUTION

Proof that V2 is irrational:
Assume V2 is rational, so it can be written
as V2 = ¢ where £ is a fraction in its Lowest
terms.

A: Either way there is a new prime.

B:  Nowne of the primes on the List is a factor
of @ (there is always a remainder of 1).

C: So @is either prime, or it has a prime
factor not ow the list of all primes.

D: MuLtLpLg all the primes together, call the
result P.

E: lLetk=pP+1

Squaring both sides gives D = Z_z

Rearranging gives 202 = D

arls  since22X any number s
Soawmustbe .

Leta=2n, s0 202 =(2n)? = [I

Dividing by 2 gives b= =

, , i , So PPis and so bls
This contradicts my assumption that there s , ,
L, , But if a and b are both thew 2 can't be tn
a funite List of primes. , — b
Lts termes.

This contradicts my original assumption so
V2 must be

% SKILL BUILDER

1 ‘For all values of n greater than or equal to 1,n> + 3n + 1 is a prime number.

~

Which value of n gives a counter-example that disproves this conjecture?

A n=7 B n=2 C n=38 D n=6
2 Below is a proof that appears to show that 2 = 0.

The proof must contain an error.

At which line does the error occur?

Leta=b=1
[Line 1] = a? =b?
[Line2] =a*-b2>=o0
[Linez]l =@+bla-b=o
[Line 4]l =a+b=o
[Lines] = 2=o0
A linel B line 2 C line3 D line4 E line5

3 Look at the following statements about non-zero numbers, x and y. Which of them are true?

Hxy=1=>x=1y=1

2) xy=1&x= %
3) xy=1<:x=%ory=%
(2) only C (3) only D (1)and (3) E (2)and (3)

k A (1) only B

Copyright: Sample material



Functions GCSE Review/Year 2

©

e (.

g v THE LOWDOWN N [ Hines £ = 2
) L . . means square the
< (1) A function is a rule. It maps a number in one set to a number in another set. input number.

% A function is usually written using letters such as f, g or h. g(x)=4x—1

S , means multiply
it Example f(x) = x% and 9(x) = 4x — 1 are functions. the input by 4 and
N f(z)=3*=9and g(2)=4x2-1=7> subtract 1.

(2 The set of inputs (x-values) to a function is the domain. p
Watch out!

The set of outputs from the function is the range.
Draw a graph to

Every input has exactly one output, but some inputs may map to the same help you find the
output. You say a function is one-to-one or many-to-one. range.
example f(X)=x?, 2<x<zhasadomainof 3<x=<3 f(x)
and a range of 0 =< £(x) = 9 since f(0) = 0 and 9
f(z)=f(—=)= 9

(3 For a composite function gf(x) you apply g to the output of f.

Make sure you apply the right function first — start with x and work outwards.

-3 0 3X
Example Given £(x) = x2 and g(x) = 4x — 1, find ) g () i) f9 0. | g
. N\
) X—f—>)<2—9—>4x2—1sogf(/<)=4)<2—1 Hint:
. ¢ 3—L59—£535
i x—2-4x-—1 (4x—1)? so gf(3) = 35

(4) The inverse function f ! reverses the effect of the function. -
Watch out!

It maps the range back onto the domain. i el )

el — el _ .
Note: ff '(x) ="'t (x) = x is not the same as
Y, Fa). )
example f(x)=x*so Y =x
p
£(2) £1(2) Watch out! A
2 24 2 y=1(x) :
function can only
The graphs of a function and its Lnverse function N have an inverse
are reflections of each other in the line iy = x. y=re tunction if it is
a one-to-one
function.

@ GETITRIGHT

You are given f(x) =3x—-2,x € Rand g(x) =vx—-3,x=3,x e R

a) Write down the range of each function.

b] Find fg(12)and gf (x). Hint: R is the set
c) Find f~!(x). of real numbers
’ — this means all
Solution: numbers, positive
a) f(x)eR and g(x) =0, 9(x)eR negative, rational, S g
b) 9 f _ irrational and 0. p .
12——z—— 7 s0 fy(12) = 7 Watch out! The
x—f sax 22 Ex—E 0 of(x) = VEX=F square root of a
] negative number
c) Stepl Replace f(x) with y: y=3x-2 isn’t real, so g(x) is
Step2 Interchange y and x: X=3Yy—-2 only valid when
Step3 Rearrange to make y the subject: £ -:: 2 = Y x = 3.This is
. 8 xX+2 called restricting
K Step4 Replace y with £ !(x): ) ="2= | the domain.
J




Functions

% YOU ARE THE EXAMINER

1

You are given f(x) = %13

=S f*(x)=2x+3

Solve f*(x)=1

Parts of each of these solutions are wrong. Where are the mistakes?

a] What value of x must be excluded from the domain of f(x)?
b) Solve f~!(x) = 1.
SAM’S SOLUTION LILIA'S SOLUTION
A x#F-= a) x#0
I i _
b) f()c)—;z/<+3 b) oxi="Y

swapxavwl Y 2;+3 =x

Make ¢ the subject: 1 = 2xy+3x

= 2x+3=1 -
x S oxy=1-sx= y= 12X
_ 2x
= 2x=-2 - ax
—1 — _ —
N P Solve £7(x) = R

1—3X=22X:>5)<:1:>X=%

% SKILL BUILDER

\

1 The function f'is defined as f: x — ~v2x — 3. Write down a suitable domain for f.
A xeR B x>0 C x=3 D x=3
2 The function g is defined as g(x) = x* — 2x — 1 for =2 < x =< 2.What is the range of the function?
A —Isgkx)=s7 B gkx)s7 C glx)y=-2 D 2sgkx)s7
(Hint: Sketch the graph. )
3 The functions f and g are defined for all real numbers x as f(x) = x> — 2 and g(x) = 3 — 2x.
Find an expression for the function fg(x) (for all real numbers x).
A fg(x)=7-2x> B fg(x)=-2x>+3x2+4x—-6 C fg(x)=4x>—-12x+7
D fg(x) =7+ 4x> E fg(x)=1-2x>
4 The function fis defined by f(x) = 2x® — 1. Find the inverse function f~!(x).
- Ix+1 - 1 _ [x+1 - Yx +1
A f1(x)= ) B f1(x)=m C fl(x)z T D fl(x)= >
y
5  The diagram shows the graph of y = g(x). \
0 X
Which of the diagrams below shows the graph of y = g (x)?
A y / B y C 7 D y‘
% 7 0\\[ /o‘/x
6 The functions p and q are defined as p(x) = %, x#0and q(x) =2x—-1,x e R.

b)

\ a) Find an expression for the function pq(x). Solve pq(x) = «.




Polynomials -
Year 1
v THE LOWDOWN \ (Hint: Any ‘whole

number’ roots will
(1 A polynomial equation only has positive integer powers of x. be factors of the

constant term.
// So you can spot

Example f(x) =2x% +2x* —12x + 2 has order = (a cubic). roots by checking

factors of +8.

The order of a polynomial is the highest power of x.

2 Further algebra

(2) The factor theorem says that if (x — a) is a factor of f(x) then f(a) = 0 and
X = a is a root of the equation f(x) = 0.

Example f(2)=2x2*+3x22-18X2+8=16+12-36+8=0
So (x—2) isafactor of f(x) =2x% +3x* —18x+8

e N\
Watch out! The

(3 Use the factor theorem and the grid method to factorise a polynomial. quadratic factor

\often factorises.

Example 2% +2x7 —18x+ 8 = (x — 2) X (some quadratic)

Stept Draw a grid Step 2 what do you multiply x by (44 See page 8
write x and — 2 on one side and to get 2x%? Answer: x X 2 x7 = 2 x>, for factorising
fill in 2. and <. Now complete the 1st and last columns. | | quadratics and

page 4 for solving
X X 2x2 —4 simultaneous
2x3 x 2x3 —ax | equations. )
-2 g —2 —4x> g
Step 3 You have —4x= and the Step4 What do you multiply x by
equation says +=x> so You need to get +Fx3? Answer: X X Fx = Fx°.
+FxE Now you can complete the grid.
2x2 —4 2 | x| —4
x 2x3 | A | —4x X 2% A —4x s
!
=2 4 g -2 S B o e Watch out! A
cubic has up to 2
turni ints.
So 2X3+3X2—12X+8=(X—2)(2)€2+7)(—4) urning points

If the sign of &2 is
negative the curve

(5) Now you can sketch the graph of y = f(x). YA is ‘upside down’
like this:

Factorising the 2und bracket gives (x —2) (2.x — 1) (x + 4)

Example y= 2x2+3x2 —18x+ g
whewn x = 0: y==s

si:~ceg=(x—2)(2x—1)(x+4—) o
1 >
whew y =0 x = —2, x=—, x=—4 _ 0 X
\ g 2 f %\'/é I\ J

@ GET ITRIGHT \

f(x) = 2x> + ax? + bx — 3 has a factor of (x + 3) and a root x = 1.
Find the values of a and of b.

Solution:
(x+ 3)isafactor = f(3)=0=>2x(3)*+ax(=3)+bx(-3)-3=0
= -54+9a-3b—-3=0= 9a-z2b=57 Hint: There

x=1lsavoot = f(1)=0=2X1>+ax12+bX1—-3=0 are 2 unknowns

B B so you need to
=>2+a+b-z=0=a+b=1 form 2 equations

Using your caleulator to solve gives a = 5 and b = —4 and solve them

k simultaneously.

20




Polynomials

% YOU ARE THE EXAMINER \

Which one of these solutions is correct? Where are the errors in the other solution?
a) Show that (3x — 2) is a factor of f(x) = 3x> — 5x° — 4x + 4.
b) Use the factor theorem to find two more factors of f(x).
SAM’S SOLUTION LILIA'S SOLUTION
2) o xR s x(2) —ax? 2\ _
a) f(g)—sx(s) 5><(3) 4XZ+4 a) f(g)—o
24 20 8,.,_, b) Check factors of 4:
;27- ﬁ 3 i, ‘:Z/ 4’/ -1, _2; —4
So (3x —2) is a factor. f(1)=-=2
b) Check factors of 4: +1,42,+4 f(2)=o0
f(1)=3X1-5X1—-4X1+4=-2 f(4) =100
f(2)=3X2° —5X22—4X2+4=0 Check wegative factors of 4:
f(4)=3X4%-5X42 -4 X4+4 =100 f(-1)=0
£(—1) = 3(—1)* — 5(—1)? — 4(—1) + 4 =0 So the factors are x=2 and x= —1
K Factors are (x — 2) and (x+1)

¥ SKILL BUILDER N\

1 You are given that f(x) = 4x° — x + 3 and g(x) = 2x% — 3x + 4.
Which of the following polynomials is f(x) + g(x)?

A 6x3—4x+7 B 4x’+2x>—2x+7 C 6x>—4x+7
D 4x34+2x>+2x+7 E 4x°+2x> —4x+7
2 You are given f(x) = 2x® — 3 and g(x) = 3x> + x — 2. Which of the following is f(x) X g(x) ?
A 5x° +2x* —4x° —9x2 = 3x+6 B 6x°+x*—2x>-9x2-3x+6
C 6x° +2x* —4x° +9x% +3x -6 D 6x°+2x* —4x> —9x> - 3x+6
E  6x° +2x" =457 —9x% —x -2 (Hint: Use a grid to help you.)

3 Which of the following graphs represents the shape of the curve y = —x* + 5x° — 5x> = 5x + 6?
a B N C Xy
A N\

D y‘ E y
0

/S
M WV

(Hint: A polynomial of order # has at most n — 1 turning points. )

4 You are given that 2x° + x> — 7x — 6 = (x — 2)(2x? + bx + 3). The value of b is:

A -3 B 5 c 3 D -5 E -
5 A polynomial is given by f(x) = x3 — 3x% — 7x — 15.Which one of these is a factor of f(x)?
A (x—1) B (x—-23) C (x-5) D (x+1) E (x+3)

6 a) Given (2x — 1) is a factor of f(x) = 2x% — 3x? + kx + 6, find the value of k.
b) Factorise f(x) completely.
K c) Sketch the graph of y = 2x% — 3x% + kx + 6.
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