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Solving quadratic equations

An equation of the form y = ax? + bx + ¢, in which the highest power of
the variable x is x2,is known as a quadratic equation. The following are
all types of quadratic equations:

y=x*+2x-4 y=-3x%+x+2 y=x’ y:%x2+2

There are a number of ways to solve quadratic equations and the most
efficient method to use is largely dependent on the type of quadratic
equation given. The main methods are explained later in this section;
however, you can also use your graphics calculator to solve quadratic
equations and therefore check your answers.

Note: You should always show some working as to how you solve a
quadratic equation; therefore you should use your calculator only as a
tool for checking your answer.

=» Worked example

Using your graphics calculator, solve the quadratic equation éx? =4 — 5x.

First, the equation needs to be rearranged in the form ax? + bx + ¢ = 0. Therefore 6x? =4 — 5x is rearranged
to become 6x% +5x — 4=0.

You should only use the following method to check your answers.

Casio

SETUP [Al-Lock Z A 2] MAIN MENU
- - o . X+ 1 2 &l
YR TN IR A (o select the equation mode from the menu. ES [ 26 °]
Run-Matrix Statistics eActivity Spreadsheet

5 [ Xxviyz 7 an= 8
] [1i5° ) v

3
:
Graph Dyna Graph Table Recursion

| & oo P e
Conic Graphs JEq 1 Program Fin‘ancial v
Zoom B [HathRadfornd) [d7c)Rea)
/‘ . g 2 =
(S8l to select ‘Polynomial’. aX +I:;X+c 8 c
C 6 5 I

Trace
to select the degree of the polynomial as 2. 2

Enter the expression 6x2 + 5x — 4 into the matrix, where a is the
coefficient of x2, b is the coefficient of x and ¢ the constant.
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Trace =] @ [d7c)Real
- ; aX2 +bX+c=0
G to solve the equation. x1[ 0.5
X2 EEEJ
The solutions are given both in decimal form as x = 0.5 4
! 1 4 3
and —1.333 and also as a fraction as x = 5 and — 3 REPERT

Note: The calculator requests the quadratic equation in the form ax? + bx + ¢ = 0.

Texas

JNORMAL FLOAT AUTO REAL RADIAN MP n

angle B APPL ICAT IONS|
B to select the “PlySmIt2’ mode. 1:Finance..

apps

2:CabrilJr
3:CelSheet
4:Conics

S:EasvData
6:Inequalz
7:Periodic
EBP14Smlt2
9IProb Sim

JNORMAL FLOAT AUTO REAL RADIAN MP n
PLYSMLT2 APP

MAIN MENU
to select the 'POLYNOMIAL ROOT FINDER’ option. FEPOLYNOMIAL ROOT FINDER
2:SIMULTANEOUS EQN SOLVER
3:ABOUT
4:POLY ROOT FINDER HELP

Check that the order of the polynomial is '2". e L LA
POLY ROOT FINDER MODE
ORDER 1H345678910

, , a+bi  re”(0i)

to select "NEXT". DEC

SCI ENG
0123456789
RADIAN [(EEES

MATN [HELPTNEXT]




Solving quadratic equations by factorising

. . . . NORMAL FLOAT AUTO REAL DEGREE MP
Enter the equation 6x? +5x —4 = 0 in the grid provided. PLYSHLT2 AP []

c=4

NORMAL FLOAT AUTO REAL DEGREE MP M
PLYSHLTZ APP

f5 ) ) 6x2+ Sx- 4=0
' to select ‘'SOLVE'. xigh

1 4 x2="
The solutions are given as x = 3 and — 5

[MATN T MODE ICOEFFISTORETF ¢»D |

Solving quadratic equations
by factorising

x> —3x —10=0is a quadratic equation which when factorised can be
written as (x —5)(x +2) =0.

Therefore either x —5 =0 or x + 2 = 0 since, if two things multiply to
make zero, then one of them must be zero.

x=5=0 or x+2=0
x=5 or x=-2

=» Worked examples

Solve the following equations to give two solutions for x:
a x2-x-12=0

(x=4)(x+3)=0

so eitherx—4=0 or x+3=0

x=4 or x=-3

b x2+2x=24

This becomes x? + 2x — 24 =0

(x+6)(x—4)=0

soeitherx+6=0 or x-4=0

x=-6 or x=4
c x2-6x=0
x(x—-6)=0
so eitherx=0 or x—-6=0
or x=6
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d x2-4=0
(x=2)(x+2)=0
so eitherx—2=0 or x+2=0
x=2 or x=-2
_____________________________________________________________________________________________________|

Exercise 2.24 Solve the following quadratic equations by factorising. Check your solutions
using a calculator.

1 a X2+7x+12=0 b x2+8x+12=0 ¢ x24+13x+12=0
d x2-7x+10=0 e x2-5x+6=0 f x2-6x+8=0
2 a x2+3x-10=0 b x2-3x-10=0 c x2+5x-14=0
d x2-5x-14=0 e X2+2x-15=0 f x2-2x-15=0
3 a x¥*+5x=-6 b x2+6x=-9 c x2+11x=-24
d x2-10x=-24 e x24+x=12 f x2-4x=12
4 a x2-2x=8 b x2—x=20 c x24+x=30
d x2—x=42 e x2-2x=63 f x2+3x=54

Exercise 2.25 Solve the following quadratic equations. Check your solutions using a

calculator.
1 a x2-9=0 b x2-16=0 c x2=25
d x?=121 e x2-144=0 f x2-220=5
2 a 4x2-25=0 b 9x2-36=0 c 25x2=64
d =3 e x-1= f16x2-55=0
3 a x2+5x+4=0 b x2+7x+10=0 ¢ x24+6x+8=0
d x2-6x+8=0 e x2-7x+10=0 f x2+2x-8=0
4 a x2-3x-10=0 b x2+3x-10=0 c x2-3x-18=0
d x2+3x-18=0 e x2-2x-24=0 f x2-2x-48=0
5 a x2+x=12 b x2+8x=-12 c x*2+5x=36
d x2+2x=-1 e x*+4x=-4 f x2+17x=-72
6 a x2-8=0 b x2-7x=0 c x24+3x=0
d x2+4x=0 e x2-9x=0 f 4x2-16x=0
7 a 2x2+5x+3=0 b 2x2-3x-5=0 c 3x2+2x-1=0
d 2x2+11x+5=0 e 2x2-13x+15=0 f 12x2+10x—-8=0
8 a x*+12x=0 b x2+12x+27=0 c x2+4x=32
d ¥*+5x=14 e 2x2=T72 f 3x2-12=288

Exercise 2.26 In the following questions, construct equations from the information given
and then solve them to find the unknown.

1 When a number x is added to its square, the total is 12. Find two possible
values for x.

2 Anumber x is equal to its own square minus 42. Find two possible
values for x.
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Exercise 2.26 [cont) 3 If the area of the rectangle below is 10cm?, calculate the only
possible value for x.

(x + 3)cm

4 |If the area of the rectangle is 52cm?, calculate the only possible value
for x.

(x+9)cm

5 Atriangle has a base length of 2xcm and a height of (x — 3) cm. If its
area is 18cm?, calculate its height and base length.

6 A triangle has a base length of (x — 8)cm and a height of 2xcm. If its
area is 20cm?, calculate its height and base length.

7 Aright-angled triangle has a base length of xcm and a height of
(x = T)cm. If its area is 15cm?, calculate the base length and height.

8 Arectangular garden has a square flowerbed of side length xm in one
of its corners. The remainder of the garden consists of lawn and has
dimensions as shown.

[<——7m———>=<xm>l

T

xm

¥

2m

Y

If the total area of the lawn is 50 m?:

a form an equation in terms of x

b solve the equation

¢ calculate the length and width of the whole garden.

The quadratic formula

In general, a quadratic equation takes the form ax? + bx + ¢ = 0, where
a, b and ¢ are integers. Quadratic equations can be solved by the use of
the quadratic formula, which states that:

Y= —b++b? - 4ac

2a
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=» Worked examples

a Solve the quadratic equation x?+ 7x + 3=0.
The answers —0.46 a=1,b=7andc=3

and —6.54 are only Substituting these values into the quadratic formula gives:
approximations _
correctto 2 d.p. x= W
The answer x==T2NBo12
-7 x . -
7 _2\/37 is the ‘e 7J_r2ﬁ

exact solution.

Therefore x =

=7+6.08 _
5 or x=

=7-6.08
2
x=-0.46(2d.p.) or x=-6.54(2d.p.)
b Solve the quadratic equation x? — 4x —2=0.
a=1,b=-4andc=-2

Substituting these values into the quadratic formula gives:

If the exact (A - (XX (2))

answer is Wwanted, oIx1

fhen%needf x:%
to be given in ifs x= 4250
simplest form. 414.90 4-4.90

Therefore x = or x=

2
x=4.45(2d.p.)orx=-0.45(2d.p.)

4+J24  4+2J0
7 2

=2+6

Completing the square

Although the method of completing the square will not be assessed
directly, this method often simplifies problems involving quadratics and
their graphs.

Quadratics can also be solved by writing them in terms of a perfect
square. We look once again at the quadratic x*> — 4x — 2 =0.

The perfect square (x — 2)? can be expanded to give x> — 4x + 4. Notice
that the x> and x terms are the same as those in the original quadratic.

Therefore (x — 2)?> — 6 = x> — 4x — 2 and can be used to solve the quadratic.
(x-2)2-6=0
(x-2)’=6
x-2=+./6

x=2+.6
x=445 or x=-045
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Exercise 2.27

The quadratic formula stated earlier can be derived using the method
of completing the square as shown:

Solve ax*+ bx +c=0.

Divide all terms by a: x> + g x+5=0
b\ _ b ¢
Complete the square: (x + 5) W7 +o= 0
. b\ _ b2 ¢
Rearrange: (x + %) =t

Arrange both fractions on the right-hand side with a common
denominator of 4a*
b\’ _ b* _dac
(+2a) = de i
; ey b\ _ b*—4ac
Simplify: ( X+ 5) _ b~ —4aac

4q’

Take the square root of both sides: x+% :J_r,lb24_a‘z‘“c

i\/bz —4ac

; . b _
Simplify: x+ 7 = o

b b2 —4dac

Rearrange: x = -5~ + =

Simplify to give the quadratic formula: x =

—-b+~b% —4ac
2a

Solve the following quadratic equations using either the quadratic formula
or by completing the square. Give your answers to 2 d.p.

1 a x2-x-13=0 b x2+4x-11=0 c x24+5x-7=0
d x24+6x+6=0 e x24+5x-13=0 f x2-9x+19=0
2 a x24+7x+9=0 b x2-35=0 c x24+3x-3=0
d x2-5x-7=0 e x24+x-18=0 f x2-8=0
3 a x2-2x-2=0 b x2-4x-11=0 c x2-x-5=0
d X2+2x-7=0 e x2-3x+1=0 f x2-8+3=0
4 a 2x*-3x-4=0 b 4x24+2x-5=0 € 5x2-8+1=0
d 2x2-5x-2=0 e 3x2-4x-2=0 f —7x2-x+15=0
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Plane trails

In an aircraft show, planes often fly with a coloured smoke trail.
Depending on the formation of the planes, the trails can intersect in
different ways.

In the diagram below, the three smoke trails do not cross as they are
parallel.

In the following diagram, there are two crossing points.

By flying differently, the three planes can produce trails that cross at
three points.
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Student assessment 1

1 Calculate the theoretical probability of: a Draw a fully labelled tree diagram

a being born on a Saturday

b being born on the 5th of a month in a
non-leap year

¢ being born on 20 June in a non-leap year

d being born on 29 February.

showing all the possible combinations
on the two spinners. Write beside each
branch the probability of each outcome.

b Use your tree diagram to calculate the
probability of getting:

2 When rolling an ordinary fair dice, calculate . IWO blacks
the theoretical probability of getting: I otwogreys .
: iii a grey on spinner A and a white on
a a2 b an even number f
spinner B.

¢ a3ormore d less than 1.

A bag contains 12 white counters, 7 black

counters and 1 red counter.

a If, when a counter is taken out, it is not
replaced, calculate the probability that:
i the first counter is white

6

A coin is tossed three times.

a Draw a tree diagram to show all the
possible outcomes.

b Use your tree diagram to calculate the
probability of getting:

ii the second counter removed is red, ' three tails
. X ii two heads
given that the first was black. .
iii no tails

b If, when a counter is picked, it is then put
back in the bag, how many attempts will
be needed before it is mathematically
certain that a red counter will have been
picked out?

A coin is tossed and an ordinary fair dice is

rolled.

a Draw a two-way table showing all the
possible combinations.

iv at least one tail.

7 A goalkeeper expects to save one penalty

out of every three. Calculate the probability

that he:

a saves one penalty out of the next three

b fails to save any of the next three
penalties

¢ saves two out of the next three penalties.

b Calculate the probability of getting: 8 A board game uses a fair dice in the shape
i aheadanda six of a tetrahedron. The sides of the dice
ii atailand an odd number are numbered 1, 2, 3 and 4. Calculate the
iii ahead and a prime number. probability of:
Two spinners A and B are split into quarters a not th_rowmg akin two_throws
4 col d h Both spi b throwing two consecutive 1s
zgunco oured as shown. Both spinners are ¢ throwing a total of 5 in two throws.
9 A normal pack of 52 cards is shuffled and

three cards are picked at random. Calculate
the probability that all three cards are
picture cards.
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