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Powers and indices

Coming up...

P> Index notation and the laws of indices b Finding the least common multiple and highest
» Using standard form common factor of two numbers

b Writing integers as a product of prime factors

The tower of Hanoi A

This puzzle is called ‘The tower of Hanoi'.
You have 3 poles and 4 coloured discs of different sizes set on one of the poles.

Al

The aim is to move the discs onto one of the other poles.

11A

There are two rules for moving the discs.

Rule 1: You can only move one disc ata time

T
—

Rule 2: You must never puta larger disc on top of a smaller disc

eh EH. T 9P

(D Make your own Tower of Hanoi.

» Cutout4circles of card of different diameters to use as your discs.

» Make 3 large square bases for your towers.

» Putthe circles on one of your towers in order of size.
(2 Whatis the smallest number of moves needed to move all your discs to another tower?
(3 Investigate further for different numbers of discs.

Find a rule for the smallest number of moves, m, needed to move d discs from one tower to another.

Fi tabout the history and myths of




Curriculum for Wales Mastering Mathematics: Book 3

141 Index notation

Skill checker )
Make a copy of this cross-number and then solve the clues.
Across Down
1 2 3
173 -53 15°
432442 210%-53 4
52 x33 3 /256
5
6 4° x /36 4 6° - /100
10 2 X /100 73x6 6 7 3
1" 52 % 43 8 /10000 5 10
Ja 2
63
9 — 11
23
2
\ 105x%2 )

» Using indices

Remember that 5X5 is written as 52.

You say that 5 is the base and 2 is the index or power.
In the same way, repeated multiplications can be written using index notation like this:

3

3 fives

5X5X5X5=54{—(Say5fo the power oF4.>

4 fives

Note ¥

0
<)
3
3
c
3.
0
Q
=
)
=1
c
@,
5
[
)
<
3
o
o
(%]

You have a power button on your calculator; it may look like e or .

Make sure you know how to use it: press a and check you get
an answer of 625.

You can have any number as the base.
PXPXPXPXPXPX?X?=7°

For example,
8 sevens
(Check you can use your calculator to work out 78. You should get 5 764 801. )
axaxax .xaxa=a"
In general,

ntimes

The next examples show you how to multiply and divide numbers written using index notation.
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1 Powers and indices

Worked example R

Write 3° X 3%as a single power of 3.

Solution

3*x 34
There are 5 threes multiplied together multiplied by 4 threes
=(3X3X3X3X3]X(3xX3X3X3] multiplied together which makes 9 threes multiplied together.

=3° 4—<1he powers have been added: 5 + 4 = 9.)

0
(=]
3
3
c
3,
o
o
=4
o
=1
f =
@,
=]
o
w0
<
3
o
o
7y

.
Worked example R
Write 35+ 3%as a single power of 3.
Solution
36
35 - 34 = 3—44_ ‘( It is easier to write this as a fraction. )
3X3XXX/ZX/3(X,3( If you multiply by 3 and then divide by 3 it cancels ovut,
= ZXZXZXX so 4 of the 3s cancel from the top and bottom.
=3 X3
¢ —( The powers have been subtracted; 6 - 4 = 2 )
= 32 “— S P i .
. J

In the examples the base was 3, but the same would be true for any base.
Here are the rules for multiplying and dividing powers.

m n m+n m n m—n
X = - =
a a a a a a Take care! The bases must be the same - you
g8—=g3+8_-gll can't combine powers if the bases are different.

For example, 93 X ases
There is no way to simplify 3’ x 5" any further.

12

and 4 or 4% + 47 is 4% 7 = 4°
47

Sometimes powers involve brackets like in this next example.

Worked example R

Write (32)* as a single power of 3.

Solution
(3°) means (37)x (3°) x (3°) x (3°)
4 times
o [32]x[32])([32]x[32]:[3)(3])([3)(3])([3)(3])([3)(3]{—(There are 2 threes multiplied together 4 times. )

__ 8
=34 ( The powers have been multiplied; 2 x 4 = 8. )

\. J

0
<)
3
3
£
=
0
o
=
o
5
c
&,
5
('
%]
<
3
o
<3
(%]

(3°)* is sometimes called a power of a power. Again, the example would have worked for any base, not just 3.
Here is the rule for a power of a power.

[am]n =am><n

“Copyright: Sample material )



Curriculum for Wales Mastering Mathematics: Book 3

Activity .

a  Work out these powers of 2:
i 2! i 2° i 23
iv 24 v o 2° vi 28

b  Usingonly your answers to part a, complete these sums.

The first one has been done for you.
i 21=[16]+[4 |+[ 1]

i 7= D+|:|+|:| ( You are writing each number as a sum of powers of 2. )
i 10=] |+[ ]

iv 31= D+D+D+D+D

v osi=[ [ ]+ ]

Cc  The table shows how you can write the numbers 1 to 8 as sums of powers of 2.

(You can only vse each number once! )

» 1 means that the power of 2 is needed.
» 0 means that the power of 2 is NOT needed.
»  Youdon't need to write in any zeros before the first 1.

Powers of 2
8 4

1 5=4+1 ’

7=4+2+1

E

1
p
3
4
5
6
7
8

Carry on the table for the numbers up to 32.
Can all numbers be written using powers of 2?
d Thetable in part ¢ is used to write numbers in binary.
In binary, 7 is written as 111 and 8 is 1000.
Convert these binary numbers back to ordinary numbers.
i 100000 ii 101010
i 1101011 iv. 10000000

Each binary digit is called a ‘bit’. The number 10000000 uses 8 bits, and 8 bits is called a byte. A kilobyte is 1024
bytes and a megabyte is roughly 1 million bytes. Binary numbers are used in computers to store information.
Binary is a very powerful tool as data can be represented as strings of Os and 1s which are represented as
‘on/off' signals.

e  Find out more about binary numbers and how they are used in computing.

Can every number be represented as a binary number?

©0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000°

0000 000000 00000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000

How do you think text is converted to binary?

B
200 00000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000 00
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1 Powers and indices

» Powers of 1and O

(1) Complete these.
a  Useyour calculator to work out

i 37+38 i 48 =47 i 9tt+ 90
b Use the laws of indices to write these as a single power.
i 3 +3=3 i 4% 47 = 4] i g0+ g0 =g

¢ Whatdo you notice?
Write down the value of 56",
(2 Complete these.

a  Useyour calculator to work out

2%+ 2f i 58+58 i 193+ 193
b  Use the laws of indices to write these as a single power.
i =2l i 5%+ 57 =5l i 19’ +19° =19

¢ Whatdo you notice?
Write down the value of 56°.

In the activity you found that

® anynumberto the power 1is itself
® anynumberdivided by itself is 1.4—<The only exception to this rule is O. )

Using indices these are written as

a =a a =1

» Negative powers

Look at this pattern.

2=2x2x2=8

+2
2=2x2=4

{ +2
2t=2

=1 >+2
_ 1 1 >+2
S

. 11 >+2
2 4

. 11 >+2
2 8

1 1
You can carry on the pattern so 2°° =—and 2™ :27

You could have used any base so you can say

1
a’ =—n‘—( A negative power means ‘1 over'. )
a

Copyright: Sample material g




Curriculum for Wales Mastering Mathematics: Book 3

0
o
3
3
=
=b
o
Q
=
o
3
=
&,
3
(7]
(%]
<
3
o
<)
7y

Worked example

Write 10~ as a decimal.
Solution
03 = ;
10x10x10
— 1 4
1000" { Ffind 1+ 1000. )
=0.001
\_

» Roots

Remember that you can take roots to ‘undo’ squaring and cubing.

For example, 3*=9s0 \/§ =3 4—( Say the square root of 9 is 3. )
3 / —
and5’ =125s0 /125 =5 ¢ ‘ Say the cube root of 125 is 5. )

In the same way you can take roots to ‘undo’ higher powers.

For example, 4°= 4096

s0 $/4096 =4 {—( Say the sixth root of 4096 is 4. )

You have a root button on your calculator; it may look like . or .l.

You may have to use the [3lIFIll key or WAlsll key to reach it. Make sure you

know how to use the root button: press a 4096 a and check you get

an answer of 4.

Watch out!
9 has two square roots, +3 and -3, as
(-3) x(-3)=9and 3 x3=09.
However, the symbol \/_ means the

positive square root only, so \/; =3.

Worked example

Calculate
a 5%+4°
b ¥/343-%64
so‘ution Watch ovt! You can't combine sums and
differences into a single power because the
4 5_ dle p
a 5"+4°=625+1024 base number is different, so you just need to
=1649 use your calculator to work these out.
b $243-%64=3-2
=1
.
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1 Powers and indices

11 Now try these

Band 1 questions

@ Write each expression as a power of 2.

§ a 2X2X2X2 b 2X2X2X2X2X2X2
<2 C 2X2X2X2X2X2X2X2X2X2X2X2 d 2X2X2X2X2X?2
@ Write each expression as a single power.
’XP?X7? b 5X5X5Xx5X5

Cc 14X14X14X 14X 14X 14X 14 d 12X12X12xX12x12X12

e 8X8X8XB8XBXBXS8 f 33 X33X33X33X33X33X33X33xX33
©® a Calculate the difference between 3% and 23.

b  Findthe value of 33 + 42 + 24,

@ 5 canbe written in several ways.

Here are some.

EX5X5X5 52 x 52 53 x 51

Write 4°in as many different ways as you can.

9ouajadwod di8ajenns

6 Copy and complete these.

a #=] | b D3=125 c =3
Band 2 questions

@ Write the correct symbol <, > or = between each pair of numbers.
a 25 ]e? b 27 s c @[ ]3¢
d 2°[ |8 e 103 Jev foo125 |38

@ The expressions on these 12 cards can be matched into six pairs.

SBujuoseal jed1307

All the missing numbers are the same.

1200800 E0006

a Matchthe cards into pairs.

wn
o+
=
Q
o+
(3
o,
0
0
o
3
o
(]
-+
]
3
(o]
(0]

b Whatis the missing number?

@ Write each of these as a single power.

a 4" x4 b 62x6* c 5¥x53
© Write each of these as a single power.
4 10° 20°
a 3.3 b 7. 78 c g8°+¢g d - e — f v
2 10 20

(@ Write each of these as a single power.
a (6°)° b (2%)° c (13%)3
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Curriculum for Wales Mastering Mathematics: Book 3

Write down the value of 49 =+ 49.
b  Write 49 as a power of 7.
c  Write?2+7°
i asapowerof? i
d Whatis the value of 70?

e Whatare the values of

as anumber.

Bujuoseal 121307

i 20 i 30 i 1792
f  Stateageneral value for the power zero.
Write each of these calculations as a single power.
a [(137)® b 7°+7° c 4°x4°
d 36-+3% e (1248 foo113x11%x11°
® Work out the value of these. Give each of your answers as a decimal.
a 27! b 107! c 57! d 47! e 10071

@ Jerin says that 34 X 22is equal to 6°.
Show that Jerin is wrong.

What mistake has she made?

Sujuoseal jed1807

f 8!

Band 3 questions

(® Work out the value of these. Give each of your answers as a decimal.
a 27 b 10°° c 572 d 273 e
Work out the value of these.

a /243 b

@ Write these as a single power of 5.

®

{128 c

a 53x572 b 53+572 c (5723
d 54x58 e 51x5 f 5°2+572
" Find the missing digits.
: a l=p.7 b 7=7x7 c (Hyp=7 d
o,
g Write each of these as a single power.
3 5 4 3 3
H - 2 b (2'x%) ¢ (&)
| g
3
a & e (57xs 9 X9
6 97 x9™

a  Priyasays that (5%)%is the same as (5°)°.
Show that Priya is right.
Show that (a™)" is the same as (a")™.

c Isitalways true, sometimes true or never true that a” =+ a”is the same as a”" + a”?

=
(=}

@,
o
Y
2
-
o
1
(%]
o
=
35

oa

Explain your answer fully.

f 573
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1 Powers and indices

1.2 Standard form

| Skill checker ) )
(1) Work out these powers of 10. (2 a Write down 1 million as

a 10t i anordinary number
102 ii  apowerof 10.

c 103 b Write down 1 billion as

d 10* i anordinary number

e 10° il apowerof 10.

f 108 ¢ Agoogolis 109,

(3 a Copyand complete this pattern. Aeron writes a googol down as an ordinary
number.
2.0x10= D How many zeros should follow the 1?

27x10°=2.7x100 = |
2.7x10°=2.7x1000 = |
27x10t=22x[ | =[]
27x10°=27x[ | =[]
27x| |=22x[ | =2700000

b Work out the value of 2.7 X 10°
Which of these is the correct way to say this
number?

2.7 billion 27 hundred million
27 thousand million 2 thousand 7 hundred million
G J

» Using standard form for large numbers

You often see headlines in newspapers thatinvolve large numbers. For example, there are more than 400 billion plastic toy
bricks in the world or there are 8.9 million school children in the UK.

In newspapers, large numbers are usually written using the words ‘billion’ and ‘million’ rather than being written out in
full like this:

400000000000 Lego bricks or 8300 000 school children
In Maths and Science, large numbers are usually written using powers of 10.
For example, 4 X 10*! Lego bricks or 8.9 X 10° school children.

Standard form is a way of writing down large numbers without writing down all the zeros.

0
o
3
3
=
3,
o
Q
E=p
o
=1
f =
=,
=
o
%)
<
3
o
(]
7y

A numberisin standard form when it is written as

anumber between 1 and 10 multiplied by a power of 10
In symbols this is written as

Ax10"

0 A can be any number from 1 up to 10 (but not 10). < 1< A<10
7n.must be an integer.

"Copyright: Sample material )
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Cross-curricular activity

This painting is called ‘Salvator Mundi’ and it was painted by Leonardo da Vinci.

o

. It was bought for over $450 million dollars, making it one of the world’s most expensive
. paintings (at the time of writing, this is still the case!).

¢ How would you write this figure in standard form? 8 :

: Find out about other expensive paintings and the artists who painted them.

------------------------------------------------------------------------------------------------------------------------

Worked example A

The Pacific Ocean has a surface area of 168 000 000 km?.

Write this number in standard form.

Solution

168000000 in standard form is 1.68 x 10° 4—(A is always between 1 and 10. )

Use a place value diagram to help you work out what the power of 10 should be.

Q
3
3
£
3.
0
)
e
)
=1
c
&,
5
Ga
<
3
T
<)
o

HM TM M HTh TTh Th H T 3 r h
1 : 6 8
1 6 8 0 0 0 0 0 0

168000000=1.68 X 10000000
=168 X 108 {—()’ou have to multiply 1.68 by ten 8 times to get 168 000 OOO.)

So the Pacific Ocean has a surface area of 1.68 X 108km?

You don't need to draw a place valve diagram each time. The digits move 8 places so that the
decimal point is now between the 1 and the 6, so you multiply by 10°.

nonpnnnnn
168000000.=1.68x10¢° 4—( Count the arrows. They tell you the power of 10. )
\. J

» Using standard form for small numbers

-..............ococococococococococococococoococcooooooooooooooooooooooooooooooooooooooooooo...o.o.o.oo..
.
Activit

: (1) Complete this pattern. (@ a Workthese out.
P 1022100 N | i 2x107!  2x1072 2x107% i
PoTION gl X7 i 84x107' 84x1072 84x107% !
POTI0N oo K10 i 7.9x1071 7.9x1072 7.9x1073 }
+10 10-1=0.1 +10 b  Complete each statement.
10 2= Multiplying by 10~ 1 is the same as
10-3= dividingby _ once
10-4= Multiplying by 10~ 2 is the same as
: dividingby 10
Multiplying by 10~ 3is the same as
: dividing by 10 :

.
.
Meeesececcsccccsssssscecccee ....l.......S.................... .......................|...........8...... .o



1 Powers and indices

Worked example

Aflea weighs around 0.000 087 kg.

Write this number in standard form.

SOIUtion HA is always between 1 and 10. )

0.000 087 in standard form is 8.7 X 10°
Use a place value diagram to help you work out what the power of 10 should be.

0
o
3
3
£
3.
0
Q
=
o
=]
c
&,
5
[
<
3
T
=3
(%]

8 . ’
0 . 0 0 0 0 8 ?
0.000087=8.7 +~ 10 + 10 =+ 10 + 10 + 10
=8.7x107°

So the flea weighs 8.7 X 10~ °kg

4 Remember: dividing by 10 is the same as multiplying by 107" )
You have to divide 8.7 by ten five times to get 0.000 087.

Dividing by 10 five times is the same as multiplying by 107°.
You don't need to draw a place valve diagram each time.

You have moved the digits 5 places to get the decimal point between the 8 and the 7, so you multiply by 107°.

L 0888 8§?=8.7xlo’5 y
\. J

» Converting numbers from standard form

You also need to be able to convert from standard form back to ordinary numbers.
Remember when the power of 10:

® s positive, then the numberis BIG
® isnegative, then the numberis SMALL.

Worked example A

Convert these numbers from standard form to ordinary numbers.

a 5.67 % 10* b 3.08 x 107°©

Solution
a 5.67 x 10" means you multiply 5.67 by 10 four times.

0
o
3
(o)
(]
-
(= d
=
L
c
3
a
[]
=
[
o
Q
=}
5
=}
'~

The digits move 4 places.

56700.
(UAVAVAY]
S0 5.67 X 10*=56700 < (A positive power means the number is big! )

b 3.08%10™° means you divide 3.08 by 10 six times.

The digits move 6 places.
nnnnnn
0.00000308

S03.08 X 10~°=0.000003 OS{—(A negative power means the number is small! )

“Copyright: Sample materiajl@
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Activity '

(1) Are there any tall buildings or structures in Wales? Write down their heights in standard form.

(@ a WhatisWales’s current estimated population in standard form?

®e00cccccsccccsccce®

b How many times biggeris China's population? Write this in standard form.

. .
® 00000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000°

Maths in context

Standard form, also known as scientific notation, was invented by Muhammad Al-Khwarizmi. He was a Persian
mathematician and astronomer in the 9th century. Al-Khwarizmi was also responsible for introducing the 10 digits
that we still use today (0, 1, 2, 3,4, 5,6, 7,8, 9).

Why do you think standard form is important in the world of an astronomer? )

1.2 Now try these

Band 1 questions

@ Write each of these numbers as a power of 10.

§ a 1000000 b 100000000 c 10
= d 001 e 0001 f  one hundred thousand
g one thousand million h  onetenthousandth
@ Write each of these as an ordinary number.
a 10° b 10 c 107 d 107 e 1073
9 Work out these multiplications. Part a has been answered for you.
a 2.6Xx103=2.6x1000 =2600 b 4x10°
c 48x10° d 13x10*
e 24x10° f 93x10°
9 Copy and complete these. Fill in the missing numbers.
a [ |x10°=500 b [ |x10°=3000 ¢ 6x10-)=6000000
d [ |x10°=350 e 42x10-'=42000 f [ ]x10°=450000

wn
(=g
=
Q
(=g
(1]
@,
(o]
(o]
o
3
5=
m
(=g
(1]
=]
0
(1]

Band 2 questions

n @ These numbers are in standard form. Write them as ordinary numbers.
§ a 2x10° b 7x10° c 42x10° d 7.1x10° e 86x10°
W O Write these numbers in standard form.
a 200 b 5000 c 7000000 d 3600 e 7200000
@ Work out these multiplications.
a 3x10! b 4x107 c 5x10°
@ Copy and complete these.

Fill in the missing numbers.

a 4x10-=04 b D x 107 =0.006 ¢ 3x10-=003

@ Copyright: Sample material




1 Powers and indices

© Write these as ordinary numbers.
a Thelength of a human chromosomeis 5 X 10~ %m.
b  TheCN towerin Torontois 5.53 X 10°m tall.
¢ Themassofanelectronis 9.11 X 10~ 3'kg.
@ Write these numbers in standard form.
a Thedistance between the Earth and the Moon is 239 000 miles.
b Af£5noteis 0.00022 m thick.
¢ Quartz fibre has a diameter of 0.000 001 m.

Band 3 questions

@ a Write the correct inequality symbol < or > between each of these pairs of numbers.
i 3% 104 [3x10° i 4.6x10°[ ]5.8x 10°

i 7 x 109D5.3 x 10° iv 6X 105D1 million

b Explain how you can compare the sizes of numbers written in standard form.

9cua3adwod digagenys

Sujuoseal jed1807

@ Write these numbers in order, starting with the smallest.

w
§ 4.56 X 10° 3.4 x 104 563000 7.4 x 108 820000
@,
o ® Correct each of the pieces of homework below.
_§ For each question say who has got it right and explain where the other has gone wrong.
o
§ Seren Bryn
® Write 3800 in standard form Write 3800 in standard form
3.6 x 102 3.8 x 10°
Write 0.000006 78 in standard form Write 0.000006 78 in standard form
6.78 x 107° 6.78 x 107
Write 5 x 107 as an ordinary number Write 5 x 107 as an ordinary number
50000000 500 000
Write 9.6 x 1075 as an ordinary number Write 9.6 x 10-% as an ordinary number
9600000 0.0000 96
Put in order of size, small to big: Put in order of size, small to big:
2.6 x 104, 2.9 x 102,2.7 x 1078 2.6 x 104, 2.9 x 102,2.7 x 1078
2.6 x 10%,2.9 x 10%,2.7 x 1072 2.7 x1072,2.9 x 104,26 x 10*
Double 6.7 x 10° Double 6.7 x 10°
15400 OO0 00O 1.34 x 10

]

i Explain how to work out 2000 X 300 in your head.

il Now write your answer in standard form.

b i Writetheanswerto (2 X 10%) X (3 X 102} in standard form.
Look carefully at your answer.

ii  Howis the number worked out?

—
o

@,
(o]
=L
-
o
Q
(7]
o
=
5

(5

iii  How is the power of 10 worked out?
¢ Workout

i (4x10%) % (2% 103 i (1.2 X10%) x (3 x 10%)
d  Explain how to multiply numbers when they are written in standard form.
e Useyourmethod towork out (3 X 1072) X (4 X 1073).

Make sure you write your answer in standard form.

Copyright: Sample materialg
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(® The problems below can be solved either by multiplying or by dividing.
Choose the correct operation for each one and then answer the question.
a Amouse weighs 1.5 X 107%kg.
An owl eats 1000 mice in a year.
What weight of mice is this?
b  The speed of soundis 3.3 X 10% metres per second.
How far does sound travel in an hour?
c Agrainof saltweighs 2 X 107° grams.
How many grains of salt are there in a 750 gram packet?
d  Apacket of 500 sheets of paperis 55mm thick.
How thick is each sheet of paper?
e Theaverage number of clover leaves in a square metre of lawn is 1.5 X 103,
Estimate the number of clover leaves in a park with 5 X 10%m? of lawn.
@ The galaxy that the Earth is in is called the Milky Way.
The Milky Way is about 120 000 light years across.
The Earth is around 27 000 light years from the centre of the Milky Way.
Alight year is the distance that light can travel in a year and it is 9.46 X 10%° metres.
a Imagine a spaceship that can travel at half the speed of light.
It sets off from the Earth towards the centre of the Milky Way. How long would it take?
How many generations of astronauts do you think it would take?
¢ Assuming an original crew of 20 people, how many people do you think would arrive at the centre of the
Milky Way?
@ Which of these numbers are not in standard form? Why not?
Where possible re-write the number so it is in standard form.
a 03x10* b 7x1073 ¢ 10.1x1074
d 4x100° e 10° f 9.9 x 10100

1.3 Prime factorisation
Skill checker )

(1) Look at the numbers in this box. (2) Write down the first ten prime numbers.

. Prime numbers are numbers that
16 37 2 27 24 : have exactly 2 factors: 1 and the
¢ number itself.

11 21 100 1 42

8 64 6 12 5
Write down all the numbers from the box that are
a square b cubes
c factorsof 36 d  prime

e multiples of 6.

factors of 100 and prime.
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1 Powers and indices

» Writing numbers as a product of prime factors

Remember that the factors of a number divide into it exactly.
For example, the factors of 12 are 1,2, 3,4,6 and 12
Aprime factor is a factor of a number that is also prime.

The prime factors of 12 are 2 and 3.

Activity

2 2 (prime)
3 5 (prime)
4 2% 2
5 5 (prime)
: 6 2x3
A

Show that every number between 2 and 20 is either prime or can be made by multiplying prime numbers together.

Remember

¢ 1lisnotaprime number.

©000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000,,

000000000000 0000000000000000000000°

. o
0 0000000 0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000COCGIELITC°

In the activity you found that every number up to 20 is either prime or can be made by multiplying together
prime numbers. In fact, every whole number above 1 is either prime or can be made by multiplying together

prime numbers.
This is known as the Fundamental Theorem of Arithmetic.
60=2X2X3X5

=2°X3X5

For example,

This is called a product of prime factors.
Remember: product means multiply.

The next example shows you how to use a factor tree to help you write a number as a product of prime factors.

Worked example

Write 1540 as a product of prime factors.

Solution

Using a factor tree:

Find any product that gives

1540 1540, e.g. 770 x 2.

|

2 is prime so put a ring
around it.

770
10

Lo &%

Find any product that gives
770, e.g. 77 x 10.

— N\

Put a ring around any primes
and stop when all the
numbers at the end of the
branches are ringed.

|

ore S

Every whole number greater than
1 has one vnique way to rewrite
it as a product of prime factors.
A different product of prime
factors will give a different
number!

ﬁ

$01540=7 X 11 X 2 X 5 X 24 ! Multiply all the numbers in the rings together. )

_ If you use a
=22 X5X7X11 You can multiply in any order. different factor free,h
2 x 2 can be written as 22. . is the final answer

) )\always the same?
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» Finding the HCF and LCM of two numbers

The highest common factor (HCF) of two numbers is the largest factor that they share.

You can find the HCF of two numbers by listing their factors, as in this example for 20 and 30.
Factorsof20:1 2 4 5 10 20
Factorsof30:1 2 3 5 6 10 15 30 CThe HCF is often quite a small )

The highest number in both lists is 10 so this is the HCF of 20 and 30. number.

The lowest common multiple (LCM] of two numbers is the lowest multiple that they share.

You can find the LCM of two numbers by listing their multiples, as in this example, again using 20 and 30.
Multiples of 20: 20 40 60 80 100...
Multiples of 30: 30 60 90 120 150...

The lowest number in both lists is 60 so this is the LCM of 20 and 30.

The next example shows you how to use a Venn diagram to help you find the HCF and LCM of two numbers.

T — N\ DR

a Show that 270 written as a product of prime factorsis 2 X 33 X 5. © » Writing a number as a product
b Write 315 as a product of prime factors. : of its prime factors means
¢ Findthe HCF and LCM of 270 and 315. writing all of the prime factors

Solution : as a multiplication.
s ¢ » Useindex notation to write
Q) GRS RSN RS © aproduct of prime factors
=10x27=270 neatly

b 315
s
5

5 oG

Venn diagrams are covered in
full in chapter 15 (unit 15.2).

Multiply together all the prime (circled) numbers in the factor tree: y
315=5X7X3X3
=32X5x7

€ 270=2X3X3X3X5and315=3X3X5X7
Placing these factors in a Venn diagram gives

270 315 [ €« (
QD

The epsilon sign € represents the universal set. )

These are the common factors of

[ 3, 3 and 5 are common factors so they go in the intersection. )
numbers in the intersection: oth numbers so when you multiply them

\ The intersection is the middle/crossover of the two circles.
3 X 3 X 5=45¢

So the HCF of 270 and 315 is 45.

h L
The HCF is found by multiplying the (
b

together you'll get the highest common
K factor.

The LCM is found by multiplying all of the numbers in the Venn diagram:
315

2X3X3X3x5%x7=1890

H_/
270

]

Check: 1890 = 6 x 315
which means 1890 is a l
multiple of 315 and
1890 = 270 x 7 which
means 1890 is also a
multiple of 270. Can you

see why this method

works?
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1 Powers and indices

1.3 Now try these

Band 1 questions

@ Workout these.
a 3X5x7? b 3x7x11 c 2X3X5 d 2x3x11 e 28
f 2¢ g 3?X5 h 22x3 i 22x52
(2] What are the first ten multiples of 57
What are the first ten multiples of 67
What is the lowest common multiple (LCM) of 5and 6?

(3]

List the first eight multiples of 30.

o 9 0 T 9

List the first eight multiples of 24.
¢ Whatis the lowest common multiple (LCM) of 30 and 24?
@ Find the lowest common multiple (LCM) of each pair of numbers.
a 3and5 b 4andb ¢ 9and12
® a Whatarethe factors of 12?
b  Whatare the factors of 16?
¢ Whatis the highest common factor (HCF) of 12 and 16?
@ Find the HCF of each pair of numbers.
a 15and20 b 18and?24

Band 2 questions

7]

Copy and complete this diagram to find the prime factors of 18. 18

Write 18 as the product of prime factors. ({\

Rewrite your answer using indices. o
Complete this list of the factors of 60. (})
1,2,3,..,60

b Write a list of the prime factors of 60.

Q 0N T o

(8]

¢ Write 60 as a product of prime factors.
Q Draw factor trees to write these numbers as products of prime factors.

a 12 b 8 c 15 d 20 e 30
(@ Write each of these numbers as a product of its prime factors.

Write your answers using indices.

a 50 b 140 c 84 d 36 e 200
@ FindtheilLCM and ii HCF of these pairs of numbers by first finding their prime factors and then using a Venn diagram.
64 and 72 b 20and35 c 16and28
@ a Findthe HCF of 90 and 360.
b  Findthe LCM of 90 and 360.
¢ Whatdo you notice about your answers to partsaand b?
Find another pair of numbers with this pattern.
® a Findanumberwith prime factors of only 13, 17 and 19.
b  Findanumberbetween 100 and 200 with prime factors that are all even.

Find a pair of numbers that have prime factors of only 2, 3 and 5.

Copyrlght Sample material
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Band 3 questions

@ a Showthe prime factors of 24 and 90 on a Venn diagram.

wv

(=3

) b  Use the Venn diagram to find the HCF and LCM of 24 and 90. CC O

(']

2. @ Pedr makes rosewood jewellery. Pedr’s jewellery

0 . . .

] Pieces of wood are joined together to make bracelets, necklaces and anklets. Bracean e

® All the pieces of wood are the same length. ShorilEiines 206

2 Long Necklaces 54 cm

3 Look at the poster. Anklets 24 cm
What s the greatest possible length for one of the pieces of wood? GUARANTEED TO

BRING YOU LUCK

Find the LCM and HCF of 90, 75 and 60.
These dials are set at O:

96

a Drawadiagram to show what they will look like after two complete turns of the left dial.
b  How manycomplete turns of the left dial are needed before the first two dials are both set to 0?
¢ How many complete turns of the left dial are needed before all three dials are again setto 07

18]

- BUSES AVAILABLE FROM THIS STOP

1b 3a 4
Departing every 5 mins | 8 mins | 10 mins

< First departure 9.00 a.m.|9.00 a.m.|9.00 a.m.

All three buses leave together at 9.00 a.m.

When is the next time that all three buses leave together?

:

Here is a list of the key words you met in this chapter.

Cube Cube root Factor Highest common factor (HCF)
Indices Lowest common multiple (LCM) Multiple Power

Prime Product Square Square root

Standard form Venn diagram

®ecccccccccccscccccccccccce ®

0% 0000000000000 0000000

Use the glossary at the back of this book to check any you are unsure about.

oDyt Sample marerrar
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1 Powers and indices

Review exercise: powers and indices

Band 1 questions

@ Multiply out these.

a 22x3° b 3x5? c 2x7° d 23x33
@ Write 64 as a power of
a 2 b 4 c 8 d 64

© Write the number in each statement as a power of 10.
a Thereare 100 steps to the top of the tower.
b The winnerwon by just 0.1 of a second.
¢ Thecarcosts £10000.

@ nthe number4.12 X 108, the first digit has a value of 4 million or 4000 000.
The numbers in the table are written in standard form.
Copy the tables and fill in the value of the first digit for each number.

a Number Value of first digit b Number Value of first digit

6.1 x 104 2 X 1072
3.52 x 104 1.46 X 1072
2.9 x 10° 3x 10
1.352 X 10° 6.2 X 1074
4.5 % 109 5x10°®
1.236 x 10° 3.21 x 1076

@ Find the LCM and HCF of these pairs of numbers by first finding their prime factors.
a 8and14 b 30and35 c 18and24

Band 2 questions

@ Find the values of these.

a (298 b 22x23 c 22+2° d 23x23
e 23+23 f 25+23 g 2% +2% h 2°
(2x2x2x2x?2)

@ Find the LCM and HCF of these pairs of numbers by first finding their prime factors.
a 80and100 b 210and 240

@ Work out the missing digits in these. There may be more than one answer.

o [Tz o CIT-CI
e [I=[Te a [ =T
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© Write these numbers in standard form.

a 2000 b 32000 c 1450 d 36000000
(@ Write these numbers in standard form.
a 0067 b 000341 c 0.000006 d 023
m Write these as ordinary numbers.
a 2x103 b 1.4x102 c 4.56x10* d 56Xx10°
e 3.576 x 10% f 27x10°3 g 8.32x10° h 49x1010

@ Write these numbers in standard form.
a China hasan estimated population of 1393 000 000.
It takes 0.000 000 003 3 seconds for light to travel a distance of 1 metre.
The world’s longest river, the Nile, is 6695 km long.
An amoeba is 0.0005 metres across.
The Star Wars films had a worldwide box office gross of £10 320 000 000.

D QO 0 T

9oud3adwod digajens

® Write each expression as a single power of 3 or 5.
a 3*x3° b 3°+3° c (3?7 d 52+5° e 52+54 f 5°2=+53

Kouany4

Band 3 questions

@ Lowrihas got all of her homework wrong.
The numbers are correct, but they should be written in standard form.

Correct Lowri’'s homework.

a 100 x10° X b 0.3 x10°X
c 05x10° X d 200x10° X

(® Write these sets of numbers in order of size, starting with the smallest.
a 23x10 32000 5.47 x 103 1.36 x 10° 40 thousand
b 4x10>° 3.7 x 10 1.8 x 1074 0.00065 0.00003
@ Nomsa thinks she has found a counter-example to the rule that any number has only one set of prime factors. She says,

—
(=}
@,
o

=
-
o
)
(7]
o
=
35
o

‘My humberis 24871. | can factorise it in two ways. It can be 209 x 119
oritcan be 187 x 133. | have found an exception to the rule!”

Is Nomsa correct?

@ The prime factors of a cube number can be grouped in threes like this:
216=(2 X 2 X 2] X (3 X 3 X 3)isthe cube of (2 X 3).
a 15=3 X 5.Write down the cube of 15.
b  Whatis the cube root of 33 X 73?
64=2 X 2 X 2 X 2 X2 X 2=2%isasquare number and a cube number.
¢ Show that its factors can be grouped in pairs and in threes.

d  Find two more numbers that are both square numbers and cube numbers.

@ Copyright: Sample material
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