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Answers

1 Further algebra i
(Page 2) C 42

1 (i) QA+x)7

_ _1]2
=1+-2x+ _2(_221_1)962 + _2(_2_;;)(_2_ Dy - [4(1 4xﬂ
! ! 1
_ —2(=3) 2, —2(=3)(-4) 3 -1 1.\2
=1-2x+ o x“+ 3 x” +.. =4 2(I—Zx)
1 2 4.3 1
=1-2x+3x 4x” + ... =l(1_lx)_2
Valid for |x| <1 20" 4
fi) (1+ 4x)? - 1(1+_1(_lx)+ _%(_l_l)(_le N )
. ) 2\ 1 21 4
=1+l(4x)+2(2_1)(4x)2 1( 1 _%(‘%) 1> )
2 2! §1+§x+ 21 (EX )+
l(l—l)(l—z) 1, 1., 3 .
v | P =3+ g
' _1,1. .3 o
%(—%) i =371 T2 ° *
=1+2x+ 3 (16x°)
) Valid for lx‘<1:>|x|<4
e 4
2022 3
+ 3! (64x )+ 3 [i] (1+ax)b
_ 2 3 _
=1+2x—2x" +4x° —.. =1+b(ax)+b(b2' 1)(ax)2+...
. 1 !
Valid for |4x| <1 = |x| < = _
[4] o 4 = 1+abx+b(b2, l)(612)962 + .
. -4 ’
2 (i) (2+x) abz—lO:a:—%
—4
_ 1 2
=2(1+= -
[ ( ZXH W=75=a2b(b—1)=150
= 2—4(1 + %x)_4 Substituting for a,
10\?
(.1 (—7) b(b—1) =150
) 16(1+2x) 100
Y A —4(—4—1)(1 )2 (_z)b(b_l)=150
16(1+ 4(2x)+ 5 SX| e b ” .
100b(b —1) =150
=Ll1-2x+ _4(_5)(lx2)+ ( ) 2
16 21 \4 1006% —100b = 150b
2%(1_2x+%x2+ ) 0 = 506> + 1005
0=50b(b+2)
1 1 .5 2
=16 g*¥t3X T b#0sob=-2
: 1 __10__10 _
Valid for 5x‘<1:|x|<2 a=-=-7 5

(i) Valid for|5x| <l= |x| < %
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1 Further algebra

4 (i) % Coefficient of x> = 0
1=2x = 3a%+6a=0
=(1-2x2)2 3a(a+2)=0
_%(_%_1) a#0soa=-2
1 2 22
=1+—2(2x")+ —"F—L(=2x")" +...
> 2! (i) (1 — 3x)(1 - 2x) 2
=1+x2+2x" +..
22 T 1+-2(=2x)+ —2( 2 1)( 2x)*
Validfor‘Zx ‘<1=>|x|<\/: =(1-3x)
2 L 2(=2-D(= 2 2) 3
(—2x)...
[il] 1+ x 3!
J1—2x? =(1—3x)[1+4x+12x +32x3+...]
= (1+x)(1+x2 +%x4 +) The x° term is given by
1% 32x> +—3x x 12x°
=1+x2+§x4+x+x3+§x5+...
2 2 =—4x3
=1+x+x2+x3+§x4+§x5+...
2 2 7 (i) (a+27
- _ n -2
5 (i) 1-3x) [ 1+ x}
=1+n(—3x)+”(" D(3x)2 4., 5
=1+-3nx +1 "(9x) ( a )
_ 1( 1 )
2_ =114+
=1+—3nx+wx2+... a’ a
2 _ 1 (. 51 —2(—2—1)(1 )2
_3”=M _az (1+ 2(ax)+ o ax +
—6n =9(n” —n) =%(1—2x+%x2+...)
—6n=9n> —9n al 2“ ;
2
— 9,2 =S -Ex+=x"+..
0=9n"-3n 2 a
0=3n3n-1 _
n(3n 1) i) 1 -x)@+x7°
#0 ==
" R = (l—x)(%—%x+%x2 +)
X a“ a a
(i) (1-3x)3 Considering the x* terms,
l(l_l) 1x%x2+—x><—%x
1.1l 3\3 a2 a a
—1+§( 3x)+ o1 (=3x) 3 5.2
——4x +—3X
{-9-2 o
3 3 (3 2.2
+ 30 (=3x)" + = a—4+a—3)x
{3, 2 g
_ 3\ 3\ 3] a® a
=1-x+2220(9x2) + 3 (=27x3)+ ... 3424 =0
—1— 2_§ 3 -_3
1 X 3x a >
6 i) (1-3x)(1+ax)? 8 i = 1
( ) ) Wy JA—2x—-Jl—x
=(1- 3x)[1 +—2(ax)+ L2|_1)(ax)2 + } 1 M1z 2x+y1-
2! T o2x—V1-=x J1—2x+Jl—
=(1- 3x)[1 —2ax +3a’x* + ] CJT=2x+1—x
T 1-2x-(1-x)
ust considering the x? terms,
Juste g mwr
3a°x° —3x X —-2ax
=3a’x> +6ax” ___( /1_2x+\/1T)

= (3a% + 6a)x*
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1 Further algebra

- 1 r+5,3 2
("] y——;(\/1—2x+\/l—x) [III]_2+___3
4r 5r r
VI1=2x  5r(r+5)4 3(4r%) — 2(20)
1 - 3
=(1-2x)2 20r
1(1 ) _5r*+25r+12r° — 40
PG 3
= 1+%(—2x)+ 2 22' (—2x)* + ... 207
. ' _ 17r% +25r — 40
] A2 3
=1-x 3 20r
JI—x (ST EIRiCR LT (Page 7)
1
=(1—X)2 1 i) 5x+7 = A B

(x+1(x+2) x+l+x+2

=1+l(—x)+ (cx)? + 5+7=A(x+2)+B(x+1)

? 1 2! x=-1=2=A

2

=1—§x—§x e xX=—-2=>-3=—B=B=3

1 1 1 1 > 5x+7 —_2 3
}’=—;(1—x—§x +1—§x—§x —) S0 (x+1)(x+2) x+1 x+2
_ 1 3 52 _ —
——;(Z—Ex—gx —) (ii) 3’25 2__ 3x-—2

x“=4 (x=2)(x+2)

:—;+%+§x+... 3x—2 =_A | B

X (x=2)(x+2) x—2 x+2
Coefficient of the x term is % 3x—2=A(x+2)+B(x —2)

x=2=>4=4A=A=1

1.2 Review of algebraic fractions J{1-{-X)] x=-2— 8= _4AB—B=2

o 3a . 8b% _ 2b 3x—2  _ 1 2
TR AR ) o ey R
f2—6f+8 (f-4(f-2) f-2 x“=x x(x-1)
R34k W —4h+4 4 _A, B
(iii) T 3 x(x—=1) " x x-1
e 4=A(x—-1)+Bx
—4 8
T 1 7 _unta x=1=4=B
2 x=0=24=-A=A=-4
- 4 4. 4
4 (h—-2)(h-2) so A=ty
_hh=2)(h+2) 8 L
Zh(h A; (h_Z)(h_Z) (iv) 42 —18x = A + B + C
=h7+2) GrD(x-2)(x—4) x+1 x—2 x-4
42-18x=A(x—2)(x—4)+ B(x +1)(x — 4)
2 (i) 24-2=8,3 1L Clx +1)(x -2
m 4m 4m 4m  4m +C(x +1)(x - 2)
(..]p—z p+2 x=2=6=-6B=B=-1
R T3 x=-1=60=15A= A=4
_3(p_2)+p(p+2) x=4=-30=10C=>C=-3
T 3p 3p %o 42 —18x _ 4 1 3
3p—6 P2+2P (x+D)(x—-2)(x—4) x+1 x-2 x-—-4
“ T3 T 3p
_pP+5p—6
=t
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1 Further algebra

1
2x3—4x2—x—3_ 5x -3 x*terms 2 0=A+B= B=—=
Wl x*-2x-3 _2x+x2—2x—3 2
e 3 x=0=>10=4A-4C=>C=-2
_ X —
BT CTSY o Ll
_ So = +
(x—S;C)(x3+1)Exi‘3+xﬁl (=" +4) x-4 (" +4)
1 x+4

5x—3=A(x+1)+ B(x —3)
x=3=12=4A= A=3
x=-1=>-8=-4B= B=2

5x-3  _ 3 2
So (x—3)(x+l)_x—3+x+l

T 2x—4) 2Ax’+4)

1.4 Using partial fractions with the binomial
Y GELE LN (Page 8)

267 —4x® —x -3 _ 3 2 1 i 2-1lx  __A ., B
and S T TRt I3ty 0 G one-0 “1+2x T 2-x

2—11x = A2—-x)+ B(1+2x)

2
4 x"+3x-1_A, B C
2 0 oD —x x T rl X=2=-20=5B= B=—4
1 15_5
x?+3x—1= Ax(x —1)+ B(x — 1)+ Cx? X=—§:>7=§A:>A=3
x=1=>3=C S 2—11x _ 3 4
0 = _
x=0=>-1=—-B= B=1 1+2x)2—-x) 1+2x 2-x
xlterms > 1=A+C= A=-2 1 .
2 (ii) =(1+2x)
GoX +3x-1__2,1, 3 1+2x
xz(x—l) ox xr x-1 -1(-1-1) 2
=1+—1(2x)+72| 2x)" + ...
(||]+EA+L+L =1—2x+4x2—...
x(x-1)?% x x—1 (x—1)° )

Valid for [2x| <1 = |x| < 5
1= A(x=1)* +Bx(x — 1)+ Cx

x=1=>1=C [III] 1 =(2—x)71
x=0=>1=A 2—x
-1
x*terms =>1=A+B=B=0 :[2(1_%,(”
1 1 0 1
So ———=-+—+ -
x(x=1)7 x x-1 (x—=1)* _21(1 lx)l
_1 1 2
x (x-1) =l(1—lx)
2 2
3 (i) 1 _ A +Bx+C ,
x+1D)(x%+1 _x+1 x2+1 zl _(_l ) _1(_1_1)(_l )
(x+ (x> +1) (x?+1) 2(1+1 L)+ 2D Ly
1=A(x*+1)+ (Bx + C)(x +1) U1 1
1 =—(1+—x+—x2+ )
x=—1:>1=2A:>A=5 2 2 4
1,1 1 2
xzterms:>0=A+B:>B=—% §+Zx+§x +
x=0z1=A+C:C=% Valid for |x| < 1
1 1 1
5 —5Xt5 . 2—11x 3 4
1 _ 2 2 2 (iv) = _
= + 1+2x)(2— 1+2x 2-—
(x+D(x*+1) x+1 (x*+1) (I+2x)(2-x) x x
=1 1—x 2 (11 1> )
= + =3(1-2x+4x" —..)—4{5+ x+ox’ +..
2x+1) 2(x*+1) (1-2x+4x" ) 7T Xt gX
2 1 2
(i) 10 _ A Bx+C =3-6x+12x —2—x—5x + ...
(x—4)(x*+4) x—4 (x*+4) 23
5 =1—7x+7x .
10=A(x“+4)+ (Bx+C)(x—4)
: 1
x=4:10=20A=>A=% Vahdfor|x|<E
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1 Further algebra

i _8-x _ A , B 2 - 2
r—2)x+D) x-2 x+1 (1+ x)> 21+x)
8—x=A(x+1)+B(x —2) =2(1-2x+3x%—.)
X=2>6=3A=A=2 =2—4x+6x*—..
x=-1=9=-3B= B=-3 3 .1 2
Go_ 8=x __ 2 __3 1-2x 1+x (1+x)°
- -2 x+1
(x=2)(x+1)  x x =B+6x+12x>+.)+(1—-x+x>+.)
2 2
x—2 —(2—-4x+6x"—..)
=2(x-2)" =2+49x+7x*+...
-1
= 2[_2(1 - %x” Valid for |2x| <1 = |x| <%
-1
- 1
=2(—2)1(1——x) 3 i 4x +14 __A B C
2 ti I—0C2+00+x) 1-x 2+x 1+x
_ 1 —1(-1-1)( 1\
——(1+—1(—§x)+ 20 (—gx) o 4x+14= AQ2+x)(1+x)+B(l—x)(1+x)
+CA-x)2+
=—(1+lx+lx2+) CA-x)2+x)
27 4 x=1=18=6A= A=3
=—1—%x—ix2—... X=-2=6=-3B= B=-2
3 x=-1=210=2C=>C=5
x+1 So 4x +14 _3 2 5
=3(1+x)" 1-x2+x)1+x) 1-x 2+x 1+x
_ P (Gl el VO 3 4
—3(1+ 1x + 2! X +) m—3(1_x)
=3(1—x+x2—,_,) =3(1+x+x2+...)
=33y 43xi— . =3+3x+3x" +..
2 3 _ (4.1, 1.2 2 =202+x)7!
p— x+1_(1 2x 4x ) 2+ x
-1
—(3-3x+3x"-..) = 2[2(1 + %xﬂ
5. 132
=—4+sx—=x"+.. -1
27 4 =2(2‘1(1+lx) )
Valid for |x| <1 2
1(,,1.\"
i) X *9x+2 _ A B __C =2(§(1+§x))
1-2x)1+x)* 1-2x 14+x (1+x)° e
N 5 =(1+—x)
x*+9x+2=A1+x)* + B(1-2x)1+x)+C(1-2x) 2
x=-1= 6=3C=C=-2 =1—%x+ix2—...
_1_.27_9 _ _
x—2=> 4—4A:>A—3 1ix=5(1+x)1
x*terms =1=A-2B= B=1 =51-x+x2-.)
2
X +9x+2 3 1 2 =5-5x+5x" —..
(1-2x)1+x) 1-2x 1+x (Q+x)
3 2 5
3 a9yl So - +
1—2x_3(1 2x) 1-x 2+x 1+x 1 1
=3(1+42x+4x> +..) =(3+3x+3x2+...)—(1—zx+1x2—...)
=3+6x+12x2 +.. +(5-5x+5x2—..)
1 -1 —7_3,431.2_
1+x—(1+x) =7 SX X~
=l—x+x>+..
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1 Further algebra

. 3+42x° A B C 1
4 (i) = + + 2 (i) (9-3x)2
Q+x)°(1—4x) 1+x (1+x)* 1-4x ( ) 1
_ _L 2
342x2 = A(1+ x)(1 — 4x) + B(1 — 4x) + C(1 + x)? = [9(1 3")}
x=-1=5=5B=B=1 EIRY
1 .25 25 292(1_§x)
x=Z=>8 16C:>C 2 . %
x2terms = 2= —4A+C= A=0 :3(1_§x)
1(1
3+2x° 1 2 7(7—1) 2
1+x)2(1-4x) (1+x)? 1-4x ‘3(1+5(_§x)+ 2l ( 3’“) * )
1 1
3+ 2x° 1 2 *(—*)
- N a1 2\T2)(1 s
1+x)20-4x) (1+x) 1-4x ‘3(1 Xt (9x)+ )
_af1_1l,_1 2
L _+x)7 ‘3(1 X Tt T )
(1+x) ; 1 1
=1-2x+3x>—.. R A7
_2 _ _ -1 Valid for —x‘<1:> x| <3
2= 2(1- 4) 3 |
=2(1+4x+16x% +..) (i) 3%
=2+8x+32x% +.. 2+ 1
. 5 =3x(2+x)"
© Qrx)p T-4x : -1
(1+x = 3x 2(1+%x):|
=(1-2x+3x*—.)+(2+8x+32x* +..) L
B -1
=3+ 6x+35x% +.. = 3x 2‘1(14.%35) :l
Further practice JGEECRE)) —3x_l(1+lx)_l}
I 1) )
1 (i) (1-2x)" )} .
_3x( 1 )
=2X(14 2
— 14 —1(—20)+ 2 1 Z1EL=D) 2 272
(-1 1)1 - _3x l i 1_1)( )
( 3( D ey s 113+ G )
—14+2x+ 2 2)(4 )+ s 2)( 3)( 8x7)+.. 3%(1 % i (e 2)(4x )+)
=1+42x+4x>+8x° +... 3~_x(1 1.1 x i )
2\ 72
Valid for [2x| <1 = |x| < 1 3
2 x——x + ..
2% 74
_1
(i) (1 - 9x) 73 Valid for | 1 ‘<1:>|x|<2
_l(_l_l)
30 3 2 1
=1+ =3(=9x) + —— 57— (-9%) 3 (i) (1+x)3
5152 3(5-1)
Ll )=l 1Ly
3\ 3 3 3 1 3\3 2
3 (-9x)” + :1+§x+ T +..
_1(_4) 1(_2)
30 3 2 1 3\ 3/ »
=1+4+3x+ o (81x7) —1+3x+ T +..
_1(_4)\(_7 11, 1.2
3( 3)( 3) ; Sltgx—grte
3 (=729x°) +

=1+43x+18x% +126x> + ...
Valid for [9x| <1 = |x| < é
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1 Further algebra

4 (i) (1+ax)

5

(i) (a) (8 + 16x)3 6 (i)

= [8(1+20)]3

w\»—-
W=

83 (1+2x)
=2(1+ 2x)%
- 2(1 + %(Zx) - l(zx)2 + )

— 2.4 2
—2(1+3x 25+ )

744, 82
—2+3x 9x + ...

(b) Valid for|2x’ <l= |x| <%

-3

3(3

=14 (=3)(ax) + D (ax)? +.

=1-3ax+6a’x*+..

—3a = 6a’
0=6a"+3a
0=3a(2a+1)

Sincea # 0,a = —

(i) (1—% )_3

=1+ (—3)(—%;:

1
2 7 (i)

=3(=3-1( 1.\
)+72! ( 2x) t..
Sx+3x7 4.

BRRE RS

6C2d 25¢2 _ 5c% (ii)

5e Y

2 2

5S¢ 25¢% 18d2

3>g+1>< g+1 _3g+1
4 3g°+4g+1 4

g+1

i “Bg+Dg+D

P+ k?
_GTRGE ARk
i+ K ji—k
_U=RG+RG R
j2+k2
=(j+k)?

j+k
j—k

7 Cambridge International AS & A Level Mathematics -

(ii)

(iii)

_3(n+1)
12

_17n-3
12

_ 2q(g—1)—4(q+1)
(q+1D(g-1)
_2q°-2q-4q—4
~ (g+D@-D
_2q°-6q—4
~(q+1)(g-1)

52+4_ s

s2-9 s-3

_ s 44 _ s
(s=3)(s+3) s-3

_52+4—5(s+3)
(s—=3)(s+3)

252+4—52—3s
(s=3)(s+3)

_ 4—3s
(s—=3)(s+3)

2x+14  _ A B
(x-1D(x+3) x-1 x+3

2x+14=A(x+3)+ B(x—1)
x=1=16=4A= A=4
x=-3=8=-4B= B=-2

Go_ 2x+14 _ 4 2
(x=1D(x+3) x—-1 x+3

16 —3x 16 — 3x

(iii)

x2+x—6_(x+3)(x—2)
16-3x _ _A . B
(x+3)(x=2) x+3 x-2

16 —3x=A(x—2)+ B(x+3)
x=2=10=5A=>A=2
x=-3=>25=-5B= B=-5

G 16-3x _ 2 _ 5
(x+3)(x—-2) x+3 x-2
x—10 _ x—10

2x2=5x-3 (2x+1)(x—3)
x—10 __A B

x+D(x—3) 2x+1 x—3
x—10= A(x —3)+ B(2x +1)
x=3=-7=7B= B=-1

_ 1 21 _ 7

X = 2=> 5= A=>A—3

So x—10 -3 1
Qx+1)(x—=3) 2x+1 x-3
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1 Further algebra

(iv) 5%° +20x =32 _ 5x% +20x —32 _ 5x° +20x — 32

(v)

(i)

(ii)

x° —16x x(x* —16) Cx(x—4)(x+4)
5x*+20x-32 _A, B . C
x(x—4)(x+4) x x-4 x+4

5x2 +20x —32 = A(x —4)(x +4)+ Bx(x + 4)
+Cx(x —4)

x=0=-32=-16A= A=2

x=4=128=32B= B=4

x=—4=-32=32C=C=-1

Go DX +20x=32 _2, 4 1

x(x—4)(x+4) x x—-4 x+4
2

3x +22x—2023+2)2c—8
x“—4 x° -4

2x—8 _ 2x—8 A B

4 (x-2)(x+2) x—-2 x+2
2x —8= A(x+2)+ B(x—2)
xX=2=>-4=4A= A=-1
x=—-2=>-12=-4B= B=3

2x-8  _ 1 3
SO(x—Z)(x+2)_ x—2+x+2

2
and 3% +22x—20:3+ 3 i

x°—4 x+2 x-2
3x*+2x-3 _ A , B C
(x-Dx+D* x-1 x+1 (x+1)*

3x2+2x—-3=A(x+ 1) +B(x - D(x + 1)+ C(x = 1)
x=1=2=44=A4=1
x=-12-2=-2C=C=1

x*terms = 3= A+B= B=

+ 1 2
x—1 x+1 (x+1)
1 5 " 1

= +
20x—1) 2(x+1) (x+1)?

1
3x° +2x—3 _ 2

5
2
5
2
(x = D(x +1)* +

A
x+1

B
(x +1)*

C
(x+1)°

x—1

(x+1)° B

x—1= A(x+1)*+B(x+1)+C
x=-1=-2=C
xlterms = 0= A
x=0=>-1=A+B+C=B=1
Go_X=1 __0 _ 1
(x+1)° x+1 (x+1)?
__ 1 2
(x+1)* (x+1)°

—2
(x+1)°

9

—2x+4 _Ax+ B C D
2 2= " 2 + 2
(x“+1(x-1) x“+1 x-1 (x-1)
2x+4=(Ax+B)(x-1D)*+C(x*+1(x-1)
+D(x* +1)
x=1=2=2D=D-=1
(Ax + B)(x —1)* = Ax> + (B—2A)x"
+(A—-2B)x+ B
Cx*+D(x-1D=C(x*-x*+x-1)
x> terms = 0=A+C
x=0=>4=B-C+D=B-C=3
x*terms = 0=B-2A-C
SinceB—C=3,3—2A=0:>A=%
A+C=0=>C=—%
B-C=3=B=2
2
3.,.3 _3
2x+4  _2*T2, T3 1
x+D(x-1D* x*+1 x-1 (x-1)7
_3x+3 3 1
2x*+1) 2(x-1) (x-1)2
(iv) 2x*+3x+1 _ A _ Bx+C

(x-D(x*+2) x-1 (x*+2)

2x2 +3x+1= A(x* +2)+ (Bx + C)(x —1)
x=1=26=3A=>A=2
xlterms = 2=A+B= B=0
x=0=>1=2A-C=C=3

267 +3x+1 __2 L3
(x-1D(x*+2) x-1 x*+2

22 —3x+3 _ A _ Bx+C
A+x)A+x*) 1+x (1+x?)

2x2 =3x+3= A0+ x>)+ (Bx + C)(1+ x)
x=-1=8=2A=A=4

x*terms =>2=A+B= B=-2
x=0=>3=A+C=C=-1

2x° —3x+43 _ 4 -2x-1
Q+x)1+x%) 1+x @Q+x?)
__4 _ 2x+1
1+x (1+x?)
4 -1
—1+x—4(1+x)
=41 -x+x>-.)
=4—dx+4x*— ..
22X+l _ x4 )
1+x)

=Q2x+D)1-x*+x*-.)
=2x—2x" +2x° +1—-x2+xt+ ..
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1 Further algebra

4 2x+1 CERAYETN LS LN (Page 12)

T+x 1+x%) 1 (i) 5x — x* __A Bx+C
=(4—4x+4x’—.) 1+x)2+x%) (1+x) 2+x?

—x—2x+ 2%  +1—x x4 5x—x’=AQ2 +x%) + (Bx + C)(1 + x)
=3—-6x+5x>—.. x=-1=-6=3A=A=-2
Validfor‘x2‘<1:>|x|<l x=0=0=24+C=>C=4

5 xterms=-1=A+B=B=1
2—4x—3x2 - A +Bx+§ _ 5 -
2-x)2+x°) 2-x 2+x So - =-— + -

1+x)2+x7) 1+x 2+x

10 (i)

2—4x-3x*= AQ+x3)+(Bx+C)(2 - x)

Xx=2= _18=6A = A=_3 i) 2(1+x) " + (x +4)2+x*)

-1
x*terms = -3=A-B=B=0 =21+x)" +(x+4)[2(1+%x2)}
x=0=>2=2A+2C=C=4 »

2-4x-3x* _ =3 L4 =-2(1+x)" +(x+4)[ (1+éx2) }
2-x)2+x%) 2-x 2+x°
4 3 -2(1+x)™"
= 2— _ 3 3 3 3
2ext 2-x - ot (s CRD DA )
(ii) 3 -1 '
2—x:3(2_x) =201 -x+x>—x>+--)

)T ~—2+2x—2x>+2x>

Il
W
1
[V}
—_—
—
|
=
=

-1
1 1.2
2(x+4)(1+2x )

:3(
_ 2
G =l(x+4)1+(—1)(1 ) (1) 2)(1 2)
—3(1(1—lx)) 2 a2*
2 2 _1 1 2
i —§(x+4)1—§x + .-
Z%(l_%x) 1 1
=2(x+4)—x*(x+4)+--
§(1+lx+lx2+lx3+ ) : !
2\ "27 "4 8 :%x+2_i"3_"2+"'
3,3 3.2, 3
=3tgrtg” +Ex te Theexpansionis—2+2x—2x2+2x3+%x+2—ix3—x2
2+4x2 =42+x")" =%x—3x2 +£x3 + ...
=42+ x)7" 2 (i) p)=ax’—x*—4x—a
—4(2_1(1+lx2)_1) (2x—1)afactor:>p( )
’ n 1
R L =
3 cofbe)s ST o) i
lo-Llio_a=0
1 1 P 8 4
=o1- gt e+ 7_7
Z_Zg=0
=2-x+dxty ‘08
a 2 14-7a=0
2-4x-3x __ 4 _ 3 , a=2
(2-x)2+x?) 2+x* 2-x X +2
2x-1)2x° —x” +4x -2
=(2—x2+lx4+ )
2 —(2x° —x?)
3,3 3 3 ) 4x -2
+2x+2x% +2x> + .
(2 4¥7T8% T16 (4x—2)
-1 3, 1,2 3.3 0
A R T T

So p(x) = 2x — )(x* +2)
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1 Further algebra

3

8x—13 __ A Bx+C x—3 2 -1
. = + =(X—3)(X +5)
) D2+ 2x-1 x’+2 x2 45
— 2 -1
8x—13= A(x> +2)+ (Bx +C)(2x — 1) :(x_3)(5_1(1+%x2) )
x=l:—952A:A=—4
2 4 e (Y1 a enfLy2) g ZMEL=D(1 o)
x=0=-13=24-C=C=5 =(x=3)(5|1+ CD\5x" |+ — (5%
2 _ —
x’term =0=A+2B =B =2 =(x_3)(l(1—lx2+ix4+...))
Go 8x—13_ -4 _ 2x+5 AT
p(x)  2x—4 x*+2 (e (L_L 2,1 4 )
(x 3)5 55X+ oEX +e
1 -_3,1. .32
m = 5+5x+25x + ...
_1
=(1-2x)2 Go ox =7x+4 __ 2 _ x-=3
_l(_l_l) Bx+2)(x*+5) 3x+2 x*+5
_ 1 2\ 2 2
= 1+—§(—2x)+72! (—2x) = (1 - %x + %xz - )
_l(_l_ )(_1_2)
3,1 3.2
+ 2\ 2 3 2 (—ZX)3+... +(—§+§x+2—5x +)
_ 32,53 _2_13 237 >
—1+x+§x +§x +... 5 1Ox+100x + ..
Valid for |2x] <1=|x| <1 L (Page 13)
1
fx) = 5x2 —7x +4 1 i) V4-3x =(4-3x)2
(Bx +2)(x* +5)
, (4-3x)2
(i) 5x°—7x+4 — A +BX+C 1
Bx+2)(x*+5) 3x+2 x*+5 :[4(1_%;5)5
5x* —7x+4= A(x* +5)+ (Bx + C)(3x + 2) DN
=42(1-2x)?
37979 1
x* terms = 5= A+3B= B=1 :2(1+l(_§x)+2(2_1)( Sx)2+ )
|
x=0=4=5A+2C=C=-3 i 49 2 4
— —_ _— 2_
5x-7x+4 _ 2 x-3 21-3x - 35%" )
Bx+2)(x*+5) 3x+2 x>+5 —5_3,_9 2
4" 64
(i) 2(3x +2) " !
3\ (i) (1 + ax)(4 — 3x)2
=2[2(1+—x”
2 - _3 2 )
B (1+ax)(2 X" eaX
- 3
:2(2 1(1+—x) ) 2 _9 2 _3
2 x~ terms are 64x +ax X 4x
-1 9 2 3a_ 2
1(, .3 - _9 2, 3a
:2(5(1+§x) ) 6a® TT4*
9 3a)\.2
-1 = | -=_=
(1+34) 5%
z(—9—48a) 2
= (1 - %x + %xz - ) 64
go =9—48a _ 111
64 64
—9—48a =111
—48a =120
—_3
=73
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2 Further calculus

(1+3x)

(1+ kx)*

= (1+3x)" (1+kx) ™
=(1+6x+9x2)(1+ kx)™>

= (1+6x+9x) 1+(—2)(kx)+ﬂ

=(14+6x+9x2)(1 - 2kx + 3k*x* - ..)
x? terms are 3k*x? + 6x X —2kx + 9x>
= (3k* =12k +9)x?

So 3k* —12k+9 =105

k*—4k-32=0
(k+4)(k—8)=0
k=-4o0r8

3 You want to find n such that
nn—1)(n-2) < nn—1)(n-2)n-3)

3! 4!
2dn(n—1)(n—2) < 6n(n—1)(n—2)(n—3)
24 < 6(n—3)
24 < 6n—18
42 < 6n
n>7

b(b

4 (i) (1+ax) =1+ bax + )(ax)2+...

2
=1+abx+Mx2+

2
ab=-1=a=—-1
b
1
ab(b—1) _ (E) b-1) _,
2
Lpw—1)
2 =2
1
b(b—l)—
b—1=4b
_1=13b
__1
b=-3
a=—_1—l=3
3

(i) Valid for |3x| <1 = |x| < %

=D (k) )

2 Further calculus

2.1 Differentiating tan'x JUGETCRE)

1 y=tan'x

tany = x

siny _

cosy
dx _ cosyXcosy —(=siny)(sin y)
5 - cos® y

cos® y +sin’ y

cos’ y

cos Y, sin’ y

cos’ y coszy
=1+ tan’ y
=1+ x?

d
So £ = 12
dx 1+x

2 (i) y=2tan"'8x

d
Yo 2 g 16
dx 1+ (8x) 1+ 64x

(i) y = %tan_l(x3)

d 2
—)/=l><7132><3x2 3% -
dx 2 1+(x”) 24+ 2x

(i) y = tan~" (sin2x)

d_)’: 2cos2x
dx 1+sin’2x

COSX )2

(ivl y = ln(etan =

COSX
y=21n e'canflx

y= 2[1n(cosx) - ln(etanilx)}

y = 2[ln(cosx) —tan”! x]

d_)’zz[—sinx_ 1 }
dx cosx 1+x?

= —2tanx —

1+ x?
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2 Further calculus

3 y=tan '(e¥)

b _ e
dx 1+e*

d 0
Whenx=0,—y= S =1

1+e>0 2

Whenx =0, y = tan"'(e”) = tan"'1 = %

- n_1 =I
y—mx+c:>4—2><0+c:>c 4
_l.4T
So y=oxty

4y =2x+T
2x—4y+m=0

2.2 Integration by substitution FUETCRD)]
1 (i) u=2x+1= du=2dx
J(2x+1 dx = |u=" du
= % ju du

u
2
+

8]

X +c

2

»Mv—‘ [\.)I»—‘

=i(2x+1)2+c
(i) u=1- x> :>du=—2xdx:>dx——d—z

_[x\/l—x2 dx = Jxﬁ(—g—Z)
=_%j\/adu 2 (i)

) L

1 3
=—§(1—x2)2 +c
2J0=x) +¢

il u=x+4=du=dx and x=u—4
J.Zx\/x+4dx
= JZ(u—4)\/ﬂdu

3 1
= ZJ’(u2 —4u?)du

_4u? _16u”
5 3
3
_ 4(x+4)2 16(x+4)2
B 5 3

_4J(x+4)° 16y(x +4)° .\
T s 3

(iViu=x-1=du=dx

Alsox =u+1
szmdx

= j(u+1)2ﬁdu

= I(u2+2u+1)ﬁdu

3

E 3
= J(u2+2 2+

N\’—‘

u?)du

NN
[\S1(0)]

=
[\]
=

N
U.I‘
N‘“’Fw\w

Il
[\
N
NN
+
&l
N\U’!
[NS][O%)
+
o

w|

5
7
2

118,
[NS][8)

=
-

_ -1) 4(x -1)2  2(x-1)
= 7 5 + 3 +c

_ 2\/(x7— D 4\/(x5—1)5 . 2\/(x3— D

u=x4+1:>du=4x3dx:>dx=d—u

4x3

x=l=2u=2,x=0=>u=1
1
Jx3\/x4+ldx
0
u=2
_J.uzl
1 2
=—J Judu
4

2

x3\/ﬁd—u3
4x

A =
T
K\""’| Y

Il
S =
1
)
(VIR
L=
—- LS}

O W =
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2 Further calculus

.. 2
(i) u=2x"-x+1=du=(4x—1)dx 1 £+£1
x=3=2u=16x=0=>u=1 2| 8 7 0
3
I (4x - DV2x? — x+1dx :l[(ﬁ_,_i)_o}
0 2(\ 8 7
u=16 d
Lzl( WNug Ty = 0134
16
ZJ \/ﬂdu 1 1 5
1 3 u=l+==du=-—dx=dx=-x"du
5716 X X
2
= ”? x—2:>u=%,x=1=>u=2
E 1 3
=16 2(1+l)
<[] it
3 1 1 X
3,73
2(2 163)_(2\/1_3) Zju—zﬂ(_xzdu)
3 3 u=2 x2
=42 3
5 =—Izu3du
(i) u=x"+2x =>du=(2x+2)dx 2
3
X=co=u=oo, x=1=u=3 'uﬂz
o =7z
+1 L
J. 2x 5 dx -
1 (x°+2x) 3\
g 0 gy
u=3 (u)° 2x +2 L 4 4
=3), 54 |64~ 4
oo —Ez
=lj. u>du T 64 2.73
2J3
_1fut ] b u=Jx+ 2=>u=x+2=>x=u’-2
2| -4
- 3 dx = 2udu
:%—%} x=7=>u=3,x=-1=2u=1
L 4u” 13
- 7 2
_1f(__1 1 j X4y
_5( 4><oo4)_ _4><34)} SIVX+2
- u=3(,,2 _ 9)\2
_1[ 1 ZJ‘ uzwdu
T 20324 u=31 u
_ 1 =2J (u* = 4u® + 4)du
= <5 = 0.00154 1
—u5 4u° ’
(ivlu=x>-1= du=2xdx =2| T -y t4u
L 1
x=2=u=1,x=1=u=0 ros 3 5 3
. =2(3?——4X33 +4x3)—(1§——4>;1 +4x1)}
j 3% —1)fdx ;
| -{12-18]
u=1
3, v6du 5 15
= x7(u)” == -
L:o (u) 2x _ 652
u=1 15
=1 x2(u)® du
2 u=0
1 6
—ZJ.O(u+l)u du

1
= %J.O(Lﬂ +u®)du
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2 Further calculus

2.3 Integrals involving exponentials and natural 3
_ 1[ -] ]
logarithms KGETRE)) =glu—Ilnuj

= 1[(3=1n3)- (1~ In1)]

1 (i) u=x?+3=du=2xdx

J-Sx e+ dx = i[(3—ln3)— 1]
—1l_
= .[Sx eud_u = 4(2 1Il3)
2x
_ 2x _ 2x
=4J.e”du 3 u=1l+e™ = du=2e"dx
x=ln2=u=1+e" =14 =5
=4e" +¢ 20
2 x=0=>u=1+e =1+1=2
=4e" P 4+ ¢ n2
J 32e2 (1 +e*)*dx
liilu=e*-1=du=ce"dx 0
u=>5
e’ =J 32e2 ()" A1
J.ex—ldx u=2 ( ) 2e2x
>4
_Jid_u =16J. u* du
- x 2
ue S5
=Jldu :16[%}
u 2
=Inju|+c 5 5
Jul 216[5__2_}
=ln’ex—1’+c 5 5
1 1 = 9897.6
(iii]u=—:>du=——2dx:>dx=—x2du 1
x x 4 u:2+lnt=>du:;dt:>dt=tdu
1
%dx t=e=>u=3t=1=u=2
x € 1
e’ 2 142+ Int)? at
= [ du
X u=3 1
u ZJ‘ thu
=—'[e du u=2 t(u)
" 31
=—e +cC :J _Zdu
1 Zu
= —ex 3
eX +¢ ZJ' 42 du
(ivl u=1—-cosx = du = sinx dx 2
R
Jel_msx sinx dx = u__l}
L 2
= J‘e”sinxsidﬁ B ‘_lT
=1,
= e du ( 1) 1)} |
=e"+¢ L\ 3 2 6
4x
1—cosx €
=e +c 5 y=
4 1+e**
2 u=2x+1=du=2dx o0 1
(i) Piswherex=0=y= 5=5
x=1l=2u=3,x=0=>u=1 1+e 2
J~1 x (i) d_y_4e4X(l+e4X)_4e4xXe4x
02x+1 dx (1+e')?
”:3u£1du ZL
ZL=1 u 2 (1+e*)?
_1(Pu-1 d 0
—ZL » du Whenx =0, = —2¢__ -4

\ dr  (1+e’)? 4
=lj (l—l)du
4 1 u
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2 Further calculus

1 4x
(iii) Area = I € dx
01+e*
1[! ge*
TAadoget

2.4 Integrals involving trigonometrical
H{THRGHEN (Page 19)

1 (i) u=x>=du=2xdx
stin(xz)dx
Cfewo du
= J.xsm(u)zx
= %J.sin(u)du

= —%cos(u) +c

= —%cos(xz)—k c

(ii) u = cosx = du = —sinx dx
Jsinxemsx dx

= Jsinxe” d.u
—sinx

= —Je” du
=—e"+¢

cosx
= —¢

+c
(iii) u = sinx = du = cosxdx
J.cotx dx

_ Jcpsx dx
sin x
_ J'cosx du
U COSX

= In|sinx| + ¢

(iv) u = cosx = du = —sinxdx

Jcoss xsinx dx

= Ju‘:’ sinx d.u
—sinx

= —Jus du

6

u
=-% 4

6

6
COoS X
=240
6

2 u=1-cosx = du=sinxdx

Isinxcosx(l —cosx)® dx

= J-sinxcosx(u)S.d—u
sinx
= J(l—u)u3du
J(u3 —ut)du
4 5
_u_ _u
=2 5 +c
(- cosx)? - cosx)’
= 4 5 +c
3 x=2sinf = dx=2cos6d6
_ g1 _T
x—1:>sm0—2:>6—6

x=0=sinf=0=6=0

J.lej4 —x%dx

=T
6/4—(2sin0)* 2cos0do

6=0

T
- j6\/4 ~4sin26 2c0s6d6
0
T
- j6\/4(1 “sin’6) 2cos6 d6
0
T
= J-6\/4c0529 2cos6 do
0
T
= J.62c059 X 2cos6do
0

T
= j64c0320d9
0

n

Jfél(%(cosze + 1))d9

n

ZJ %(cos26 +1)d6

1

=2 %sianE+E)—(—sin2X0+0)}

2

—\/§+E

2 3
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2 Further calculus

4 (i) x=sin"0 = dx = 2sinOcosH dO J‘cos 6 2sinb ;o
x:lﬂsinzezlﬁezg 8511’19C089
2 =—Icos9d9
x=0=>sin"0=0=60=0 4
1 .
J'l 1-X 4, = sinf+c
oV x

x=2secO =L:>c059=g:>9=cos

0= [[_ = 2 cosf
=J. : /WZSHI@COS@CIQ ) 5
60 V sin"6 —sm(cos -l )+c

_1;
X

So
T 5 J.x N X
=J2 /%ZSinGCOSBdO
© Vsin"6 6 (i) x=%:>dx=—%dy
7 y
=J.2C9—5925in9c030d6
o sin@

1

—dx

T J.xxfxz—l

=|%2cos’*0d6

Jize =)
|

2

(i) fol —1;xdx PNy

n Z_J 11 dy
= JZZCOSZGdO Y |—=-1

0 y

2 -1
=j2z(l(cos29+1))de = f — Y

0o \2 y ¥

3 y?
=J (cos26 +1)do J, .

0 __ d

1 3 1-y° g
= =si y

|:251n29+0:|0 y

1
—(Lanax E L) _ (L =- dy
_(251n2><2+2) (251n2><0+0) JW
— (Ll T _
_(231nn+2) 0 (i) J‘ dx J‘
:E X x —
2 y=sm9:>dy=cos(9d9
1
_ 2 -1 So— dy
5 x—23ec0——cose—2(cose) I 1,2
d—x=—2(c059)_2x—sin9=M =—J+cosed9
de cos“ 0 1—sin’6
J 1 dx =—J 1l c0s0d0
x*x* -4 cos’0
231n9 46 =—Jd9
(2sech)? \/ 2sec9) —4 cos” 6 — oie
251n0 de .
4sec? 0\/4sec 0—4 cos’0 =-sin - y+c¢
1 2s1n9 de =—sin! (%)+c

4sec’ o 4(sec 6—1) cos* 0

-J;
-]
ol
-| 25in6 49
J
J

4sec? 9\/4tan 0 cos’0

1 251n9 de
4sec’Ox2tanb cos’ 6

1 251n0
4 2sinf o520 do

cos? 9 cos@
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2 Further calculus

2 N 3
V2 . 143
2—\/§tan I(EX)‘FC

LU J.( -Z)ZC)-(’-xS—l) J.(ﬁ x5—1

= 2In|x + 2|+ 5In|x — 1|+ ¢

(i) [ 42" =8x g,
(x —1)*(x +1)

[P me T
x—1 (x-1) x+1

=ln|x—1|+i+3ln|x+1|+c
x—1

2 ('] x—5= 3 _ 2
x2-1 x+1 x-1

. (3x-=5 _ 3( 3 2 )
(u]J.sz_ldx—_.-2 pr | x_ldx

(x-3) x-3 (x-3)°

["] 10 2x + 12
4 (x—3)

gl i

10
[21n| x—3 | — —i|

(21n|10 3|—10 3) (21n|4—3|—

=(2ln7-1)— (2ln1-7)

=2ln7+6
4 (i) u=V2—x=>du=- 1
22— x
=-2J2—xdu

W =2-x=>x=2-u’
x=2=2u=0x=1=u=1

=fﬁd’c
=J‘u=0(72_u N )( 22— xdu)

u=1

0
6u
:_f 72‘1”
12—u"+u

1
6
0(2— u)L(ll +u) du

6
(i) MZ—M%+M)

1
- .[O(zfu_ﬁ)d“
=[~4In(2 - u) - 2In(1 + )]}
(—4In(2 — 1) - 2In(1 +1))
z{—eumz—m—zmu+mj
= (—4In1-2In2) - (-4In2 - 2In1)
= (0—1In4) - (~In16)
=1nl6—1n4
=1n4

4-3

)

= 3ln|x+1|—21n|x—1|]z |
=2In2

2.6 Integration by parts JUGET-(RPZ))

3
= [ln]x +1] - ln\x - 1]2]
2
In |x+1| 1 (i) u=x v =sinx
’x—l’ w=1 v=-cosx
I |3+1‘ ln’2+1’3 J.xsinxdxz—xcosx—.[—cosxdx
|3-1 |2-1] = —xcosx +sinx + ¢
ln43 1n33 (ii) u=4x v =e*
w=4 vy=e*
=1nl6—-1In27 . . .
16 J4xe dx=4xe —J.4e dx
=In==
27 =4xe* —4e* +¢
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2 Further calculus

2

(iii) u=lnx v'=x

(i)

(ii)

3 3
2 _Xx _[1lox
J-x Inxdx = 3 Inx Ixx 3 dx

3 2
X he— | X2
=3 Inx j 3 dx
3 3
X X
=3 Inx 9 +c

u=2x—-1 v =e*

u'=2 v=%e2x

2 2
J. (2x-1)e“ dx
1
2 2
l 2x
l J.12><2e dx

2 2
= (2x 1)1 Zx} —J e dx
1D

2

__ _ l 2x
—_(2x l)ze

— (zx 1)1 2x ler:|
2

_ 2x . 2x 2

—[xe e ]l

= [er(x - 1)]12

=e*(2=1)—-e(1-1)

1

4
=€

u=x v’ =cos2x

u' =1 v=%sin2x

ala

J xcos2xdx
0

— n T

|1 6_J‘gl.
= 2x51n2xl) . 2sm2xdx

= %xsm2x+ 1c052x

lomw. mw, 1
(2X6811‘1 + = COS

1 1
(2><051n0+4cos

Il
—_—— /]

3 (i) y=xcos3x

4

P and Q are when y =0

xcos3x=0
cos3x=0
_T 3m 5
3x-2, 205
_T T 5T
x—6,2, G

. d .
(ii) ayzl X c0s3x+ —3sin3x X x
=cos3x—3xsin3x

dy

-T2 T 3T n
Atx—6,dx cos3><6 3><6s1n3><6
n_n. T
=cos> 2sm2
—o_TL
=0 5
__T
2

(iii) u=x v =cos3x

u=1 wv= %sin3x

xcos3xdx

S ala

Area = J

TE

_ T
= lxsin3x}6—_.. —sm3xdx
L3 o Jo

[l a1 s
= _3xsm3x+ 9cos3x:|0

(1, m 1
(3><6sm3><6+9cos3><6)

—(§x051n3><0+§c053><0)

1nn+1cosn) (0+$)

¥i

18 2
f5)-(0+s)

18

_m_1

18 9

_n-2

18

Y
-

1 2
i i(ln_x)z XX —2x XInx
2 (x2)2
_x—2xInx

4
X

_ x(1—2Inx)

4
X
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2 Further calculus

(ii)

s 1
u=lnx v ==
2
w=L =1
x x
Inx
J—dx
2
= J.Lzlnxdx
x

5 5 5
€ e | (L1
‘(5lne 25) (511 25)
(§-5--4

5 25 25
_4e’+1

25

(i)

(ii)

COSX

i COSX\ _ (o
dx(e )= (—sinx)e

u=cosx v’ =sinxe“*

cosx

u’ =—sinx y=—e

1
-
2 .
j cosxsinx e“***dx
0

1

-7
2 .
= J cosx X sinx e“**dx
0

T
= [—cosx e ]2

%7[ COSXx
- J sinx e dx
0 0

1
ST
= [—cosx e e ]g

= [(1 — cosx)e™* :En

1
= (1 - cos%n) e“"2" — (1 - cos0)e ™

— e0 _ (1 _ 1) ecosO

=1
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7

1

u=¢e* v =sinx

w=e* v=—cosx

I= Jex sinx dx
=—e*cosx — J—ex cosx dx

= —e*cosx + J.ex cosx dx

X

u=e¢* v =cosx

’

uw=¢e* v=sinx

I=—e"cosx+ (ex sinx — jex sinx dx)

=—e¢"cosx+e sinx—I+c
2] =—e*cosx+e*sinx +c
=e”*(sinx —cosx)+c

X/ -
7=¢ (smx2 cosx)+c

Further practice JGEI-{RY))

(i) u=x2+1:>du=2xdx:dx=(21—;‘

J.Zx(x2 +1)*dx
= JZx(u)“zl—Z

= Ju4 du

5

u
=% +c

5

_ (x*+1)°

5 +c

(ii) u=3+2x" = du=6x*dx = dx =

2
J X 3dx
34 2x
_ ﬁdu

_I(u)sx—2

171

- 6Judu

=lln|u|+c
6

= éln|3+2x3|+c

du

6x°

liilu=4—x=du=-dx = dx =-du

Alsox=4-u
2x
(4—x)°
_(2(4-uw)
= J o dw

= 2]—”24 du
u

4
=2 [~ K au




2 Further calculus

_ 7 5 3
_2ﬁ“4‘4usmﬂ 2% 42 4x42 2x4ﬁ
s V7 T T
=2[i——4“ }+ T2 7 5 3
-3 (2x12 4x12+2x1ﬂ
1 1 7 5 3
=2k e _ 17z _ie ]
5 5 21 105 105
=2 4+ = 4
3y =%z8.08
S =+ 2 T+ ,
3(4-x) (4-x) 3 (i) u=x—x"=du=(01-2x)dx
2 (i) u=2+x=du=dx, alsox=u-2 1_2’gdx
x=2=u=4,x=1=>u=3 roXx
a ST - _f1-2x du
2 - izt
J' X 3dx u 1-2x
1 (2+x) :Jldu
u=4 u
-2
:J L==du = Inful+ ¢
u=3 Yy

=ln|x—x2|+c

(ii) u=1+e> = du=3e>*dx

4
_|:l/l__1_2u_2:| J- e3x dx
o2 (1+e%)?

4
— _l_f_L _ e3x du
- 2 - 3 5 3x
u u”lz (u)” 3e
(1, 1) (1,1 =ljidu
_( 4+42) ( 3+32) 300
‘( 16) ( 9) 3\—2/7¢
5 1 1
= — = = —— +
144 3( 2u2) ‘
i) u=x>+1=du=2xdx =—L2+c
6u
x=3=2u=4,x=0=>u=1 1
=+
3x12
u=x’+1=x’=u-1=x"*=(u-1)* 6(1+e™)
V3 _1_ 2.3 0.2
J’ % +1dx (iii) u=1-3x"=du=-9x°dx
0 62
=4 —
=Ju x5u du 1-3x°
u=1 2x 5
u=4 ZJ'6L du
=1 x*u du u —9x2
2 u=1
1(* 2 =2 ld”
=1 -1 Vi du 3Ju
1
1 =—§ln|u|+c
=§j1 (u? = 2u + 1)Va du

- %J.f(u% - Zu% + u%) du

4

BN
NI

<
[\]
<

N[ —
1N
mm‘
1w,

SIS
N

Il
N[ —
1
\]‘
|
U.I‘
+
[}
[SV1N
N
(I
- =

[\
<
S
<
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2 Further calculus

4 (i) u=3x—-1=du=3dx
2

x=1:>u=2,x=§=>u=1
1 .2

3

u=1 u 3

2

- 2
_1lju

= 27| 2 +2u+lnu}
'22 12

L\ 2 2

_ %:(m In2) - (%)]

1 (Z + ln2) ~0.155

=37 (—+2><2+ln2)—(—

+2X1+lnl)}

~27\2
(i) dy _2x(3x-1)-3x’
dx (3x—1)*
:3x2—2x
(3x—1)%
_x(3x=2)
(3x—1)2
. . dy
Stationary point when ax- 0
X3x=2) -, x(3x-2)=0
3x-1)
- 2
x=0 or 3
When x=0,y= (0)* =0=1(0,0)
7 73(0)-1 ’
2\2
-2 ,_ (5) _4_,(2 4
Whenx‘3’y_3(z)_1_9:>(3’9)
3
5 (i) u=1+sin3x= du=3cos3x dx
Icos3x(1+sin3x)3dx
_ 3 du
_J.COSM(”) 3cos3x
=%J‘u3du
4
5]+
4
_u_
12 +c
_(1+sin3x)4
—712 +c

(ii) u=cos4x = du=—4sin4x dx

Jtan 4xdx

_ J‘ sin4x dx
cosdx

:J‘sin4x du
u —4sindx

171

a 4Judu

=—lln|u|+c
4

=—iln| cos4x| +c

(iii) u=sin3x = du=3cos3x dx
IZsin3 3xcos3x dx
du

3cos3x

= J.2u3cos3x
_2(,3
= 3Iu du

_gﬁ)
_3(2 te

_ sin 3x

3 +c

(ivl u=20=du=2d60

J‘coslz 20 a6
[

cos’u 2

_ II 1 d
== u
2J cosu
= %jseczudu

1
= -tanu+c¢
2

= %tan29 +c

x=cosf = dx=—sin0d6

x=1=cosf=1=60=0

x=0=>c059=0=>9=%
1,2
dx
Jole—xz
6=0 2
cos” 6 .
= —=—_(-—sin6 d6)
J‘=§\/1—c0529

0 cos?O .

= (—sinf dO)
J’; Jsin? 6

_ (%cos’O, .

- j €os-0(~sin6 do)

T
2

0
= —In cos’0do

LS}
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2 Further calculus

‘II

= J.E( (c0529+1)) =J§(2—sec20)d9
2 1
2 T
%JZ(COSZQ +1)do = [29 - tanejz
I 2 - T T T T
2(2 .
i 2T T
1 (Lgnox ® 4T - (Lg :t__Jﬂ___q
—2_(251n2><2+2) (251n2><0+0)} 3 D)
B T
=L (Lg ) _ =E+l—\/§
—2_(231nn+2) 0:|
2
1(0+ ) 9 5x+—12§+1dx=j(;+f—x)dx
2h 2 (e + 32 +1) PR
Z% =1n|x+3|+21n(x2+1)+c

7 x=tanO=dx=sec’0dO
10 (i) 2x° +3x +9x+12

x:1=>tan9=1:>9=% x> +4 2x+3+x +4
x=0=tanf0=0=60=0 A=2,B=3,C=1,D=0
Jl 21 7 dx 2x +3x2 +9x +12
0(x?+1) ﬁnL x x+4x dx
x
-—jk%———i———- 2946
= > > sec
6=0 (tan” 6 +1) J(2x+3+ )dx
1 xt+4
=.[ sec20d9 r 1 3
ch =.ﬁ+u+?mﬁ+@}
x L 1
4 1 r
- .[0 seczede (32 +3x3+ %111(32 + 4))
n =
=j;m§9d9 -@2+3x1+%m02+4ﬂ
I ( 1 1
= [*(L(cos20 +1) a6 = (1843 a3) - (4+m9)
0
_ n
_1 lgn29+9J4 =14+~ (m¢3 In5)
2L ‘ 14+11n13
— - +_n_
_1((L L. 275
_2_(2sm2><4+4) (251n2><0+0):| e \/ﬁ
_ — +1n . [=
=% (%sin%+%)—0} >
_l:(l+E)_0 11 u =sin@ = du = cos6db
“21\274 -
1 = 0=5:u=1,6=0=>u=0
= =4+ =
48 J‘% cosf a6
8 x=tan6 = dx=sec’0d0O 0 sin’6 — 5sinf + 6
x=\/§:>tan9=\/§:>9=§ ZJ'FI%M
. u=0 4> — 54 + 6 cosO
x=1:>tan9=1:>0=z =J-1 1 du
J‘fl_x dx ou’ —5u+6
I ‘Jl 1 du
=11 _ e Mu—ﬂw—Z)
=J.9_n3ﬁsec26d0 1
=7 1+ tan _Jo(u—3 = )du
T 2
31— (sec"@0—1)
= | — 6do = — 3= -
J-Zf 20 sec |:1n|u 3| ln|u 2”0
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2 Further calculus

z[lnu—:%T o7
u=2l4, 1 2x2 +5x-3
2
=1‘;3_1‘u _ (_4_1)
flT=21" Mo —2 ,[1 2= 2x 1 43
=1n2 - ln% =[2x - 2In(2x - 1) - In(x + 3)]12
2
2 = [2x —(In(2x = 1)> + In(x + 3)) ]|
= In 3
3 2
2 = [2x —(In@2x - 1*(x +3)) ]|
- ln% = (4-1n(9x5)) - (2—In(1 x 4))
—In45-2+1In4
12 (i) u=x/§:>du—2\/_dx:>dx 2Jx du _2+IHE
1 —2-h¥®
Jx(1+J_) dx 4
d( 1
= 14 —da(_1
-[u (1+u)2\/_du (i) (secx) dx(cosx)
:J‘ . 1 oudu :OXCosx—(2—51nx)><1
u“(1+u) cos“ x
“Ju+uw) cos? x
(i) Igédx :colsxxcszglz
! x(1+\/§) =secxtanx

x=9=u=3,x=1=2u=1 . 3 2
(i) u=x"=du=3x"dx

9
1
[——
1 x(1+x) Ixzsecx3tanx3dx
_ u=3 2 d
- .[uzl u(l+u) “ = szsecutanud—uz
. 5 3x
= L (E 1+ u)d” = %Jsecutanudu
[21n|u| - 21n1 + u|] - %secu e
, 3
— u _1 3
= |:ln(1+u) l = zsecx +c
3 2 1 2 T
= ln(m) —ln(m) (iii) J.OS(sechrtanx)de
9 1 T
=In=-1In- 3
16 4 = J.3 (sec® x + 2secx tanx + tan? x) dx
0
= ln% n
= I3(sec2x + 2secxtanx + sec’x — 1) dx
0
13 4x* +4x-17 —9_ 6x +11 T
2x2 +5x—3 2x% +5x—3 = J.3(236(22x +2secxtanx —1)dx
L 6x+ll ’ .
(2x = 1D(x +3) = [2tanx+2secx—x]§
ool
2x—-1 x+3 =(2tan%+25ec%—%)—(2tan0+ZSeCO—O)
_,_ 4 1
2x—-1 x+3 (2I+2x2——)—(2)
=2/3+2 —%
=23+1)-%
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2 Further calculus

., d . . .
15 (i) ay=851nxcosx><cos3x+3coszx><—smx><4sm2x
. 4 2 .
=8sinxcos* x —12cos® xsin’ x
=4sinxcos” x(2cos® x —3sin* x)

d_y =0 when

dx
sinx=0= x =0 (not M)

coszx=O:>x=% (not M)

2 .2
2cos“x—3sin“x=0

2coszx_3sin2x: 0
cos’x cos’x cos’x
2
2—3tan“x=0
2 2
tan" x =3

3

’2
=+ |£
tanx=x 3

x=0.685 (3 s.f.)

T
(ii) Area = J24sin2 xcos® xdx
0

u=sinx = du=cosx dx

x=§:>u=l,x=0:>u=0

n
2,2 3

J 4sin“ xcos” xdx
0

1
= 4J u? cos® xﬂ
0 COSX

1
=4J u? cos® xdu
0
1
=4j u?(1=sin® x)du
0
1o 2
=4J u“(1-u”)du
0

a2
—4.[0(1,1 u”)du

—4(2
=1(3)
_8

15

16 (i) d—y=1><\/lnx+l(lnx)_%x—lxx
dx 2 x
1
= JTnx—
nx 2-/Inx

When x =2,
dy 1 2In2 -1
-+ =4/ln2 - = =0.232 (3s.f.
dx VT o2 T 2dIn2 (3s.£)

y=mx+c
2In2-1
24/In2 = 2
= 2/In Nty X2+c¢
4ln2-2
=2In2—
¢ n 2+/In2
_4In2-(4In2-2)
2+/In2
_ 2
24/In2
_ 1
~ JIn2
_2ln2-1 1
Y= dnz  Un2
(i) x/Inx =0

=Sx=0orlnx=0=>x=1

Volume = Jenyzdx
1
= 1tJ‘e(x\/lnx)2 dx
1

e
_ 2
—njl x“Inx dx

oS-} -5
SERAE)
-sfi )
e[ g

17 (i) jsin(1—4x)dx

= —cos(1 —4x) X —i +c

_1
4
2x
(ii) J eT 4x
e +1
_1(_2e*

2)e2x 4

cos(1—4x)+c

= %ln‘ezx + 1‘ +c
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2 Further calculus

(i) szel_x3dx x=5 __ =2, 3
(x—=1D(x+1) x-1 x+1
du 2
u=1-x>=—=-3x '[x_%dxz'[(i_i)dx
dx x2-1 x+1 x-1
fxzel_x3 dx = J.xze” du = 3ln|x+1|—21n|x—1|+c
—3x2
__1 (viii) jln—xdx
=-3Je “du 2
z_%e'q_c u=Inx v =x7’
/_l - _ -1
:_%e17x3+c u=-2 v X
jm—fdx———lnx J(lx—x_l)dx
(iv) IZx cos2x dx X X X
1 _
u=2x v =cos2x =—;lnx+J.x 2dx
W=2 v=2isinax — ey,

2

J-Zxc052x dx = Zx(%sian) - J(Z X lsin2x)dx

2 CEEEIEE Bl (Page 29)
=xsin2x—jsin2xdx 1 1) 2 - A B
(x+1)(x+3) " x+1  x+3
= xsin2x + %cost +c 2=A(x+3)+Bx+1)
] x=-1=>2=2A=A=1
v fx2+25dx x=-3=2=-2B=B=-
2 1 1
1, - = -
= gtan 1(%)+c So (x+1)(x+3) x+1 x+3
2 2 ?
(vi]J X [ii]( )
G- (x+D(x+3)
u=4-x=du=-dx ( )
x+1 x+3
2x
—dx 2 1
(4-x)

+
(x + 1) C(x+D(x+3) (x+3)°

20 )

__ 1 _( 11 ) 1
(x+1)* \x+1 x+3/ (x+3)

_ -5 —4
——2J(4u -u )du 11,11
At o (x+1)2 x+1 x+3 (x+3)?
=-2 - |+c
(_4 _3) 4
i) | ———=———
2_2(_%+%)+C 0 (x+1)*(x+3)
S [[Jeern- (437 |
=| [(x+ ——+—+ x+
:%—%+C 0 +1
u 3u ) LT
__ 2 2 ‘e :[—m—ln(x-kl)-kln(x+3)+(—m):|0

—(_1_ D AT _1
—( > In2 +1n4 4) (1 Inl +1n3 3)

. xX—5
i [ 5= ds (3em) [
x—5 - A + B
(x—=1D(x+1) x-1 x+1 %Jrln_
x—5=A(x+1)+ B(x—1) .
x=1=-4=2A=A=-2 zﬁ_lni

x=-1>-6=-2B= B=3
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2 Further calculus

2 1 y=x3lnx (i) cos20=1-2sin’6
Y v ?mx+ Lxx® = x2(3lnx +1 in?0="1(1-cos20)
I =X Inx+ o xxt = x (3lnx +1) sin”6=>(1-cos
d n
& Owhen3lnx+1=0=Inx = _1 So I=J64[l(l—c0529):|d9
dx 3 0 2
1 1 %
e D =2j 1-cos26) do
xX=¢e€ or% 0( c0s20)
T
(i) y = x” Inx =2|:9—%sin29}g
y=0whenlnx=0sox=1
-5 ¢
w=x> v=Inx
4 _T 3
_x_ 1 =375
u—4 v—x 3 2
2 3 - 3 2 —x
So A=J x” Inx dx 4 (i) A=j0x e “dx
1
2 ’ -
o e Ly u=x-v'=e"
= | 2 —_ _— X = ’_ —_aTX
_4lnxl _[1 1 5 u'=2x v=—e
4 2 2.3 :[_XZe—x]3—I —2xe " dx
= x—lnx} —J dex 0
4 1 1 ) 3 X
- =[—x e—x]0+J.02xe dx
= Inx -2 x
| 4 16 . u=2x v =e
4 4 4 4 u' = v=—e*
=(2T1n2—%—6)—(1zln1—}—6) , 3
=[—x2e* ]0 +[—2x e ™ —j—Ze_x dx}
1 0
= (21— -] .
16 = [—xze_x —2xe *—2e* l)
_ _15 3
=4n2-19% =[—e"‘(x2+2x+2)]0
=322 02
3 (i) x=2sinf 1=?.sin0:>0=% =( e—s (37+2x3+2))=(-e(0° +2x0+2))
0=2sin6 =60=0 - 197)”
gx—9=2c059 :2_e_3
d.x=2c0392d9 (i) Maximum point whenjx_yzo
1
x
So -"01/4_,(2 dx =2xe  +(—e )x =0
E .2 —-X _
6 4sin“0 xe "(2—-x)=0
= |’ —=———=—2co0s6d0
JO J4—4sin’6 x=2
:J‘% 4sin*0 2cos0d (i) Equation of tangentis y=mx=candc=0
0 \J4(1-sin”0) xle  =xeF(2—x)xx
n .2 _ _ _
6 4sin“ 0 2x:22 x _ 3,
=J. —=>=Z 2cosfd6 x € x € xe
2
On\/4(cos 0) 0=x2e* —x3e*
_ [64sin*6 2 x
_-[o 2c0s 2cos0doO 0=x"¢"(1-x)
n So x=1
=j64sin29d9
0
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2 Further calculus

5 (i) u=tanx
i) [
u=tan L=1 u=tan0=0 11442
4 17 3x*
du=sec? x dx I
d 1 1+x°
dx= th = dx=cos’x du 1 3
sec” x |:—1n‘1+x ” =1
n 3 1
4 n+2 n
jo (tan™“ x +tan” x)dx %ln|1+p3‘—%ln‘1+l3| —1
n
=Io4tan"x(tan2x+l)dx %ln‘1+p3‘—%ln2=l
V2 2 3
=I u"(sec” x)cos” xdx Linl1+p7
1
=| u"du 3
—[0 In|1tP |=3
n+l 1 2
= u 3
[n-kl} I+p” 3
0 =e
1n+1 0n+1 2
_ _ 3 3
n+l n+l I+p~=2e
U _33 1
=1 p=~2e =3.40 (3s.f)
T %” 2
(ii) (alJ4(sec4x—sec2x)dx 7 JO x°sin2x dx
0
n 2 2
=J4sec2x(sec2x—1)dx u=xovo=smeax
0 ’ 1
T u' =2x v=—§c052x
=J4(1+tan2x)tan2xdx 5 .
0 Jx sinx dx
T
=J04(tan4+tan2x)dx =x2(—%cos2x)—J‘2x(—%cos2x)dx
(n=2) =—%x2c052x+ch082xdx
(b) tan’ x + 5tan” x + 5tan’ x + tan° x u=x v =cos2x
= tan’ x + tan’ x + 4(tan’ x + tan’ x) v =1 v=%sin2x

+tan® x + tan’ x 5
n Sojx sinx dx
I= J4(tan9x+tan7x)dx

0 _ 1 2 1 : 1.
=—=x"cos2x+ zxs1n2x— §s1n2xdx

T 2
4 7 5
+4Jo (fan” x + tan” x)dx =—lx2C052x+lxsin2x+lcos2x
T 2 2 4
+J4(tan5x+tan3x)dx %n 5
0 SoJ. x“sinx dx
0
=1yl 1_25
8 6 4 24 1 5 1 1 "
5 =[——x c052x+—xsin2x+—c032x}
N X 2 2 4 0
6 (i) y=——
L+x ( 1( )(1) (1)) (o+ (1))
=|—-= + —_—
d_y=2x(1+x3)—3x2(x2) 2
dx (1+x°)? :(n_z_l)_(l)
_2x—x" 8§ 4) \4
(1+x%)? _n’ 1
4 8 2
2X2X 0= 2x-xt=0
(I+x7)
x(2=x%)=0

= x=0or 32
Since clearly the x-coordinate is > 0,

x=32
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2 Further calculus

x-l g
8 I= 12(x+\/—)
(i) u= \/—:dx 2\/_:dx 2Jx du=2udu

x=4=ou=2,x=1=u=1

2
I=J uz—_12udu
1 2(u” +u)

2
_ u—1
_Jl 2u(u+1) 2u du

Using division,
2
_ __2
1= .[1 (1 u+1)du
{u-2In+n)|
=(2-2In3)—(1-21n2)
=1-2In3+2In2

=1-1ln9+In 4
=1+ln4-1n9

a4
—1+ln9

9 y=(nx)*

Lody 1
(i) a—Zlnx X

dy
When x =e, i _E
When x=e, y=1
Gradient of normal at P = —%
y=mx+c:>1=—%><e +c

2
_1.,€
c—l—i-—2

2
So Q is when 0=—%x+1+%
0=—ex+2+e”

2
x=2%: 3.45 (3 s.£)

(i) Jlnxdxzjlxlnx dx
u =lnx v =1
== v=x
Ilnxdxlenx—J%Xde
=x1nx—JldX

=xlnx—x+c

(i) Area = area of triangle + area under curve

(a2 ¢ 2
—2(e+e e)><1+J.1 (Inx)“dx
_1_(c 2

—e+L (Inx)“dx

Lete”zxﬁ%ze“

J.le(lnx)zdx = J.Oluze”du

Integrate by parts (twice)

u=u? v =e"

w=2u v=e"

Area = %+e—2

stretch and challenge R(EV-LER))

(i) u=1+x =>du=dx

x=1l=2u=2,x=0=>u=1

1.3
oo
ol+x
u=2 3
[y,
u=1 u
=J2u3—3u2+3u—1du
1 u
2 1
=J. (u2—3u+3——)du
1 u
M3 2 2
—|u_3u” _
—_3 > +3u ln|u|}1

[(2° 3x2?
(?— S+ 3x2- ln|2|)
3x1

1
(? 5 +3><1—1n|1|)

_ 1 3.5
6+6— ln2) (3 2+3 0)
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2 Further calculus

=

.. d)/_ x2 no. n-1 o %n n—2
(ii) (a) E—len(1+x)+m —[x sinx +nx cosx]0 —n(n—1) L cosxdx

1
1 1Y ST
(b) Area = J x*In(1+x)dx =(§Tf) +0—ﬂ(n—1).[02 x" 2 cosxdx
0
n
u=In(1+x) v =x’ =(%n) -n(n—-1)I,_,
,_ 1 _x
“Tlex VT3 (i) I =(% ) —4x3x1,
1
I x2In(1+x)dx 1
0 =57 —2><1><I0
_x31 ( )_1 ! 1 x3d 1
=| % In(1+x —f — o X5ax 2" 1
| 3 do Jol+x 3 :J'z cosxdxz[sinx:lzn=sinln—sin0=1
0 0 2
r.3 ak 1.3
i N O (1) _ 1.2
=| 50+ | 3-[()dex —(zn) 2x1x1=1n -2
- q1 _(1 _ 1 2 )
— | in(1+x) —l(i—lnz) (2 ) 4X3X(4’E 2
3 1,736 L
—3n%+24
=(%ln2—0)—%(%—ln2) 16"
5 5 OR
==In2—-==0.184 4
3 18 I4=(%ﬂ:) —4(4-1)I,_,
2 (i) u=x" v’ =cosx ]
W=nx"" y=sinx 16 121
1o 1 1
=_[2 " cosxdx T —12((2 ) —2(2—1)10)
o =Lns —12( n —21)
[x sinx]gn—J'2 nx"Vsinxdx 16 4 0
0 0
1 1 1
u=nx""! v =sinx T _12( T _2((2 ) _O))
w=nn-1)x""? v=—cosx 1 (1 )
161: 1237 2(1)

L x" (= cosx) )
X" sinx 2" _ 1 =—n'-3n*+24
5 16
[ ] - J.Znn(n—l)x"*z(—cosx)dx .
0 3 (i) Consider I = J f(a—x)dx.
0

T
n . n—1 2

=| X sSmx-+mnx COSX]
I: 0 du

Letu =a—x, then5— i =-1,
— n(n- 1)j n=2 s xdx and when x = 0,u = a; when x =a,u =0, so
0
n n-1 1= —f(u)du
(E) sinE+n(E) cos T L
=[\2 2 2 - nn-1I,_, [t du = [ ord
—0"sin0+n0"" cos0 _J.o () u_-[o (x)dx
P n OR
= (E) = n(n=1I,_, LetF(x) be an antiderivative of f
OR [ f0dx = [F0)]; = F@) - FO)
u=x" v/ =cosx a a
W=nx"" v=sinx Jo f(a—x)dx = [—F(a—x)]o = —F(0) + F(a)
1 1 1 and henceresult.
2nx" cosxdx = [x" sinx]ZTE - J‘znnx"*l sinxdx
0 0
1q
(x"' x —cosx) 2

1n

_[eng 2
—[x smx] -n 2
0 —J-(n—l)x X —cosx dx
0
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2 Further calculus

ii) Using the result in 3 (i) with a=Z, 1
lii] Using " lihw 2 Whenxol ¥ _ 2 _128 1
enx=-,=—=" =22 =
T 4°dx 1V 28972
2 sin” x 1+ L
ﬁdx 16
0 sin” x +cos x
x 1 dy 1 16 _ 1
T sin” (2 — x 1L 9 _ —16_1
:J‘Z (2 n) dx and when x > dn 272572
T =
0 sin (E—x)+cos (E—x) (1+4)
z d
= Jzﬁdx Hence there isa value of ayz%m the interval ( e ;)
0 cos” x +sin” x
x dy 1 1 1
n
- <=
:J‘Z%dx P 2forsome4<x 3
0 sin” x +cos x
since sin(% — x) — cos x and so (i) First translate the function 1 unit in the negative
2
5 in” x direction to get y = —*— .
J'Oz : nSH:_x —dx gety 1+ x2
s1nnx cos X . The volume of revolution is then
:_(IE sin” x dx+j§ cos” x dx) f
2\Jo sin" x + cos” x 0 sin” x + cos” x V:Janzdy
0

0 sin” x+cos x

_1 J‘%sin”x+cos"xdx zl(g)zg 2 y
2 in" n 2\2) 4 and y—1 2,sorearrangetogetx =1
+Xx

1
o dy 2x(1+x )—2x° 2x andV:n:J2 1 dy

4 i) A=y

dx (1+x2)? (1+x )? :

d_1 V=r[-In|1-y|-y |’

When -2 0

_2x 1 =ﬂ:(—ln(%)—%)

(1+x%)?* 2

xt+2xt—4x+1=0 =Tc(1n(2)—%)units3

But x =1 isa solution, so by division or otherwise ORto integrate using substitution,

(x=D(>+x%+3x-1)=0

and any other solutions are from x° + x> +3x—1=0 du=— dy
Letg(x)=x3+x2+3x—1,then y=1-u
1\ _1+4+48-64_ 11 1
(4)_ 64 =62 <0 V=_[2n1 —H(—du)
1
1\ _1+2+12-8 _7 1
g(z) g 80 =J-ln(——1)du
2
Hence there isa root in the interval (Z %)
=Tt[ln|u\— ]
g(x)=0f0rsomei<x<%.
_ 1
OR —TE|:(0 1)— —2)}
_ .4 2
f(x)=x"+2x"—4x +1 :Tc(an——)unlts
1)_33 _
f(4)—256—0.1289>0

L__7__
f(z)_ g ="04375<0

Hence thereisa root in the interval ( T 2).

OR

d_y: 2x
dx (1+x%)?
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3 Differential equations

xX+cosx+c

3 Differential equations y=e
y:eX‘H:OSX XeC
3.1 Forming differential equations from rates y= Ae¥teosx
(4 ELCH (Page 32) d
2 (i) L=
a dv_ dx
1 (i) =k
d dy _
e x e’
ti) B—rs
dh J-e_y dy= jexdx
ane —=k3t
G dt s —e 7V =e"+¢
i) YV=kyv ¥=0y=2=
dt 2 _ 0 _ =
—e “=e +c=>c=—e -1
(v) dr_ k. Y —e¥ _2
dt Jr —e/=e"—e"-1
-y _ X -2
(‘"] d_sz(N_P) e y——e +e “+1
dt x -2
v —y=In(—e*+e " +1)
(vii) @st y=—In(—e*+e 2 +1)
. dA
(viii) E=kr2 (i) (1+x2)%=2xy
1 2x
=dy= | —="—dx
Iy ! J(1+x2)
In|y|=In(1+x*)+c
dx x=0,y=2=
de :j(1—2x)dx In2=In(1+0*)+c=c=In2

ln’y|=ln(l+x2)+ln2
ln|y|=ln(2(1+x2))

y=x—x"+c

. dy 4x
(i) ay=7 lnly| o InC2(1+x?)
_ 2
fy dy=J4xdx y=201+x7)
2
I 3 ) 22V,
7=2x +¢ cos“2x dx
y2=4x’+c, J.seczydyz J-Zcos2 2xdx
y==4x>+c, Iseczydyz I(cos4x+1)dx
L dA_ 1
(iii) E—O.OIA tany 4sm4x+x+c
j%dAz J0.0ldt (ii) tanin=isin0+0+c:c=l
1n|A’=0.01t+c tanyzlsin4x+x+l
A = 001t 4
y=tan_1(lsin4x+x+1)
A =001ty oc 4
0.01¢ x=I
A=Ke 6
H d : = -1 l 1 4_TE E )
(iv) ay:y_ysmx So y=tan (4s1n6+6+1
=1.05 (3.s.f)

dy .
a—y(l—smx)
J-%dyz j(l—sinx)dx

In|y|=x+cosx+c
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3 Differential equations

4 () dh_6=h s o Y_(2)
dr 20 ax \x
[ &% dn=Jar | |
6—h J—Zdyzj—zdx
—201n|6—h|—t+c1 y x
Inf6 - h|—_ olte i1,
y X
t=0, h=1= 1 —l+ex
In|6-1|=¢, = ¢, =In5 y X
In|6— h[-——t+ln5 —y=—%
—1+cx
—h|-ln5=—-L __ X
In|6—h|-1n5 201‘ y=rt
6 hi__1
- t N 2 1
lii)l=—--=1-2c=2=c=—=
B 6—h 1-2c 2
t——ZOIn‘—‘ _x _2x
62 1+%x 2+x
(i) t=—201n‘—‘=4.46years _2x8_ 16_ 8
- =248 71075
(i) 10=—201n‘;‘
7 i) ——k\/_
1_, |6=h
—z—m‘ = iy & _ 10000
dt
ef%z‘u G
> jﬁdyzjloooodt
5e i—|6—h| 3
}’2
1 Z—=10 000t +c¢
h=6-5e 2=297 m %
. 6-h
(iv) t=—201n‘—‘ 2 [?
. > Ty=10000t+c
6_2_O=6g—h 3
t £=0,y=900= c= 220 =15 000
h=6—5e 20
2«[)/3
Ast—>o00, h—6 53— =10000¢ +18 000
Maximum possible height is 6 m.
P 8 > =15000¢ +27 000
de _ _
5 g ~k160-6) = 3/(15 000¢ +27 000)°
1 _ After 10 minutes,
e 40 = [kat 2
Inj160— 6] = kt + ¢ y=23/(15000x10+27 000)> = 315245~ 3150
t=0,0=20=In140 = ¢ 1
g dv_10e2
In|160 — 6| = kt +In140 dt .
t=5,0=65= In95 = 5k +In140 (i) Vijloe_itdt
5 =-20e 2 +c¢
= - 00776 Whent =0,y =0= 0=-20+c = c =20
In|160 — 6 | = —0.0776t + In140 1,
160 — O = 00776141140 Sov =20-20e 2

160 — @ = e 00776t o ,In140
160 — 0 = 140e "7
6 =160 — 140e 77"

21
(i) Ast—oo,e 2te0zv%20

So long term speed is 20 m s

i) =
(w—4)(w+5) 9(w—4) 9(w+5)

t=10 = 6 = 160 — 140e 277010 — 95 5°C
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3 Differential equations

(iv) %V = =2 (w=4)(w+5)

= dt

J(w 4)(w +5)

= J(9(w1 3 9w +5))dw J ydt

1 _4-1 =_1
= 9ln(w 4) 9ln(w+5) 2t+c

1 __1
= oln 7573

—0 W= 1,6 _1
When t=0,w 10:>C—91n15 9

t+c
2
ln5

w—4 9 2
=—Z++1n%
:>an+5 Zt lrl5

- w—4 :e—%t+ln§ _2 -2t _
w+5

—4.5¢

(v)] Ast—oo,e —-0=>w-4—0

Solong term speedis4ms ™.

9 0:temperature,
t: time in hours from 4 p.m.

40 _ 10—
4, = k(©-6)

= 6)d9 jkdt

In|6—6|=kt+c
t=0,0=16=1n|16—6|=c= c=In10

t=1,0=8:>1n|8—6|=k+ln102>k=1n%

W
—
Il
—
[=)

w
N
I
—_
o
—_——— /T

Uil—  Uil— U=

~——
=

3.1:(%
ln3.1=tln(l)
In3.1 _
ln(é)

i.e. 42 minutes ago = 3.18 p.m.

dv
10 &¥
i kY

t= =-0.703

j ﬁdv:jkdt

jv’% dvszdt

N [—

14 =kt+c

1
2
2V =kt+c
t=0,V =900=> 2900 = kt +c = c=60
t=1,V=841=2.841=k+60=k=-2
2V =-2t+60
2.0 =-2t+60
2t=60
=30
The tank would empty in 30 days.

11 y: amount of substance A in grams

dy _, 2
dt =ky
Jde=Jkdt
J.y_zdyzj.kdt
-1
Yy _
— =kt+c
—L_kt+c
y
__1
V= kt+c
) NN
t=0,y=60=60= :>c 50
t=1,y=10:>10——%:>k=—$
60
___ 1 _ 60
ITTTL, 1 s
127 60
9 ,—_ 60 _
Whent—2,y—5x2+1—5.45g

Further practice JUEV-LED)]

o odx ot
1 (i) qoxe

j %dxzje” dt

In|x| = 1e2t +c

1 2t
e +c
el — o2

leZt

x=Ae?

. dy cos’y
(ii) E—e—t

J.cos y J.l a
Jsec ydy =J.e_tdt

tany =—e ' +c

y = tan"'(—e ™" +¢)
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3 Differential equations

i 2 . (e 2 2
2 (i) (x*-5x+6)~(x—1)= (x 4)+—x—1 —— 3x-8)8
8
.. -1 dy
li) (a) (xi)_z —> When x =0,
©—5x+6/dx en x )
3(0-8)3 .
1 x> —5x+6 t=6————7——"—=4.5 mins
y de—J o1 9¥ 8
: 1 2 1
1 2 = —
Iy—de:J(x_4+x—l)dx 4 1 2x+1)(x+1) 2x+1 x+1
2 dy_ y
ln|)’—5|=x7—4x+21n|x—1|+c (i) dx m
x2 1 N D S
yos=er ML jydy j(2x+1)(x+1)dx
XZ 1
y-5mez M j_ dy = I(2x+1 x+1) *
y—S=eL22_4x><eln("‘1)z><ef In|y| =In|2x+1| —In|x+1|+c
|2x+1]
2y In|y| =ln"——"+c
y=A(x-1)%e? +5 ]|

x=0,y=2=1In2=Inl+c=c=In2
48

82
(b) 7=A(8-1)%¢?2 +5 2x+1

0 In|y| =In pow| ‘+1n2
7=49Ae" +5 | ‘2x+1 In2
a2 el —e

49 o2+

x+1

2
x
yzl(x—l)ze 27" 5

y =2(2x+l)=4x+2

o x+1 x+1
X
y=75(6- 1)2 T 5 (i 3 __ A, B
~5.00 (y=2)y+1) y-2 y+l1
_A(y+1)+ B(y—2)
3 0 P og(x-8) -2 +1)
3=A(y+1)+ B(y—2)
j _dx = _[—4dt y=2=3=34> Ad=1
(x— 8)3 y=-1=3=-3B= B=-1
f(x—8)3dx=I—4dt 3 __ 1 1
2 G-20+D " y-2 y+l
(x— 8)5_
—t+c (ii) d—yzxz(y—Z)(y+l)
§ dx
2 3 2
2 = —= —dy = |3x“dx
E(Ciul) VYRR J(J’—?-)}’H ) —[
2 [ 5] or=[oe
2
ol — - y = |3x° dx
t=0,x=72:>@ =c=>c=24 y=2z y+l
) = ln(y—2)—ln(y+1)=x +c
3(x—8)3 -
%:—4”24 - 1n(y f):x3+c
2 -
_g)3 _
4t=24_3(x 8) N y 2 Zex3+c
2 , y+1
t=6_w :ex3 X et = Aex3
When x =35, 6 (i) y=cosecx= L
sinx
l‘=6—M 21 _ 7 625 mins d_)’z—cozsx:_'l x COSX
8 8 dx sin“x sinx sinx

= —cosec x cot x
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3 Differential equations

7

(ii) %z—sin X tan x cot t
J‘; dx = Jcot tdt
—sinxtanx
cost

J-—cosec x cotx dx = J dt

sin t

cosec x = ln| sint| +c

- =ln|sint|+c
sinx
sinxzé
ln|sint|+c
xzén,tz%n:nin%n:+
ln‘sin—ﬂ:‘-kc
2
1__ 1 _
2 Inl4c €=2
sinx=;
In|sint|+2
x=sin_l(71 )
ln|sint|+2
(i) 1 N S |
3=x)(6—x) 3(3—x) 3(6—x)
(i) (a) —k(3 x)(6—x)
I SR o
J-(3—x)(6—x)dx_.[kdt

J(3(31 X 3(6— j = [kar

—gln(3—x)+§ln(6—x)= kt+c

%(ln(6— x)=In(3-x))=kt+c

11 (6-x)
(3-x)

=kt+c

0 e 1,.6_ _1
t—O,x—Oﬁ3ln3—kx0+c:c—3ln2

1 e 1.5 4.1
t—1,x—1:>3ln2—k+3ln2

1.5 1
:}k—31n2 3ln2

1, (6—x)
o) J1n{= =(4n3)r+m2

Lin 8 ;“; (31 i)x2+ Lino
In($=5 =21n3 +1n2

g:_z ze(zlnz)ﬂnz

g:—i _e(ZIn )x o

2
-
x =
3 x 2e
6—x 25
—x =2x 16
3-x 8

8(6—x)=25(3—x)
48—-8x =75—-25x
17x =27

_27 _
X =17 1.59

8 ezy%+tanx =0
ezy%

J’ez;/ dy = —j%dx

%ezy = 1n|cosx| +c

= —tanx

x=0,y=0:>leO
2
1

ze” = ln|cosx| +%

N[

= ln|c050| +c=>c=

e = 21n|cosx| +1
= In(In(cos® x) +1)

y = %ln(ln(cos2 x)+1)

9 (i) %zk\/yx—z

(ii) j%i__z dA:jkdt

j(sA oy rdA= jkdt

o=

3A-2)

wl_
1 3 =kt+c
2
2“3A =kt+c
f=0,A= 6:>2"3X6 k><0+c=>c—§
t=4,A=17:>27‘3X17_=4k+%:>k %
2\/3A 2_1,.8
2 3
zm l,g.8
= +_
2 3
2J3A— 20
3
2\/3A— =20
J3A-2=10
3A-2=100
A=34m?
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3 Differential equations

10 xy2%=y3—1
2

J-ygl_ldyzj‘idx

%ln|y3 —1|=In|x|+c

x=2,y=0:%ln|03—1|=1n|2|+c=>c=—ln2
%ln|y3—1|=ln|x|—ln2
ln’y3 —1| =3(ln|x|—1n2)

ln’y3 —1| =3ln§

ln’y3 —1| =ln(§)3

3
y3:%+1

Past exam questions JUEVLRL)
L ody
1 (i) a—kxy

x=lLy=2=4=kx1x2=k=2

:>jx—y=2xy

1gy=
Jydy—JZxdx
Iny=x+C
In2=1’+C
IC=ln2-1
Iny=x*+In2-1
yze(x2+1n2—1)
y=e"2 xe? xe™!

oody 3 _
(i) a_2><( x2=—4

Y

(XS]

0 X
2 (i) AN oy pe-002 05
dt
Jﬁ dN =[1.2¢70 dt

JN_% dN = 1.2J.e_0‘02t dt

1
N2z 1 o002t
—l —1.2><—_0‘02e +C
2

2JN =-60e %% +C
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t=0, N =100 = 2100 = —60e %%+ C
20=-60+C=C=80
= 2/N =-60e "% +80
JN = 40— 30e 002
N =(40—30e7"%)?

—0.02¢ 0

(ii) As t > o0, e
So N =40 =1600

o odx o xe”
t dt e

fhonef

Inx=-In(k+e ") +c

In10=—~In(k+e’)+c
In10==In(k+1)+c
c=In10+In(k+1)=1In10(k+1)
=Inx=—In(k+e ") +In10(k+1)
OR
Inx—In10=—In(k+e ") +In(k+1)

(ii) In20—In10=—In(k+e ) +In(k+1)

ln2=ln(k—+1)
k+e™!
k+1
k+e”

k+1=2(k+e™")

k+1=2k+2e™"

=2

1

k=1-2¢1=1-2
e

(i) As t >0, e " >0

So Inx—In10=-In(k+0)+In(k+1)
Inx=—Ink+In(k+1)+1In10

Inx= —ln(l —%)+ ln(l —%+ 1)+ In10
Inx=3.8679...
x=47.844...

So x will never reach 48.

4 i) (3+c0529)%=x5in29

Jte= [5Eeme

Inx =—%1n(3+c0529)+c
1 T
In3= 21n(3+c052>< 4)+c

ln3=—%ln(3)+c

_3
6—21n3



3 Differential equations

SO lnxz—lln(3+c0329)+§ln3 6 (i) x:amount of A
y: amount of B
_ —71n(3+c0529)+3ln3 d
€ F=-02x—10oxy
—lln(3+c0526) §1n3 (1 + t)
=e 2 xe? | 5
_1 3 J_ dy = J. 2 dt
— e1n(3+c0329) 2 ><e1r132 y (1 + t)
s jl dy=—2 _[ (1+1)2dt
=(3+co0s20) 2x32 Y
2
__ B Iny=qig+e
J3+cos26 When t =0, y =100
27 2
3+4+c0s26 1n100=m+c
(ii) Least value is when cos26 =1 c¢=1n100-2
27 _3/3 _ B 100
341° 2 ~2.60 (3s.f.) ¢=1n100— Ine? —ln(ez)
5 (i) Since V=2h, Iny = 2 ~+1n (1020)
dv_,dh €
dr T odr - eﬁztﬂn(%)
v _ volume in — volume out
dt F 1n(loo)
=1-02h =eltt xe ‘¢
1-02h =24k _ 100,75
dt o2
_ Jh=104n 2
Sh=10g, =100e Zel+t
=[-10_ 2
jdt J.S_\/Edh lopeili 2
= [0 2204
t IS—JE dh =100el+t 1+
To find t when h=4, _2t
4 =100e !+t
10
T= dh
05-h (i) As ¢ —> oo, 1_22* -2
(ii) u=5- \/_:>dh N/ y=100e_2=@
dh=-2(5—u) du ¢ 00
dh = (~10+2u) du The mass of B approaches === 2
h=4=u=3,h=0=>u=5 Ast— oo, 102%0
T=["10 10420 d d+1)
B J ues U (=10+2u) du The mass of A approaches 0.
— o[ azug
=) s u stretch and challenge RGET-CEY)
=20["3=4 dy 1 i) x=a(l+kt)”
! dx
X — _ka(1+
= 20[51nu—u]5 dt ka(1+kt)
’ 2
_ _e\_ _ - X
=20[(5In5-5)—(5In3-3)] ka(a)
=111 (3sf) 12
T4
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3 Differential equations

(i) Whent=0,x=a=a=2.5
Whent=1,x=1.6

_ 25
=>1.6—1+k

1+k=1.5625
k=0.5625
(iii) In the long term, x —0
(iv) 12= 1 _A, B
2y=y" y@2=y) y 2=y
:1=A(2—y)+By

y=0=2A=1=A=

y=2=1=2B= B=

=N O

v [ dy=ar

:.[(2)/ 202— y))d}’ .[dt

= %lny—zln(Z—y)zﬂ-c
Whent=0,y=1=0-0=0+c=>c=0
= Iny—-In2-y)=2t

= In—=—=2¢
2-y
)’ o2t
-y
. y= o2 yeZt
=4 y+yet—2e2t
= y(1+e2t)=2e2t
2 2
= == - &
4 1+e* 1+e

(vi) As t = oo, e_2t—>0=>y%2

So the long-term population is 2000.

2 (i) P=—7% =100

5+2e 2

_t
(i) Ast—o0,e 250

700

So P—-—==140

_t
(iii) p=—790 _ _5,90.72-700

Differentiating with respect to ¢,
_1.-5_ 350dP

2¢ p? dt
(250_5)_ 3504
2\ P 2] p2dt

4

(@_é) dp

700 2] dt
dp_P_ Pp*
dr — 27 280
dp P(l_i)
dr 27140

(ivl When t=0, P =100 =
dpP 100(1 100) 100 —143

dr 2 140/ 7
d_J’: m+l1
dx
J.y_m_l dy= fdx
Y x4 (asm#0)
-m
m__ 1
Y T mk—x)
_ 1
= Wfm(k—x)
Using the chain rule,
i n n n 1, m+l n+m
=g, ( )dx yrEny
as required.
o d’x
i) ==5=0
dt’
Integrating with respect to ¢, % =C
But when =0, v, =V cosa, so - Vcosa
dZ
—g/:_g,
dt
Integrating with respect to ¢, Y gt+K

But when t =0, v, = Vsina, so K=Vsina

andf1 =—gt+Vsino

Integrating again,

Qz Vcosa so x=Vtcosoe+ M

dt
But x=0 when t=0,s0 M =0 and x=Vtcosax

dy —gt*
2

E:—gt%—Vsina SO y=

Buty=0 whent=0,soN=0and y=

X
Vcosa

2

From x =Vitcoso we gett=

and substituting into y = + Vtsina gives

2
x
_g(Vcosa) +V( X

r= 2 Vcosa)sma 50

g’

yzxtana——zsecza or
2V

2
X
y=xtano —5?(1+ tan’ o)
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3 Differential equations

(i) (a) If the centre passes through the point (kh, h),
then, from the above

2
h = khtano — g(khz) (1+ tan’ )
2V

which is a quadratic in tane so, rearranging,

g(kh)* tan® o — 2V *khtana + 2V2h + g(kh)® =

and, since h # 0

ghk? tan® o — 2V *ktano + 2V + ghk® = 0
This has two distinct real solutions if and only
if b* — 4ac > 0.

(2V%k)? — 4ghk*(2V? + ghk*) > 0
4V*k* — 4ghk*(2V?* + ghk®) > 0
—2ghV?* - g*h’k* >0 (k* >0)
The LHS of this is a quadratic in V2, and has

the form (V?— a) (V>— b) where a, b arise from

2gh £ \J(2gh)? +4¢°h%k?

v?=
2 _ghigh\/1+k2
- 1
V?=gh(l£J1+k?)
Butl-+1+k* <0

So4V? —8ghV?* — 4g°h*k* > 0 when

V> gh(1+1+k%)
OR
y=—5-1 Vtsina and x = Vtcoso
Since it passes through the point (kh, h),
—gt
h = Tg + Vtsino and kh = Vicoso
;2
Vtsino = h + gT
V2 sin® o = h+g;

2
)2
Vt(l (Vt) =\
4V~ IPH2) = 41 + aght® + gt
gt +a(gh -V + 4> 1+ k*) =0

To get two different values of t we need

b* —4dac >0
16(gh—V?*)* —16g*h*(1+k*) >0
(gh-VH? = g*h*1+k*) >0

gh—V? <—ghy1+k* orgh—V?*> ghyl+k?
So V? > gh(1+1+k?%)
(Since V? < gh(l—~1+ k*)is not possible as

1-1+k* <0).

(b) Use
g(kh)* tan® @ — 2V *khtano + 2V 2h + g(kh)* =

Let tana, , tana, be the two roots, then by the
sum and the product of the roots:
2V%kh _ 2V*

gk*h®  gkh

tano; + tano, =

and

2V2h+ gk’h® 2V + gk’h
gk*h* gk*h

tano; X tano, =

tane, + tano,
1—tano, X tana,’

and, since tan(o; + a,) =
2v?
gkh
|2V +gkh
gk*h
_ 2kV?
gk’h—2V? — gk’h
=—k
and o, + o, = tan "' (=k).

tan(oy + @,) =

5 Let y be the number of tigers at time t.

dy _ 180
& =t
d—y—k(l 180 —1ny)
ar ~oin ny

dey= Jkdt

u=lny:>du=%dy:>dy=ydu

[ Smiso gy du = [

I(lmso i Jkdt
—In(In180 — u) = kt + ¢,

In(In180 —Iny) = —kt + ¢,
In180 — Iny = e M+
In180—1Iny = Ae™
t=0,y=10= A =1nl8
In180 —Iny = 1n18 e ™
t=2,y=30=In180 —In30 = In18e >

In6 = In18e %
k =0.239
In180 —In y = In18 ¢ **"
Iny =1n180 — In18 e >
In180 ., _-In1ge 02

y=e Xe

—0.239t

y = 180 e—lnlSe
When t = 8,
—0.239%8
y =180¢ "8 ~117
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4 Vectors

6 A : amount of alcohol (litres) in the tank at time .

% = amount in — amount out
—5_A
=2 40><4
—5_A
=27 10
_20-A
10
10 _
[0 2 qaa=[a
—-10In|20— Al =t +¢,
In|20 — A| = —%t +c,
1
20— A=e 1077
20-A=Ke 10
1
A=20-Ke 10

t=0,A=8=8=20—-Ke"=>K=12
_1
A=20-12¢ 10

_1
A=20-12e 10 = 173 litres

4 Vectors

4.1 Vectors in two dimensions JUGET-CY:V]

1 (i)

—6
(ii) (a) 2a =( ]
2
1
(c) —%c = (_2)

2a ~

2
(iii) (a) a+b = [1]

(b) b2c=|"
b —c—8

I

l
%
/
I

1 B -5
(c) §c+2a— 0

-~y <<
~
2 (i) 4i-5j
(i) —i + 2j
(iii) g = -6j
h = 4i - 5j

g+h=—-6j+4i-5=4i-1]j

3 (i) I=+(=3)>+2% =13 =361 (3sf)
lii) [ = 22 + (=1)? = /5 =224 (3sf)

wibs-a=(-(2)-[)

|AB| = J(=6)2 +12 = 37 = 6.08 (3sf)
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4 Vectors

4 y 4.2 Vectors in three dimensions RUEI-CX.Y))

C 2 3
1 ] 8 (i) | -8
A -18 13
%
2 AB=b-a
0
x =({i+2j-3k - Q2i-3j+k
=—i+5j—-4k
%
B 3 (i) OD=3i+4k
%
(ii) OF =5i+ 6j + 4k
%
—> (=3 (i) CF = 5i + 4k
R _ —>
(i) OA = ( ] (iv) BF = -3i + 4k
%
— 0 4 —4 (v) GA=5i-6j-4k
. o _ _ —>
(i1 BC=c-b= 4j (_3] = 7) (vi) DF = 2i + 6j
-3 2 -5
s -3\ (0) (-3 s
(|||]CA=a—c=(2)—(4)=[_2j 4 CD=d-c=| 2|-| 0 |=| 2
4 2 ° -
—> — -1 —>
liv) AD = 3( 7) = ( 21) |CD| = {(=5)* +2° +8* =93
o 3 1 =9.64 (3s.f)
OD=0A+AD = ) + )1

RIS G WTIEL G B (Page 48)

-15
= 23 1 1 0

1 ) PQ
So D is (~15, 23). W PQ=q-p=| 2|-|-1|=] 3
-3 3 -6
5 (i) OB =2m+1
i =2m+35n - ) ) 0
> 5 5 il QR=r-q=| -4 |-| 2|=|-6
i) OE=m +>n 9 , b
g 3
(ii) BD =2m + =n - e
2 (i) Since QR = -2PQ
gl | 3
(iv) EC=Em—§n e they are parallel
%
e QRis twice the length
i = \/(— 2 2 = —_—>
6 il (—4)7+3" =5 e QR goes in the opposite direction.
4
ni (-4 | 5| (o8 N 1 1 0
nltVeCtOI“lS§ 3]~ 3 =1 os liVIRP=p-r=|_1|-|4|=| 3
5 3 9 -6
— -2 —6 4
. 2) \A RS=2RP=2| 3|=| 6
|EF|= 4" + (-1)* =17 —6) (-12
4
— 1 0 1
4 - = —>
Unit vector is —— = V17 OS=OR+RS=| 4 |+ 6|=| 2
VI7(-1 L 9 -12 -3
V17
So Sis (1, 2, -3).
or ——(4i — )
V17
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4 Vectors

(3 1
N 3 2 1 [u]( )( j=3><1+7><—6=—39
2 EF=f-e=|-3|-|-1|=|-2 7) -6
1) L6) (=2 L =32 +7% = 58
N 2 2
EF|= 17 +(-2)> + (-2’ =9 =3 h =1 +(-6) =37
|E_G>|=6|ﬁ§| -39 = /58 X /37 X cos6
-39
0=—2>2_
N 1 6 N PN
EG=6| 2 |=|-12 6 =147.2°(1d.p.)
) ~12
—_ > 2 0
OG = OE + EG 2 a=|-3|and b=| 5
2 6 8 -1 -2
= — + | — = _
1 12 13 5 0
6) |-12 -6
3le| 5| =2%X0+-3%x5+-1x-2=-13
So Gis (8, -13, -6). -1 -2

3 I=J(=1)2+(=2)*+2%=3

I, =22+ (=32 +(-1)? = JI4
I, =0% +5% +(-2)* =29

—13 = /14 X /29 X cosO

Unit vector is

1, . 1. 2.2
5(—1—2]+2k)— 3i—3i+3k

—> > 2 3 COSQZ_—B
4 AB=1-k=|-1|-|-1]|=|0 V14 x /29

0 o |4 6 =130.2°(1d.p.)
N
|AB| =32+ 0% +4% =5 20 [ 3

\ . 3 | 3].|—2|=2x3+43x2+-5x-1=5
—> —> -5 -1
AM=3AB=3|0|=| 0

4) (12 I, = 2% +3% +(-5)* =38
s o s [2) () (M L =3’ +(=2)" +(-1)’ = V14
OM=0OA+AM=|-1|+| 0|=|-1 5=\/EX\/QXCOSQ

6) (12) |18 5

— 0= Fgx
|OM| = {112 + (-1)> + (18)* = /446

6 =77.5°(1dp.)

The unit vector is 1 : = _g Zi; 4 gh=0
446 ’ 8 c
18 0.852 cllzalzo
-2 -1

4.4 The angle between two vectors J(E:-EXL))
8c+-3c+2=0

3) (-1
1 lil( J( j:s><—1+—4><2=—11 5c+2=0
—4 2
c=-2
L =32+ (4> =5 . >
5 (i) OM = 14i + 20k
L=y +22 =5 it O t
—11=5x+/5 % cosO C’M = 30i — 20k
—>
cos = ——11 MB’ = —14i + 16 + 20k
5% /5 s
6 =169.7°(1 d.p.) CB’ = 12i +16j + 40k
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4 Vectors

—  —>

(ii) Angle between OM and C’'M: 2 (i) We need to find A such that
14) ( 30 2734=7
“1-2A=-7

0|e 0| =14%x30+0x0+20x-20
20 -20) =20

1+A=4

When A = 3, all equations are satisfied, hence the

I, = V14% + 0% +20° = /596 point lies on the line.
L = \/302 +0% +(—20)% = JI300 (i) We need to find g such that
, = =
20 = /596 x /1300 X cos I+u=0

0 20 —2u=2

cosf = ——=——
/596 X /1300 —6+u=-8
6 = 88.7°(1d.p.) If 4 = -1, the first two equations are satisfied, but

Angle between ﬁ, nd C_B'> iti};eolflsttheeqllilizion is not. Hence the point does not
-4 (12 3 r=3i-4j+2k+i+3-K)
16 || 16 |=-14X12+16X%X16+ 20X 40

3 1

20) |40 ) =888 | aled 3

I, = \J(-14)? +16% +20? = /852 2 -1
1, =12% +16> + 40* = /2000 3+t=a ©)
-4+3t=b 2

888 = /852 X /2000 X cos
2-t=0 ©)
cos O = 888
/852 X /2000 From (3), t=2
60 =471°(1dp.) Hencea=5,b=2

T (Page 51) 4.6 The intersection of two lines JUEICET))

1 (i) Equating i, j and k components,
T (i) r=3i-j+t-=2i+5)) quating i, j p

} ) 4+21=3-5u @
=3 -20i+ (-1 +5¢t)j 1 -22=-3+2u @
_| 3 H(‘zj 1+34=7 ®
-1 5 From (3), 1=2
5 (0 -2 2 From@,—1—2x2=—3+2y:>/4=—1
lii) AB = [8] B ( J - (7] Substituting into @,
r=2i+j+ tQ2i+7)) draxz=3oox-l
. X 8§=38
=(2+20i+ 1+ 70 So the lines intersect.
_ (‘2j + t(zj Position vector of point of intersection is
1 7 4 2 8
(iii)r = 4i - 3j + k + A(>i — 4k) =1 |+2|=2|=|-5
4 1 1 3 7
=|-3[+A 0 Point is (8, -5, 7).
1 4 (ii) Equating i, j and k components,
5 1 1 1-21=-1+4u ©)
—> -
(iMAB=| 0[-| 9|=|-9 31—1‘5” %
1 _5 4 2+ A=-3+u
r= 20—kt Al - 9 + 4K) S;lving (D and (2) simultaneously gives
=3, u=2
=Q2+ADi-94+(-1+4k ¥
5 ) Substituting into @,
N 24+4-3=-3+2
= 0|+A|-9 1=_1
-1 4

So the lines intersect.
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4 Vectors

Position vector of point of intersection is

1-2%x-3 7
3x-3 |=]|-9
2+-—3 -1

Point is (7, -9, -1).
(i) Equating i, j and k components.
-4 -s=3+11t
4=1-3¢
~5+3s=8+t
From @, t=-1
From (1), -4—s=3+11x-1=s=4
Substituting into @,
—5+3%x4=8+(-1)

7=7
So the lines intersect.

OXOXC)

Position vector of point of intersection is
r=(-4-4)i+4j+(-5+3 x4k
r=-8i+4j+7k

or (8,4, 7)

2 (i) (3i—4j+2k)e(2i-j-5k)
=3X2+-4x-14+2X—-5
=0
(i) Equating i, j and k components,
5+3s=2+2t D
2-4s=-2-t @
2 +2s=7-5¢ 3

Solving (1) and (2) simultaneously gives

=3,;-12
_S’t 5
Substituting into (3),
— 3_7_5x12
2+2><5 7 5)(5
4
-
5¢

Hence there is no point of intersection.

The lines are not parallel so the lines are skew.

3 Equatingi, j and k components,
1-A=u ®

2+24=6 ©)
~1+31=3-2u ©)
From (2), A =2
From(1), 1-2=p=pu=-1
Substituting into (3),
-1+3x2=3-2x-1

5=5
So the lines intersect.

(i)

Position vector of point of intersection is

1 -1 -1
r=| 2|+2 2|=| 6
-1 3 5

Point is (~1,6,5).

13 3 10 2
—_—>
2 7 =5 -1

Equation is
3 2
r=|4+4| 1
7 -1

10 1 9
%
RS=| k|-|2|=|k=-2
6 3 3

Equation is
1 9
r=|2|+ul k=2
3 3
Equating i, j and k components,
3+421=1+9u @®
4+ A=2+uk-2) @
7-2A=3+3y ©)
Solving (1) and (3) simultaneously gives
A=2,u= %
Substituting into @,
4+2=2+2(k-2)

4
k

2(k-2)
8

3 2 7
iilr={4|+2| 1|=|6
-1 5

7
Ais (7,6,5).
2 2
ale|] 2|=0
1 -6
4+4+2a-6=0
a=1

(ii) Equating i, j and k components,

2t=3+2s )
1+at=2s @
1+t=-1-6s @
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4 Vectors

Solving (1) and (3) simultaneously gives

4
1 .
t=ls=-3 2 (i) [b|e|0|=02124+c=0=c=-12
From@, c 1
1
1+at:2$:>1+a=2><—§:>a=—2 4
6 (i) Equatingi, j and k components, ble]|3|=0=12+3b+2c¢=0
-3+A=7+ay ©) ¢ 2
2+2A=3+bu @ = 12+3b+2(-12)=0
-12+3b=
3+1=3-2u 3 3b=2
@—@gives
—6=4+(a+2)u 4 4
_10=(a+2)‘u (ii){ 0]« 3]|=18
" 1) (2
at2 &2 407+ 17 = 17
@—2><®g1ves m:m
_4=—3+(b+4)[4 lszmmcose
—1=(b+4)u 18
0 =
1 RN/ VNGT
H="pra 0 = 35.8° = 36° (nearest degree)
10 _ 1
So - 5 =44 3 A(1,3,-2),B(12,~ 2,4) and C(5,-1,q)
10b+4)=a+2 5 4
10b+40=a+2 Ac=l-1l=l 3|=| —4
a—10b =38 a -2 a+?2
1 5 8 -3
" B N
("] 2 . b —0 BC: 11— —2 = 1
1 -2 a 4 a—4
a+2b-2=0=a+2b=2
. . 4 -3
Solving simultaneously, - —
AC*BC=0=>| 4 |. 1 =0
a=8,b=-3
a+?2 a—4
ey 10 _ 10 _
i) p=——">=—g,5="1 -12—-4+(a+2)(a—4)=0
Position vector of the point is —12-4+a>-2a-8=0
r = 7i + 3j + 3k + —(8i — 3j — 2k) a’—2a-24=0
= —i+6j+5k (a+4)(a-6)=0
a=-4o0rb6
4.7 The angle between two lines J{EV-CRTS) N N
4 OB=i+j,0D=1Lli+lj+k
-1 1 2 2
1 21| 0 |=-7 1 0.5
—2 1|/ 05|=1
2 2 2 0 1
JEDF+22 432 =14
\112+02+(_2)2 =.5 |£|:\/§’|§)|: /0'52+0.52+12 :ﬁ
~7 = J14/5cos6 2
—7
cos@zm\/g lzﬁgcose

Acute angle is 180° — 146.8° = 33.2°
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4 Vectors

4.8 The perpendicular distance from a point to a
[N:W (Page 57)

1 (i) Let M be the point on the line that gives the
minimum distance.

1-3t 0 1-3¢
—
AM =|—-1+4t |—| -7 |=| 6+ 4t
1+ 2t -3 44 2t
1-3¢ =3
6+4t|s| 4(=0
442t 2
—3+9%+24+16t+8+4t=0
29t +29=0
t=-1
1 -3 4
Mis|-1| + (-1)| 4| =|-5
1 2 -1

AM| = (=0 + (5 -7 + (-1 -—3)? =

(ii) Let M be the point on the line that gives the
minimum distance.

4421 -1 5+24
BM=| 2-A|—-|-6|=| 4-2
1-24 7 —-6—2A
5+24 2
4—2A |« -1]=0
—6—-2A -2
10+4A—4+A+12+44 =0
18+94 =0
A=-2
4 2 0
Mis| =2 |+(=2)|-1|=|0
1 -2 5

(i) Equating i, j and k components,

5—-t=s @
2+2t=2s @
9 +3t=-s ®

Solving (1) and (3) simultaneously gives

t=2,s=3

Position vector of point of intersection is

0 1 3
0|+3] 2|=| 6
0 -1 -3

liv) V32 +6%+3% =54

3 (i) Equation of plane's path is

1.2 -2
r=108 |+¢ -1
V24 0 1
Let M be the point closest to O.
-2
—
OM.| -1|=0
1
1.2 -2t -2
08—t |«|-1|=0
t 1
—24+4t-08+t+t=0
-32+6t=0
t = 0.533 mins (32 s)
1.2-2x%0.533 0.133
Mis| 0.8-0.533 |=|0.267
0.533 0.533

. 2 2 2
|OM| = \/0.133 +0.267° +0.533° = 0.611 km

[BM| = (-1 - 0)7 1 (-6 - 0)> + (7 - 5)° = VaT

N
2 (i) PQ = (4i+4j - 6k) — (5i + 2j — 9K)

=-i+2j+3k
5 -1
r=| 2|+t 2
-9 3
0 1
H
(ii) OTisr=|0|+s| 2
0 -1
-1 1

21
-1

2 | = 0 = lines are perpendicular.

(ii) Height is 0.533 km or 533 m.

Time is 0.533 min or 32 seconds.

5 2
4 (i) Rabbit:r=|20|+¢ 1
0 0

5 2 25
20 [+t 1|=|30
0 0 0
5+2t=25=1t=10
It would take the rabbit 10 seconds.
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4 Vectors

-10 5 1 6
li) Eagler=| 20|+¢ 1 3 ()| 3[«|0[=1X6+3x0+-2x5=—4
50 -10 -2 5
Eagle reaches the ground when L =P +3%+(<2)’ = JI4

50-10t=0=1t=5

l, =6%+0% +5% = /61

-10 5 15
—4 =14 x /61 X cos O
Eagleisthenat| 20 [+5 1|=]25 "
s0) \-10) {0 0= Fax et
5 2) (15 0 =97.9°(1dp.
Att=5therabbitisat | 20 (+5| 1 |=| 25 6 1 5
%
0 0 0 (ii) CD=d-c=|0|-| 3|=|-3
So the eagle catches the rabbit. 5 -2 7
Y (Page 60) 1 >
) 4 31| -3|=1X5+3X-3+-2Xx7=-18
—  — ) 7
1 (i) OC=20A=2|-2|=|-4
3 6 I, =17 +3% +(-2)* =14
() (o = 5T+ (37 = JE3
OD=30B=3| 0|=| 0 —18 = /14 X /83 X cosO
—5) (-15 P ¢
12 4 8 - V14 % V83
. 6 =121.9°(1dp.)
CD=d-c=| 0|-|-4|=| 4 N
_15 6 1 (iii) If perpendicular, then CD * OF = 0
N 5 a
. 4 2 2 CD*OF=|-3|+| 3|=5a+-9+14a
lilAB=b-a=| 0|-|-2|=| 2 21 12
-5 3 -8 50+-9+14a=0
2 1 19a-9=0
_1xp_1 _
AE=ZAB=2| 2|=| 1 -
2 2 a= 19
-8 —4 _
) | 3 4 TFirst find the vector PQ:
- - —
OE=0A+AE=|2|+| 1 |=|-1 N 10 2 8
3 —4 -1 PQ = 1{—|-1|=|2]so
12 4 8
4 3 1
EC=c—-e=|4|—|-1|=|-3 N 1—> 1 8 4
6 1 - PR=§P =5 21=|1
8 4
= ? 4 > o [2) (4) (e
2 GH=h-g=|-1|-|-1|=
G g 0 Now OR=O0P+PR=|-1[+[1 |=]0
0 12 -12 4 4 3
—
[GH| =5 +0% + (-12)* = V169 = 13 OR| = /6> + 07 + 87 = V00 = 10
%
3 So the unit vector in the direction of OR is
. NS 13 L (si 1ok 61 [06
Unit vector is 7= = or E(51—12 ) 1ol o
~12 12 10
13 8) o8
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4 Vectors

5 When two vectors are perpendicular then
aeb=0s02p—-6-3p=0

—-6-p=0
p=-6
-3 2 =5
%
6 lCD=|—4|-|3|=|-7
5 0 5

r = 2i + 3j + A(=5i — 7j + 5Kk)
=2 -50i+ (3 -74j+ 51k

2 -5
=3 |+A| -7
0 5

(i) r = 2i + 3j — 2k + A(8i - 2j + k)
=Q2+8D)i+(B-20)j+(2+ Ak

2 8
=| 3 |[+4] -2
-2 1

7 (i) Equatingi,j and k components,
1+2s=5—¢ D
—1+4s=2+3¢ ©)
3+s=1+2t 3

Solving (1) and (2) simultaneously gives

=3
s=3,

Substituting into (3),

t=1

3_
3+2_1+2><1

9
57#3

So the lines do not intersect.

Since the direction vectors are not multiples,
the vectors are skew.

(i) Equating i, j and k components,

1+44=1-8yu ®
8—-A=2u @
2A=12-4p ©)

Solving (1) and (2) simultaneously gives

33 =1 so no point of intersection.

The direction vectors are multiples of each other

so the lines are parallel.
(i) Equating i, j and k components,
—5+3t=-1+2s
3=4-5
4—-t=2
From @, s=1
From @, t=2

@O

Substituting into @,
S5+3x2=-1+2x1
1=1

So the lines intersect.
=5 3 1
r=| 3|+2| 0|=|3
4 -1 2

Point of intersection is (1, 3, 2).

(1) (5] (s
(i) PQ=|2|-|-1|=|3
4 3 1

N 1

PQisr=|2|+s

6

3

1

1 1
lisr=|3 |+t =2

To intersect,
1+6s=1+¢
2+3s=3-2t
44+s=5+2t
6+4s=38

_1
572

_-1
4

Substituting into (1),

OIOIOIC)

t

1_ _1
:>1+6><2_1+( 4)

3
4¢4

So the lines do not intersect.
1 1+t —t
—
(i) AQ=|2|-|3-2t|=|-1+2¢
4 5+ 2t -1-2t
—
AQ-QP=0
—t
—14+2t|«|3|=0
—1-2t 1

—6t—3+6t—-1-2t=0
—4-2t=0
t=-2
= (1+(-2),3+-2%x-2,5+-2x%2)
Ais(-1,7,1).
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9 To intersect,
2434 =11y
k+2A=—-4+u

O
@
1+21=-1+2yu ©)
®

5+81 =21 2x (D) +
A=2

u=3
k+2x2=-4+3
k=-5
Pointis (11 +3x—-1,—4+3 X 1,-14+3 X 2)
=(8,-1,5)
10 (i) —6i+ 8j 2k =-2(3i + ¢j + k)
8§=-2c=>c=-4
(i) Equating i, j and k components,
3+4t=2+3u D
-8+3t=1+cu @
2t=3+u ©)
Solving (1) and (3) simultaneously gives
t=2,u=1
Substituting into (2),
—8+3X2=1+cXx1
—2=1+¢
c=-3

1 (i) AB =

s O N
|
w = !
I
|
—

Equation is
5 2
r=|1|+A4]|-1
3 1

(i) The position vector for any point on AB is

5 2 5+2A
r=|1[{+A-1|=| 1-4
3 1 3+ A4
— —>
OP-AB=0
5+2A 2
1-1 |«|-1|=0
3+ 4 1
10+4A-1+A1+3+A=0
12+6A=0
A==2
5+42x-2 1
ob=| 1-(-2) |=|3
3+ (=2) 1

SoPis(1,3,1).
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12 Second line has direction

7 9 -2
8|1—-17|=] 1
2 5 =3
3 -2
5. l1{=—6+-5+-6=-17
2 -3
—17 = /38 X /14 X cos 6
0 =42.5°

13 Let M be the point on the line that gives the

minimum distance.

5s 1 —1+5s

—

CM=|1-s |—| 1]|= —s
3-2s -2 5-2s
-1+5s 5
—-s «|-1|=0
5-2s -2

—5+255+5-10+4s=0

—-15+30s=0
1

s =

2
0 5) (25
Mis| 1 +% -1 —{0.5
3 ) 2

ICM|= /25 -1)7 +(05-1)% + (2 — -2)2

=4.30
3 1 4
14 (i) Pis |1 |+1|-1|=]|0
1 2 3
4 1
0le|-1|=10
3 2
10 = 5% /6 X cosf
cosO:Si(i/g
6 = 35.3°
3+t
(i) Qis | 1—¢
1+ 2t
341t 1
1-t |o|-1]=0
1+ 2t 2
34t—1+t+2+4t=0
446t=0



4 Vectors

3 2
3-2 z W= = > = —>
3 3 lii) BC=BO+0C=BO+pOA=|-2|+p| 1
Qis| 1--2 |=| 2|=1 5 1) (-3
3 3 3
5 1 -1 3+2p
1+2(—§) Y =|-2+p|or 3+2p)i+(=2+p)j+(4—3p)k
4-3p
0d= (5] +(3) +(-3) =
[|||]|OQ|—\/(3 +H3) +l-3) =73 3+2p 2
i) | 2+p|e| 1|=23+2p)+(-2+p)+-3(4—-3p)
Past exam questions J(E:CX7)) 4-3p -3
1 3 4 23+2p)+(2+p)+-3(4-3p)=0
— = — - - =
1 (i) OB=OA+AB=|3|+|-1|=|2 6+dp—2+p=12+9p=0
5 1y 4 —8+14p=0
8§ _4
e v RS R p=3=12
|0B|=+42+22 +4% =6 R 147
5 3 i) PQ =3i+6j-3k
£ —
4 3 RQ = -3i+ 8j + 3k
: 151 2. . 1.,2 NN
Ul’lltVeCtOI‘lSE 2= § or §l+§J+§k [“l PQ.RQ=3X—3+6X8+—3X3=30
4 —>
% IPQ| =32 +6> +(-3)> = /54
—>
IRQ| = /(=3)* + 8% +3% = /82
-1 3 2
- — — 30 = /54 X /82 X cos O
(i) AC=AO+0C=|-3|+|-1|=|-4
3 1 2 C089=¢
- - J54 x /82
ﬁ 1)
|AC| = 27 + (—4)> + (-2)* =24 6 =632
2 4 4 Lines are
— —> _
AC-OB=|—4|+|2|=8-8-8=-8 3 L 4 N
r=|-2|+A| 2|andr=|4|+y| b
-2 4
. 1 1 2 -1
Angle between diagonals: ) . _
8 = 6 X 74 X cos6 (i) At intersection,
o 3-A=4+pa D
c089=6xm 2421 =4+ub @
6 =105.8° 1-{—2,:2—# @
Acute angle is 180° — 105.8° = 74.2° Adding D+,
—
lii) |OA| = V17 +37 +3” = 19 4=6+(@-Dp=p=——2
—
10C|= 32+ (-1)> +17 = JIT @-2x®
—> —> 4
Perimeter = 2|OA|+ 2|OC] 4=0+2u=>p= )
=2J19 + 211 = 154 2 ___4
a—1 b+2
— —> A
2 (i) OAeOB=2x-3+1x2+-3x—4=8 Zb+4=4a-4
—> 8=4a-2b
|OA| = {22 +1% +(-3)* = V14
— 2a—-b=14 )
|OB| = (-3) + 2% + (—4)? = V29 -
8 = V4 X /29 X cos § (ii) Perpendicular lines=| 2 |+| b|=0
1 -1
cosO:L
V14 x /29 —-a+2b—-1=0=—a+2b=1
0 = 66.6°

Solving simultaneously, with 2a — b = 4,
a=3,b=2
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4 Vectors

(iii) Point of intersection is

p=-3=7=-1
4 3 1
r=]4|+(=1)] 2|=]2
2 -1) (3

Point is (1, 2, 3) ori+2j+3k
5 (i) Perpendicular means
p—6) (4-2p
2p—6 1. p =0
1 2
(p—6)(4-2p)+(2p—6)p+2=0
4p—2p* —24+12p+2p> —6p+2=0

10p—22=0
p=22
(i) If OAB is a straight line, one vector is a scalar
multiple of the other.
Looking at the x-coordinates,
=  —
OB = 20A

=4-2p=2(p-6)
4-2p=2p—-12

4p=16
p=4
-2 —4
—> —>
OA=| 2|,0B=| 4
1 2
—>

2
0 —4
ple|lp—-5|=0
2 2
p(p=5)+4=0
pP=5p+4=0
(p-1(p-4)=0
p=1lor4
—4
%
(i) XP=| 4
2

Unit vector is

1 Al
J=4)? + 4% 422 5 6

W= WIN WI[N

—4
e %
(iii) AG =| 15
2
—4 a
—> —
XQ=kAG=k| 15|=]|10
2 b
_2
:>k—3
8
—>
SoXQ=2[ 15|=| 10 |or - 8i+10j+ 2k
3 3 3
2 4

G D L B P (Page 64)

a -1
ble| 1|=0=-a+b+3c=0 )
c 3

2
Jol=0=2a+5c=0 @

c 5
—2a+2b+6c=0 Ox2-03)
2b+11c=0 @+0B

There are infinitely many solutions to this system of
2 equations with 3 unknowns.

Choosing the whole-number solutions,
b=11,c=-2,a=5
5
The vectoris| 11 | (or any scalar multiple).
-2

| =|q| = Va® +b* +3% =47 +a? + 3

a’+b>+9=16+a>+9

b’ =16
b=+4
a 4
blela|=0=>4a+ab+9=0
3 3
Ifb=4,4a+4a+9=0=a=—2

8
If b = —4, there are no solutions for a.

Soa=—%andb=4

vg| = 120% + (—=60)* + 40> =140 m s
|vg] =/
|va|=140+35=175ms™"

120) ( 120k
|y | = k|| = k| =60 | =| —60k
40 40k
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4 Vectors

|v,| = J/(120k)? + (—60k)> + (40k)* =175
19 600k> = 1752

2_25
TS
=3
k=%
120) (150
v =2| =60 | =| =75 | = 150i - 75) + 50k
40 50
-1 25
i) ry=|-—2-t| r,=|—-4-3s
—-1-t -1-3s
s —1-s
PQ=|-2+t-3s
t—3s
0
—
PQ+|-1|=0
-1
2—t+3s—t+35s=0
2t + 65 =2
t—3s=1 @®
([~
PQ-|-3|=0
-3
1+s+6-3t+95—-3t+9s=0
7+195—6t=0

6t +195=—7 @
Solving gives s = -1, t = -2

Pis (-1,-2—-(-2),-1—-(-2) =(-1,0,1)
Qis (—2—-(-1),-4-3(-1),-1-3(-1)) =(-1,-1,2)

(i) |§2)| = \/(—1 (1)) +(-1-0)* +(2—-1)’
=2 =141 km

Let Q be the point on the line that gives the
minimum distance.

-1+ 2t
Q=| a—t
3—t¢
-2+ 2t
N
PQ = —t
-1-1t¢
s 2
PQ-|-1]=0
-1
-2+ 2t 2
—t «|-1|=0
—1—t -1
—4+4t+t+1+t=0
-3+6t=0

a is any real number.
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5 Complex numbers

5 Complex numbers

5.1 Working with complex numbers EGEECET))

1 i) iP=i’xi=-i

liv)i* =i’ +i* —i=1-(=i)+(-1)-1i
=0
2 (i) 9i+2
(ii) 12i% =-12
(i) 7i+i’ = -1+7i
(iv) 15—5i+6i—2i’ =15+i+2
=17 +i

3 (i) z249=0

22 =09i2
z==x3i
(ii) z2-4z+8=0
_45\(-4)’ - 4(1)(8)

2(1)

z

2
=2+2i
(i) 222 —6z+5=0

_614J(-6) —4x2x5
B 2x2

z

(iv) z2 +2iz—-5=0

_ —2i+(21)° - 4(1)(-5)
° 2(1)
_ —2i++/4i* +20
- 2
_ 2i+.16
-T2
_2i+4
2
=—it2
Soz=2-1 or —2-i

4L z=5-2i,w=3+7i

(i) 4z-3w=4(5-2i)-3(3+7i)
=20-8i—9-21i
=11-29i

(ii) z¥w =(5+2i)(3+7i)

=15+ 35i + 6i + 14i°
=15+41i— 14
=1+ 41i
(iii) z¥z = (5+2i)(5 - 2i)
= 25-10i +10i — 4i*

=25+4
=29
liv) Re(z — z*) = Re(5 - 2i — (5 +2i))
= Re(—4i)
=0

(v) Im[(w*)z:l = Im[(3 - 71)2]
= Im[9 — 42i + 49i° |
= Im[—40 — 42i]
=42
i) [+ w)*]” =[(5+2i +3+7i)]’
=[(8+ 91y
=[8-9i]
= 64 — 144i + 81i°
=17 — 144i
(i) Letz=a+bi, abeR
zz* = (a+bi)(a—bi)
=a’ — abi + abi - b*i?
=a’+b?
(i) z+z*=a+bi+a—bi
=2a
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5 Complex numbers

5.2 Dividing and finding square roots of complex
LITHLEIEl (Page 67)

2

) 2xi=2l-
i~

2
(i) (%) =22 _ 5
1

3 1+1i_ 3431
(iii) l—ix1+i_1_12
3+ 3i
2
_3,3;
=213
(iv)] 2i 3+1

4-3i _ 20—15i+12i - %’
4-3i 16 — 9i’
_29-3i
25
_29_3.

T 257 25

(v) 5+3i

443"

(2-30)° _ 4—12i+9i°
3+i 3+i
_—5-12i 3—i

T T3 03—

_ =15 +15i — 36i + 12i°

9—i?
_—27-21i
10
_ =27 21

===

T 10 10

(vi)

(i) (a+0bi)? =-5-12i
a® + 2abi + b%i% = -5-12i

(a* = b*) + 2abi = -5 —12i

=>a2—b2=—5and2ab=—12:,b=‘76
2
az—(_—6) =-5
a
2 36
a”-—==-5
)
a* —36 =-54°

a*+5a>-36=0
(a®+9)(a*-4)=0
= a’=4=a=2o0r-2
=b=-30r3
So (a, b) = (2, —=3) or (-2, 3)
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(i) (a+bi)* = 24 +10i
a? —b* + 2abi = —24 +10i
=g’ -b?>=-24and2ab=10 =a =
2
S\ _p2 - _
(b) b2 = —24
z—f b2 =24
25— bt = —24p

=b>=25= b=50r -5
a=1or-1
So(a,b)=(1,5) or(-1,-5)
i) 2z-z*=3+6i
2(x +iy)—(x—iy) =3 +6i
2x+2yi—x+ yi=3+6i

x+3yi=3+6i
=x=33y=6 = y=2
Soz=3+2i
(i) iz+(2+1)z* =10-2i

ix+iy)+2+i)(x—iy)=10-2i
x+ily+2x—2yi+ix—i’y =10-2i
x—y+2x—-2yi+ix+y=10-2i
2x+(2x—2y)i=10-2i
2x=10 = x=5
2x—2y=-2 = 2X5-2y=-2
—2y=-12
y=6
Soz =5+6i
iz? = 4z*
i(a+bi)* = 4(a— bi)
i(a® + 2abi + b*i*) = 4(a — bi)
i(a® — b* + 2abi) = 4a — 4bi
a*i— b+ 2abi* = 4a — 4bi
—2ab + (a* = b?)i = 4a — 4bi
—2ab=4aand a®> - b* = —4b

ab=-2a
b=-2
a’ - (-2)* = —4(-2)
a’—4=38
a’ =12
a=1J12

>
b



5 Complex numbers

Soz =12 - 2ior -2 - 2i Im(z)
—2ab=4a=a=0 ’
4
So—b? = —4b 3
0:b2_4b 2 .1+2i .3+2i
0=b(b—4) e
b=0or 4 54 3 200 1 2 3 4 5 R0
=1 L] —:
Soz=0+0ior 4 Ll
. _ —La 1-2i
5 = 4i ' a+3! o -3
a—31 a+3i )
_ 4ai +12i° s
a’ —9i?
_ 12+ 4ai 3 (i) [V3-i|= V3 +(-1)’
a’+9 =2
=2, 4 (i) |3 — 4i| = /3% + (-4)*
a’+9 a’+9 B
=5
G 22
5.3 Representing complex numbers geometrically lii) |5 +12i| = V57 +12
and finding the modulus EGEV-CX3)) =13
: Im(@) 4 liv) |—4i|=4
’ . (V) [~VZ + /5| = (v2)* + (5)?
4 44i o34
3 =7
o5 2i ) (vi) [-V12|= V12

B 4 1) Ju=12+12 =12

54 3 2 10 1 2 3 4 5 Re2)

T (i) |u+v|=]-3-2i
=2
, N =37 + (=27
—4-3i B =\/E
= (iii) |w*|=|-2i| = 2
2 (i) z=1+2i
Wz ! liv) |2
(i) z+2=3+2i w
(i) z—3i=1—1i =Lt
. % . —2i
liv) z*=1-2i _|1+ig 21
V) iz=-2+i —2i " 2i
(vi) iz® = i(1+4i + 4i%) _|2i+2i°
= (=3 + 4i) —4i°
= —4-3i —|=2+2i
4
=11
272

Il

||
—
c———
S

+
—_—
N =
N
o
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5 Complex numbers

5 (i) |3—4i|=+/3>+(—4)"
=5

i) [x—1+i]=J(x-1)>+12
=Jx?—2x+1+1
=Jx*-2x+2

(i) |(x + 1) +i(y + 1))

= Jx+1)* +(y +1)?
= et +2x+1+y 42y +1

=\/x2+y2+2x+2y+2
(iv) |cosO +isin6)|

=+Jcos?0 +isin’0

- i

=1

5.4 Sets of points in an Argand diagram RGE-CRA))

1 [i) Im

—4 =2 0j4 Re

[i|] Im

(iii) m

(iv)

(i)

(iii)

(iv)

Im
4
( 23
4 SV S ke
)
4
Im
4
2
4 2 0 2 4 Re
o)
4
Im
4
2@
4 | 2 0 2 4 Re
-
4
Im
4
2 °
4 2 0 2 4 Re
L.
°
4
Im
4
2 4 Re

3 Ifthe < or > inequality signs had been used, the
boundary curves or lines would need to be dashed,
representing the fact that the actual boundary curve

or line is not included in the region.

L w=1-2i

i) w?=(1-2i)@1-2i)
=1—4i+4i°
=1-4i—4

= —3—4i

|w?| = JE3) 4 (-4) =5
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5 Complex numbers

(ii) ’z —w2| < ‘wz‘
|z —(-3-4i)|<5

Im

8

(il Im

Minimum value of |z|is +/13 — 2
Maximum value of |z|is /13 + 2

[il] Im

)

Minimum value of |z| is3—+/2

Maximum value of ’z| is3++/2

|z| = |z -2+ 2i)|
Minimum value of |z| isvV1Z+12 =2

1 (i) —2i= 2(cos L isin——)

5.5 The modulus-argument form of complex numbers

(Page 74)
T
2 2

(ii) 4 — 3i = 5(cos —0.644 + isin —0.644)

(i) 1+31i= Z(COS% + isin%)

(iv) 8 = 8(cos0 + isin0)
(i) 2(cos45° +isin45°) = /2 +/2i

(ii) cos(—%) + isin(—%) = %— %i

(i) 0.5(cos—90° +isin—90°) = —0.5 i

(iv) V2(cos135° +isin135°) = -1 +1

ImA
Ll
) B
B b 40 ] 4 Re
—t b
OABC is a parallelogram.
(i) & _2+i
u 2-i
_2+i,2+i
T2-i 2+
_4+4iti’
4-i’
_3+4i
5
=3+3i
u*
(iii) arg(;) = argu* —argu
4
-1l 5| _ o1y | . -1l
tan 3 = tan (2) l:tan (2)}
5
-1(4)\ _ -1(1
tan (3)—2tan (2)

57 Cambridge International AS & A Level Mathematics - Pure Mathematics 3 Question & Workbook © Greg Port 2018




5 Complex numbers

5.6 Sets of points using the polar form EUGEV{¥/{)]

1 (il Im
4
2
4 2 0 2 4 Re
i)
4
(i|] Im
4
2
4 2 0 2 4 Re
B ———— ]
4

(iii) fm

Lo L 2 4 Re
-2
4
(iV] Im
4
2
4 |2 0 2 N4 Re
.
4

2 (i) |[z-4-2i]=2
(i) arg(z—4-2i)=0

(iii) a=4—2cos%=4—\/§

b=2+25in%=2+\/§
Pis(4-+2,2+2)

liv) 0 < arg(z — 4 - 2i) < 2% and |z — 4 - 21| < 2

5

— D W B Lo aF

16-5-4-32-101 123 456 7R
12

[i] Im

Py

4 3 2 1 0] 1 2 3 4Re

=2

-3

4

(ii) cos%z%:ﬂczﬁ

(i)

(i) (@) Maximum value of |z|is +/10 + 2
Minimum value of |z is +/10 — 2
(b) Maximum value of |z — 3| is 3

Minimum value of |z — 3| is 1

. 2
c) sinf = = = 0 = 39.23°
(c) si Nt
tana=%:>(x=18.43°

Maximum value of arg(z) is
39.23° — 18.43° = 20.8°
Minimum value of arg(z) is

—(39.23° + 18.43°) = -57.7°

Cambridge International AS & A Level Mathematics - Pure Mathematics 3 Question & Workbook © Greg Port 2018




5 Complex numbers

5.7 Working with complex numbers in polar form

51
(Page 80) liv] &= Z(COS( )+ 1sm( 6 ))
1 u=4cos30°v=2c0s60° w = cos(—90°) B 4(cosz1'c + 1sm% )
i) u* = 4[cos(-30°) + isin(-30°)] 1 4 4
E COS —gn +isin §
(ii) v x w= 2[cos(=30°) + isin(—30°)]
1 2
(i) u x w* E(COS(,% )+ 1s1n(3n))
= 4[c0s30° +isin30°] X [c0s90° + isin90° | ‘a‘ 1
=4[c0s120° + isin120°] Bl 2
(iv) £=1[cos30° + isin30°] arg(g) 3T
u 2 B
v % = 4[cos30° +isin30°] Im A
v*  2cos(—60°) + isin(—60°) 7
=2[c0s90°+ isin90°] 6
wi) L= 1[cos0° + isin0°] 4 ¢
v 2[cos60° + isin60°] 3
(vii) w* = cos(—90°) + isin(—90°) ]
= cos(—-360°) + isin(—360°) (iv) 5
-1 -1 -6 -5 4 3 2 A ON\1 2 4 5 6 7 Re
1
@
= iy _ 2i(cos60° +isin60°) =2
(viii) u ~ 4(cos30° +isin30°) 3 \
_ l 0 ial o 4
= 2(cosSO +1sin30°) B \
1,. .
= =(icos30° — sin30°) =6
2 \(iii)
=7
2 i) T (ii) F
(i) T (iv) T 4 Letz=x+iy
) T (vi) T 1__1 XY
z x+iy x—1y
— _A_i = 5 51 .
3 a=-/3-i (cos( 6)+1sm( 6))  x—iy
22 2
B= 4(cosln + isinln) =4i vy
2 2 —iy
(i) |06|=2 _x2+y2
51 z*
argo = —= - L
6 |Z|2
(i) [ =4 5 22 =5-12
arg = 1n 2
2 (i) z° =13[cos(~1.176) + isin(~1.176)] or 13 cis(—67.4°)
lii) o (i) 2% = 5—12i = 13[cos(~1.176) + isin(~1.176)]
ST | i 5T 1 P | 1
= Z(COS(—?) + ISIH( ?)) X 4(COSETE + ISIHETE) 7z = (13 COS(—1.176) + isin(—1.176))2
_ 8(cos(—%ﬂ:) N 1sm( %n)) liii) z = V13 [cos (—0.588) + isin(—0.588)]
op| = 8 liv) z = V13c0s2.554 +isin2.554
arg|a[3|=—— vl z=-3+2ior 3-2i
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5 Complex numbers

6 u=--> i i=5¢ 2
Tt (iv) —5i = 5e
. _ 3 2—ai m
W u= i 2 (i) e3 =%+§i
_ 6—3ai
= 2.2 - i .
4—qa-i (ii) 2e ' =1.08 —1.68i
_6-3a i
C4+a’ (i) 4e'™ = —4
6 3a .
= 1 -
4+a’ 4+a’ liv13e61=—3\2/§—%i
.. 6 3a .
a u¥=———+——"=i
(lll( ) 4+a2 4+a2 Im A
34a+a2 )
argu* =tan”' c K
Z‘i‘(l :
:tanfl(%) R
(iii) S
:tan‘l(ﬂ) 4 3 210 2 3 4 5Re
2 - Ne
a . s (1'1) @{iv)
tan~ (—) ==
2 4 =3
a_ T 4
3 tan i .
a _
21 N
a= 2 3 (i) 4e3 ><3(cos (%)+isin(%))
2 2
_ 6 3a . T
(b) ’”|—\/(4+a2) +(4+a2) = 4e3" x 3e6’
LS
= |36+9a” = 12¢2
(4+a*)?
S (ii) (@) 2i+3+i=+3—-1i
36+9a = /3

4+ a%)? i |: T\, .o ﬂi|
(36+a9()12=2(4+a2)2 e 2608(6)““1(6)

36 +9a% = 2(16 + 8a* + a*)
36 +9a® = 32 + 16a* + 2a*

5.9 Complex numbers and equations EGEICR:1))

1 222 -z +4z+k=0

z =1+ 2iisaroot

0=2a"+7a*>-4

_ 2 2
0=2a"-1)(a" +4) So 1 — 2iisaroot.

= 22’ —1=0ora’+4=0 (z—(1+2i))(z-(1-2i))(2z2-¢)=0
a’ = % (no solution) (z-1-2i)(z-1+2i)(2z-¢)=0
2 42 _

So g = i% (z=1)"—4i")(2z-¢c)=0
(z2-22z+5)2z-¢)=0

3 2 2
RN LRI ENTE (Page 83) 227 —cz" —4z" +2cz +10z2 = 5¢ = 0

3 2
x, 227 +(-4—-¢)z" +(2c+10)z = 5¢ =0

1 (i) 22 “4-c=-1 = ¢c=-3
3, _ _
(i) —1+i=+2¢4 2c+10 =4 = c¢=-3

‘ k=-5x-3=15
(iii) 2 — 3i = V13 ¢ 9%
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5 Complex numbers

2 22 =10z*+37z+p =0 5 x'+Ax’ +Bx*+Cx+D=0
6°—10X 6> +37x6+p=0 li) Roots2+1i,2—1i,-2i, 2i
p=-78 i) (x—(2+1)(x = (2—1))(x — (=20))(x = 2i) =0
3 _ 2 _ x—2—-1)(x—2+1)(x+21)(x—-2i)=0
_, 2’10z _—|—637z 78 _ 2 4,413 ( X ) X )
z ; (x —2)% —i®)(x —4i*) =0
+.4 —4x1X
P —dz+13=0 = z=2 (4) 24 1x13 (x* —4x +5)(x*+4)=0
4+ 6 x*+4x? —4x® —16x+5x2+20=0
2 4 3 2 _
-2+ 3 x  —4x  +9x° —-16x+20=0

The other roots are 2 + 3iand 2 — 3i A=-4,B=9,C=-16,D=20
6 i) 3°+3*-7%x3-15
3 (i) 22-z+2i=0

5 =274+9-21-15
1+J(-1)? —4xix2i
1+ 82 So z = 3isaroot.
- 321 By long division or synthetic division,
T 31t 1 =7 15
-4 =2
=5 r o 3 12 15
2o Lyl I
i i7i L2
— iori the quotient is x~ + 4x + 5.
(ii) The coefficients of the polynomial are not real _ —4+42 —4x1x5
numbers. = 2x1
4 1) z'-16=0 =t
(22 =4)(z*>+4)=0
) ) 2) _ -4 +/4i’
z°=4 z°=-4 - f
z=12 z=1t-4 —4+72i
= +4i’ 2
= 12i =-2%i
= z=2,-2,2i,-2i (ii) Im
(ii) Im L0
3 .U
2@ 0.5
1 >
° * 2 -1 Re
3210 1 2 3Re 0.5
) ~1.0
—3
The solutions are all 90° apart. 7 Bon_=wm_12n_Tx
24 24 24 2
4
(iii) z' =k So the roots are % apart.
A N2 2
A+ =Q+1)"1Q+1) :>n=2%=4
=(1+2i+i2)(1+2i+i%) 5
=2i X 2i T .. T 4 T . . T
2 Ri = X = X
e (cos24 +1sm24) cos(4 24)+1sm(4 24)
— M, T
— 4 = cos ¢ +ising
> k=—4 = 73+%1
Other solutions are =1 +1i, -1 —i, 1 —1i 0= /3 p=1

2 2
Cambridge International AS & A Level Mathematics - Pure Mathematics 3 Question & Workbook © Greg Port 2018




5 Complex numbers

g A e (-] (Page 88)

1

(i) (@ z—-3w=(01-2i)—3(3-1)

uw =13
u(u—6i) =13

=1-2i —9+3i u? —6iu—13=0
=—8+i
T 6t J(6)7 —4x1x-13
(b) zw =(1-2i)(3—1) u= 3
=3—i-6i+2i’ _ 6i+/36i% +52
=3-7i-2 2
i+
=1-7i =76‘—2*/%
1__1 3+i 6i+4
(&) S =375 =5
_3+i =3i+2
9_i2 _ — .
3 = u=2+3,w=2-31
_3+1
~ 0 and u =-2+3i,w=-2-3i
10" 10 3 (i), (ii) and (iii) (a)
1
@ _3=i 1-2i "
Z¥ T 1+2i1-2i
4
_3-6i—i+2i’ ¢
1-—4i? 2
_1-7i )
5 4 2 2 4 Re
4
2 _ \2
fi) (a) o = 22 = 122"
w 3—-1 5
L — 4 + 4i (iii)(b) sinf = £ = 6 = 41.8°
=T3_7
o a aed = 0 = 90° - 41.8° = 48.2°
T 7351 7341
_ =9 3i—12i — 4i’
9—i?
—5—15i
10 16 5
3
(b] Im Oa
5 4 u=1+2i
| i) (1+20)° =1+4i+4i*=-3+4i
5 0 ] 2 Re (1+2i)° = (1+ 2i)(=3 + 4i)
. =(-3-2i+8i%)=-11-2i
. (1+2i)* = (=3 +4i)(=3 + 4i)
~4 =9-24i+16i* = -7 — 24i — 7 — 24i

—3(=11—2i) +5(=3 + 4i) — (1 + 2i) — 10
=—-7-24i+33+61—15+20i—1-2i—-10
=0

Sou =1+ 2i isa root.

Also 1 - 2iisaroot.
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5 Complex numbers

(i) (x — (14 21))(x — (1 - 2i)) i) (a) |z —(3-3i)|=<2
=(x—=1-2i)(x—1+2i) Im
= (x-1)* - (20)?
=x?-2x+1-4i°
=x2-2x+5
= p(x) = (x* — 2x +5)Q(x)
Qlx) = x*—3x>+5x2 —x—10

5-4-32-190 123 45 Re

x?—2x+5 T

=x’-x-2 i
:>p(x)=(x2—2x+5)(x2—x—2) :4
=(x?=2x+5)(x+1)(x —2) -5

The other two roots are x = -1 and 2 ib)
5 (i) Ifone of the rootsisz=3, thenp(3) =0
p(z) = 22 +z2+4z-48

p(3)=3>+3*+4x3-48

\\J ]
=27+9+12-48 Q@
=0
So the real root is 3. ‘
Using synthetic or long division, “
p(2)

22 =22 +4z+16

z-3

Solving z* + 4z +16 = 0, 3213 = Ji8

2_

Z=—4i\/42><411><1><16 p=\/ﬁ—2,q=\/ﬁ+2
_ —4+ =48 ind = —2 = 0 = 28.1°
_ﬁ Sin m
=7_4i248i2 tany=%:>y=45°
_ 41430 = B=—(y—-0)=—(45°-28.1°) = -16.9°

2 o = —(45°+28.1°) = —73.1°
=2+ 2./3i
24273 So m—2$|z|sm+2

So f=-2+23i and y=-2-2.3i and —73.1° < argz < -16.9°

(i) and (iii) Im 4 7 p(z)=2" -z +kz—27

A~ o B

(i) z-3isafactor = p(3)=0
3332 43k-27=0
27-9+3k—-27=0

(98]

d

1 3k :9
S k=3
5 4 3 20 2 4 5 Re . e
1 (i) (a) By long division or synthetic division,
=2 3 1 -1 3 =27
=3 3 6 27
[ ]
4 [ 1 29 0
h =pz)=(z-3)(z> +2z+9)=0
6 i) iw? =(-3+3i) —2+~/22 —4x1x9
iw? =9—18i +9i’ “= 2
iw? =—18i _ —2++/32i?
w? =-18 - 2
w? =18i* =-1+22i
w =+J/18i Soz =3,-1+22i,-1-2/2i
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5 Complex numbers

bl p(z?)=0
= z°=3 or z? = -1+ 22 or z2?=-1-2J2i
z=%J3 (a+bi)* = -1+ 22i (a+bi)* = -1-22i
a’ —b*=-1 a’—b*=-1
2ab =22 2ab =22
p=L2 p=-L2
a a
= a’ —(72)2 =-1 = a’ —(—72)2 =-1
az—a%=—1 az—a%=—1
at—2=-4> Soa==1and b =32
a*+a*-2=0
(@>+2)a’-1)=0
a’ = =2 = no solution

Soa=2land b = 2
Sothe rootsare /3, —/3,1+ V2 i,—1—21, 1-+21i,-1++21i

EREE LGOI L (Page 89)

1 () u=2+2i (ii) Im A
3
lu =v2% +2% =8 =22
argu :% 2
(ii] Im
4
3 3 2 3 Re
2 o .-
1 &
4737271710 1 2 3 4 Re
-2
-3
-3
4
. . -1+0 -2+1 1 1
midpoin = (20 21) (L1 1)
(iii) a® +1% = (V8)’ P 2 2 272
a=+7 |wtow2|=\/12+32=\/ﬁ
2 (i) w=-1+1i=+2 (cos% + isin%) = radius = @
2
w? = (\/5 (cos% + isin%)) =22 (cos 3775 + isin%t) Equation of the circle is |z — (—% - %1) = @

B 3n, .. 31
—2(cos > +1sin 2)
4 4 4 4

=22 (cos % + isin%)

3
wl = (\/5 (cos?'—Tc + isin3—n)) = \/53(cos9—7c +isin9—n)

:>‘w2‘ =2 argw2 = —%

‘w3‘ =22 argw’ = %
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5 Complex numbers

3 (i) iz2+2z-3i=0 W is the midpoint between (0, 0) and (4, 3)
H Wis (2, 1.5
, o 2% J2° - 4i(=3Q) ence Wis (2, 1.5
2i lw|=+2%+15% =25
_ 2% 4 +12i° (15
- 2i arg(w) = tan~ (7) = 36.9° or 0.64
_—2+.-8
2i 4 z=(ﬁ)—(J€)i
_ —2+4/8i?
T2 i) |z|= 2 =/8=283
_2+./8i
S arg(z) = —tan”' (%) = —60° or —%
=14 %
i
i, 22 lii) (a) z +2z* = (V2) ~ (V6)i + 2((¥2) + (V6)i)
‘_III‘_ = (3v2) + (V/6)i
=it2
¥ (V2)+ ({6l
= i — i b) —=F———"—"—
Soz=+2+ior —/2+i i i((V2)— (Vo))
(i) (@) |z| = |z — 4 - 3 _ (V2)+ (J6)i
- . .2
2| = |z - (4 +3i)| (V2)i - (Vo)

- dicular bisector b _(2)+ (B, (&)~ ()i
vg gc IS(I zp3erpen 1cular bisector between (JE)+(J§)i (Jg)—(ﬁ)i
©,0)and 4,3) (JI2) + 4i — VI

Im A = )
6—2i
\: _(2J12) + 4i
\ a 8
I\ 4+3 _(4B)+4i
3N h 8
2 \\ — £+ l
1 \\ =5 T3l
R ok P .
6 -5 4 B2 10 2 3\4 5 Re lii) 2 = (V2) + (Vo) iz = (V6) + (v2)i
=1 \ Im(z) A
> AN ;
\ pr
) \ :
=) / B
=6 T /
(b) The point where |z| is least is the point W on S
the diagram. 10 3 Re(z)
ImA .
\\6
S ZAOB = arg A —argB
N 8 8
4 \ 4+3 =argz™ —argiz
| a2
\W tan NG tan /6
RN - =tan”' V3 - tan" L
6 45 44 13 2 0] 1 2 3\4 5 6 Re V3
=1 \ _n_Tn
) \ 3 6
=3 \ =T
A \ 6
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5 Complex numbers

5 (i) u=2-1, u*=2+iisalsoaroot n 1 n -n

3 2 . .
x“+ax"—-3x+b=0 = cosnB + isinn@ — (cosnf — isinnh)

(x—2-))(x—-Q2+i)(x—k)=0 = 2 isin (n0)
(x—2+i))(x—2—i))(x—k)=g i) (z+%)4:z4+4z ( )+6z (%) ( ) L4

(x* —2x—ix—2x+4+2i+ix—2i—i’)(x—k) =

— 4 1
(x* —4x+5)(x—k) =0 = 2" +4z2° ot ot g
Looking at the x term, . +4(z L )+6
4k+5=-3=k=-2 z* z?
So (x? —4x +5)(x +2) = 0 (2c0s0)* = 2 cos 40 + 4(2c0s260) + 6
a=-2 b=10 16 cos*0 = 2 cos 460 + 8cos 20 + 6

cos’o = % cos 460 +%cos 29+%
lilz—ul<1=]z-(2-1)|<1

_1
= inside of a circle, centre 2 — i, radius 1 - 8(COS 46 +4cos 20 +3)

. s 1
|Z| <|lz+i|= |Z| <|z—(-1) i) (a) z- _ _2isin@
= all points closer to (0, 0) than —i '(z + l) i(2cos0)
Im A
1 — ZSiHQ
2cos0
- = tan 0
o a0 22 4 Re L2
7 N _ zZ—Z
-1 (b) 1-tan’6 _ (i(Z+Z_1))
‘\\ ,” l+tan29 ( Z—Z_l )2
L s I+ 77—
) Smaes i(z+2z7)
N z% + % -2
=3 1-— Zz

i%(z* + % +2)
(DL EEL T (Page 90) 4

, 22+ 1
1 V=3 T4 2
e xel =3 12(z2+zi2+2)
e*(cosy+isiny) =3 1+(2c0520 2)
x X __\2c0s20+2)
e cosy+ie siny =3 —1 (2c0529 2)
e*cosy=3 and e'siny=0= y=kn, keZ 2c0s20 +2
.y 2c0s20 +2 +2c0s260 — 2
Solving e* cos y = 3, 200520 + 2
elfy=..-3m, — 7, T, 37, 57... then cosy = -1 " 20820 +2 —(2c0s20 —2)
2¢0s26 +2
= —e” = 3 which has no solutions
__4co0s20
o Ify =—4m, — 27, 0, 2™, 47, 67... then cosy =1 Ty
=e*=3 = x=1In3 = cos 26
A n 1 _ _n —-n . — —1 = _E 1Q1 _E
2 i) z +z—n—z +z 3 () w=+3 1—2|:cos( 6)+1s1n( 6”
= (cos8 +isin@)" + (cosO +isinf) ™" " o TR
= cosnb + isinnf + cos (—n0O) + isin(—n0O) W= (2 [COS (_3) + ISIH(_E)D
= cosn@ + isinnb + cosnB — isinnd _ ol [cos (12 % _E) + isin(12 % _E)}
=2 cosnf 6 6
= 4096 [cos (—27) + isin(—27)]
= 4096
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5 Complex numbers

i 312 312(cos— +isin 725) (i) The equation has real coefficients, so ¢ = +/2 — /3
" is also a root. Since all the terms are even powers
s_1._1 T, T
2’ =35i=35 cos isin% of x, S0 are
- : —c=—J2 -3 and —¢ = -2 +/3i
z= ( (cos— +isin )) . _
32 2 These roots give factors of the polynomial
1 . . .
_ (%)5 [Cos(é y %) + ism(% « g)} (x — N2 = 3i)(x — /2 +/31)(x + 2 + +/30)
1 (x +~/2 —/30)
(C‘”Eﬂsmlo) = (x? = 242x +5)(x? + 242x +5)
The other four solutions are %n apart =x*+2x%+25
I 1 TE n By observation, we find that
= 2(COSE + lsmlo) 2((:055 + 1smz), (x4 +2x2 4+ 25)(x2 —k) =
( cos ?_65 +isin 9_65 ) is a factorisation of the original equation.

The roots are ¢,—c,—¢,k and —k.

1 3n 3n)| 1 n n
E(COS(_E) + lsm(_ﬁ)): 2 (COS( 10 ) + lsm(_ﬁ)) It is possible to find the last two roots by

i tion, by substituti 2= k.
ljii) (a) (cosO-+isin®)’ tnspection, by substituting x

(iii) Some quick geometry gives that the distance
= c0s°0 + 5cos* O(isin@) + 10cos’ H(isinH)* d 5 ve

between two roots is /2 and the centre is at

C=a+bi=(1+%)+(1+%)i

Shifting the points to be centred on the origin,

+10 cos’0(isin@)> + 5cosH(isinB)* + (isinh)°
= co0s’ 0 + 5icos* Osin@ — 10cos’ Osin’ O
—10icos? @sin’ 6 + 5cosOsin* O + isin° O

the new points are the roots of x* + r® = 0.
(b) (cosO + isinB)’ = cos56 + isin 560

2 2
. _ 4N 2 s .3 s 5 = L) +(1+L) = l+1+ 2+l
= sin560 = 5cos“0sinf —10cos“Bsin” O + sin’6 r \/(\/E 2 \[2 V2 2

=5 (1—sin’0)*sin@ —10(1 — sin6) sin>6 + sin°6

2 4 3 5 5 2442
=5(1-2sin"0 +sin")sinf —10sin” 6 +10sin” O + sin” . he di find
rom the diagram we fin
= 5sin@ — 10sin’0 + 5sin° @ — 10sin>0 + 10sin> O + sin” O &
. 5 .3 . 8 +(2+\/§)4 =
=16sin’ 0 — 20sin”@ + 5sinf X -
5 5 Now shift the centre from the origin to
(e) 16x° —20x° +5x—1=0 ) ]
Let x = sin@ C=(1+ﬁ)+(l+ﬁ)l
16sin’ 6 — 20sin” § + 5sinf = 1 p(2)=(z—(a+bi)® +r°
sin560 =1 8
1 =(z—(1+i)—(1+i)i) +(2+2)*
50 = sin” (1) V2 V2
50 = %’ 57, 9775, _777t, _377t In the original question, as well as the obvious
n =8, we have
g= T St 9t —/m 31 1 1 1
10°10°10° 10 * 10 +b':(1+_)+(1+_)'= 1+ (1+_)
a+bi 75 N (1+1) 5
— sinE sink sin2% —/T —3n and
= x= smlo,smz,smlo,sm( 10 ) sm( 10 ) \
=(2++2) =68+482
4 (i) r(%)r(1—%)= r
Sin5 T
2
1) _
[r(zﬂ -
Y-
2
S\_3p(3) =34 1p(L)23
F(z)_zr(z) 2X2r(2) VT
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5 Complex numbers

5 z°—-1=0,
z-DE*+2°+2z°+z+1)=0

Roots of z° —1=0 are

z= [cos(zlgn) + 1sm(2§n)} k=0,1,2,3,4

and k =0 givesz =1, so

2+ 22+ 2z 41

N R S e C R ) G e R S e R |
(<=2 22 = ) 2 (=) s s>D( ool )l )

COos
271;) + 15111(2575)] + |:COS
T

25t o2 25 - 22
(4] e 25 42

ol o0l

and [cos{ 25 + n[ 23] [co{ 28 + sn( 5] -1

2+ 2+ z4+1=

( 2cos(25“)z+1)(z —2cos(45 )z+1)

Comparing coefficients of z°,

1=1+1+ 4cos(25n) cos(45n) and

2n 4T 1
cos( 5 )cos( 5 ) 4

6 i) ZZ=%(a+\/a2+b2)—%(—a+\/a2+b2)

»_aa, bl _
z —2+2+212—a+1’b|
(i) (a) Forc = 1+%,
i\ i
f7(0)=c¢ +c—(l+§) +(1+§)
7.3
RVRE)

‘fZ(O)‘ = i(\/49+36) - @ >2

soz =1+ % is not part of the set.
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5 Complex numbers

For ¢ =1,

£20)=c?+c=(i)> +i=—1+i
and‘fz(O)‘z J2 < 2,50 OK so far.
£300)=(-1+i) +i=—=2i+i=-1
and‘f3(0)‘= 1< 2, so OK so far.

£4(0) = (-)* +i=—1+i
and so the process will loop continually, with

< 2 for all n, and z =i is part of the set.

(b) f(0)=c, f2(0)=c*+c=a+ib+c
cz\/%(a+ 4a2)+i\/%(—a+ 4a2)
= /%(351 +i\/%=\/%(\/§+i)

£(0) = a+ib+ \[4(J3+1)

=a+\/%+l(€l\/_+\/7
andwhena—8 £2(0) —+1(?+4)
_1+2J— (3 +2
_ 1] +1( . )
So |£2(0)] = é\/(l +243)% + (3 +2)°
= 13 +45)+ 7+ 43)
_%\/2o+8\/§
1
=4 5423
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