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Answers

1 Algebra i 3
x2+1i3x2+5x—1
(Page 2) ~(3x” +0x+3)

5x —4

1 i : ?
Expression | Polynomial Yes /No? | Order Quotient 3, remainder 5x — 4
2x - x° Yes 2
2 (iv) x?+2x—1
2 x No xz—x)x4+ x®=3x*+2x—4
0 Yes 0 —(x*= x%)
2P +2xP+1 Yes 23 2x° —3x?
3 2
PEEP SN No —(2x —2x2)
x> +2 Yes 2 B x2 +2x
s —(+ x)
5+ x + Tx Yes 45 x—4
1-3x Yes 1 Quotient x* + 2x — 1, remainder x — 4
2 x’—4=(x-1)(Ax*+Bx+C)+D 5 x
A=1 xz—bix3+ 5x+a
B-A=0=B=1 -(x* = bx)
C-B=0=C=1 (5+b)x +a

D-C=-4=D=-3 5-1;b=0:>b=—5
a=2
3 (i) 4x’+2x?+5x

(i) 3x° — 2% + %7 —15x° + 10x — 5 1.2 Solution of polynomial equations GEV-CYN)

=3x° —2x* —14x3 +10x =5 1 (i) (a)10 (b) -10
(0 & (d) 0
4 i) x+1 (i .
ii) f(1) =0= (x - 1) is a factor of f(x).
x+2ix2+3x—1 i :
5 Dividing to find the other factors:
—(x“+2x)
x—1 x> —2x-8
—(x+2) x—l)x3—3x2—6x+8
-3 x*— x?
Quotient x + 1, remainder -3 —2x% —6x
2
i - 2Py 8x— 4 _2367_? .
1 3 2 —oX —
2 +1)2x" — 17 +15x7 + Ox+12 erts
—2x*+ x?) — %
5.3 2
2 lsx f(x) = (x - (" - 2x - 8)
e (= D)(x ~4)(x +2)
— — — — +
l6x* + Ox * * *
—(16x> +  8x) (iii) x=-2o0r 1 or 4
- Sx+12 2 i) h(-1)=2(-1)"-5(-1)* —4(-1)+3
—(~8x— 4)
e = 2-5+4+3

Quotient x> —x?+8x— 4, remainder 16 =0
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1 Algebra

(ii) 2x2—7x+3 k+6=-k+9
x+1)2x° —5x% —4x+3 2k=3
2x° +2x° k=3
—7x% —4x 2
—7x* = 7x 6 p(x)zx3 +ax® +3x
3x+3 _ 3 2 -
13 p(2)=26= 2> +ax22+3x2=26
0 8+4a+6=26
4a + 14 =26
h(x) = (x + )(2x* = 7x + 3) a=3
=+ Dx - Dlx _13) So p(x) = x4 3x% + 3x
iii) h(x) =0 wh =-lor-or3
liii) hx) = 0 when x = —Tor 3 or p(—4) = (—4)° + 3(~4)> + 3(-4) = 28
(iv) h();) Remainder is —28
4
1.3 The modulus function RGEF-XI)
1 (i) y:|2x|
r and
2 p 4% =2 e
3/
5765432 19N\12345678¢
21
31
-4+
3 f)=x"+4x-1lx+k j
f(-5) = 0= (-5)° + 4(-5)* - 11(-5) + k=0 i vl
8t
-125+100+55+ k=0
30+k=0 (i)
k=-30 Equation Description
4 f)=x"—6x> + 7 + px+q y= |x + a| Shift a units to the left or right
f-1)=0= y = |x| + b | Shift b units up or down
(=1)* = 6(-1)* + 7(=1)* + p(-1) + g =0 y =|ex| Makes the line steeper or shallower
1+46+7—-p+q=0 y =d|x| Makes the line steeper or shallower
p—q=14 y = —e|x| Makes the line steeper or shallower
f(—2) =72 = and turns it upside-down
(2 = 6(=2 +7(=2)* + p(=2) + q =72 2 (i) y
16+48+28—2p+q="72 :
2p—q=20 3
Solving simultaneously, p = 6, g = -8 )
5 h(-1)=(-1)" = 8(-1)’ + k(-1)* = 6(-1) - 9 6543210 12345 6%
=k+6 2
3
g(-1) = k(-1)> + 3(-1)* + 7(-1) + 13 A
=—k+9 -5
_6
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1 Algebra

(iii)

(iv)

3 (i

(ii)

(iii)

4 (i)
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|x-1=2=x-1=2or x—1

x=3or

X

5 (i)

(ii) |2x+3|=7=2x+3=7 or 2x+3=-7

x=-5

x=2 or

Gii) |x+4|=|x -2

x=-1
(iv) |3x+4|=]4—«]

-6 —4 -2 0 2 4 6 x

Ix+4=-4+x=>x=-4
3x—-4=-4+x=x=0

|x+2/<5=-5<x+2<5=-7<x<3
i) |x+1<|x-2|

72_

Solving, x +1=—(x—2)
x+1l=—-x+2

2x =1
x=1

From the graph, x < %
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1 Algebra

(i) [2x —3|>]|x + 3] 6 (i) |2x+1<|x-3

y
12+

6 8 x

Solving, ~(2x =3)=x+3 = Solving, 2x —1=—x+3 = x =—4

2x+3=x+3=x=0 2x+1=-x+3 =x=2
2%-3=x+3=>x=6 From the graph, —4<x<%
From the graph, x <0 or x > 6
(iv) 3)x+2/<1-x lii) Greatest value is when x = 2,
y 2490=22
: sl . ‘34—2 23
7 |x—2a|<|x+a4
y
-6 -4 7‘2 0 2 4x
_2_
Solving, —3(x +2)=1-x x
-3x—-6=1-x
—2x=7 .
* Solving, —(x —2a) =x+a
_ 7
X=-3 —x+2a=x+a
3(x+2)=1-x “Zix
3x+6=1-x *=24
dx=—> From the graph, x > %a
=3
YTy Further practice [NGERCR[
From the graph, —% <x < —% 1 2xX°-3x%+x-2=(x+2)(Ax* +Bx+ C) + D

A=2
2A+B=-3=>B=-7
2B+C=1=C=15
2C+D=-2=D=-32

2 (i) x*-xP—x>+10x+1
i) (x*-1)%—-(x*-2)*

=((x* =1 = (x? =2)((x* =)+ (x* = 2))
=1x(2x?=3)
=2x*-3
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1 Algebra

(i) x2+ x-3
x—l)x3+0x2— 4x+3
—(x3— xz)
x? — 4x
—(x* = x)
- 3x+3
—(-3x+3)
0

Quotient x? 4 x — 3, remainder 0
(ii) 4x+ 1
2 3 2

X —2x+1)4x —7x"+8x +14
—(4x> - 8x2 + 4x)

x*+4x+14

—(x*-2x+ 1)

6x +13

Quotient 4x + 1, remainder 6x + 13

f(x)=x3—3x2+px
f(4)=0= 4> —3(4)* + p(4) =0
64—48+4p=0

16 +4p =0
p=-4
f(x)=2x* —5x° +mx’ —x+4
1) _
f(z)—0:>
4 3 2
1) (1 1)y _ (1 -
2(2) 5(2)+m(2) (2)+4 0
1 5 m_1_,_
3 8+4 2+4 0
m_ 3_
4+3 0
m=-12

xP— 2x*—7x—4
2x—1)2x* - 55— 12x - x+4
x*— x?)
—4x’—12x2
(—4x°+ 2x?)
—14x% - x
(—14x* + 7x)
—-8x+4
(—8x+4)
0

So f(x)=(2x —1)(x* —2x* = 7x —4)

7

Let g(x)=x3 —2x?—7x—4

g(-1)=0= x+1isafactor

x? —3x—4
x+1)x3—2x2—7x—4
(x> + x?)
—3x%-7x
(- 3x% = 3%
T x4
(—4x —4)
0

f(x) = (Q2x —1)(x> —2x% —7x — 4)
=Qx—-1D(x+1)(x*-3x—4)
=QRx—-D(x+1D(x—4)(x+1)
=Q2x-D(x+1)*(x—4)

Graph of f(x):
f(x)

S

o2 0 2 X
,20 -

—40
—60
—80

f(x)=x*+px’ +9x> +qx — 12
f2)=0=
@'+ p2)7° +92?%+q(2) -12=0
16 +8p+36+2g—-12=0
8p +2q = —40
4p +q=-20
f-)=0=
1)* + p(-1)* + 9(-1)* + g(-1) = 12 =0
1-p+9-q-12=0
P-q9=2
Solving simultaneously, p = -6, g = 4
i) plx)=2x"+6x>+ax+b
p(-3)=-25=
2(-3)* +6(=3)* +a(-3)+ b =25
—54+54-3a+b=-25
3a-b=25
p(2) =55 =
2(2)° +6(2)* +a(2)+b =55
16 +24+2a+b=>55

2a+b=15
Solving simultaneously, a = 8, b = -1
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1 Algebra

(ii) 2x+6 10 () |3x-1=8=3x—-1=8 or 3x—1=<-8
2 3 p
X +1)2x +6x" +8x—1 x>3orxs—%
—(2x° + 0x% + 2x)
6x*+6x—1 lii) |4x|<|3— x|
—(6x2 +0x +6)

6x—7
Quotient 2x + 6, remainder 6x — 7

8 x?—4x+2
x2+2x—l)x4— 2x°— 7x*+7x+a
—(x*+ 2x°—  x?»

—4x’ - 6x*+7x
—(—4x° -  8x%+4x)
2x2 +3x+a
—(2x* +4x-2) Sl
—x+(a+2)

Solving,
a+2=7=a=5b=-4,c=-1

—A4x=3-x=>-3x=3=>x=-1
9 i) 7-|3+4x|=2

4x=3—-x=>5x=3 :>x=§
5=|3+4x| N X 3 5
l=sx=<2
34+4x=5 or 3+4x =—5 From the graph, -1 < x 5
xz% or —2 1 |3x + 4a|=5a
3x+4a=50a —=x=2
(i) |[2x—1]=|x+3] 3
3x+4a=-5a = x=-3a
12 y
iy -
b
2L
2x—1=x+3=>x=4 Solving, a — x = =2(x + 3a)

2x+1l=x+43=>-3x=2=>x=— a—x=-2x—06a

[SST1\S)

x=-7a
Also a— x = 2(x + 3a)

a—x=2x+6a

—5a=3x
- _3
*=73

From the graph, x < —7a or x > —%a
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1 Algebra

Past exam questions RULI-CRI)

1 2]x-3|>|3x+1]
. ,

-8 6 4 2 0

Finding intersection points,

“3x—-1=-2(x—-3) 3x+1=-2(x-3)
-3x—-1=-2x+6 3x+1=-2x+6
—-x=7 5x =5
x =7 x=1
From the graph, -7 < x <1

OR

(2(x-3))* > (Bx +1)°
4(x* —6x+9)>9x% +6x+1
4x* —24x+36 > 9x* +6x +1
0> 5x” +30x — 35
0>x>+6x—7
0>(x—-1)(x+7)
-7<x<1

2 p(x)=x3+4x2+ax+2
(i) p(-1)=p(2)
(-1 +4(-1)* + a(-1) + 2
=23 4+402) +a(2)+2

5—a=26+2a
—21=3a
a=-7

lii) pA)=1"+4x1"-7x1+2=0
By long division or synthetic division,

1 |1 4 -7 2
1 5 -2

l1 5 =2 o0

Quotient is x> +5x—2
3 p(x)=ax3—3x2—11x+b
il p(-2)=0=
a(-2)* =3(=2)* —11(-2)+b=0
—-8a—124+22+b=0
—8a+b=-10 (1)

p-)=12=
a(-1)’ =3(-1)* -11(-1)+b =12
—a-3+11+b=12
—a+b=4 (2)
Solving simultaneously,a =2,b =6

lii) p(x)=2x’-3x*-11x+6

) 2 3 11 6
4 14 -6
2 7 3

p(x) =(x+ 2)2x% = 7x+3)
=(x+2)2x—-1)(x —3)
(i) (x+2)is afactor = p(-2)=0
4(=2)° +a(-2)* —(a+1)(-2)—-18=0
-32+4a+2a+2-18=0
6a—-48=0
a=38
lii) Factorise p(x) = 4x> +8x* —9x — 18

) 4 8 -9 -8
8 0 18
l4 0 -9 0

p(x) = (x +2)(4x* - 9)
=(x+2)2x-3)2x+3)

(i) 2x— 3
x2—2x+5)2x3— 7x%— 9x+ 3
—(2x° = 4x* +10x)

- 3x>-19x+ 3
—(=3x% + 6x—15)
—25x +18

Quotient is 2x — 3, remainder —25x + 18

(ii) Subtracting the remainder from the original
expression,

(2x> = 7x%* —=9x + 3) — (—25x + 18)

=2x> —7x* +16x—15

Sop=16,q=-15
|x+a|=]|2x—-5a|

Solving, x + a = —2x + 5a

3x =4a
_4a
*=73

X+a=2x—->5a

X =6a
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1 Algebra

UE ELC BTG (Page 11) 4 (i) ax* + (b+ar)x + (c + br + ar?)
3 2
1 x? +(a—>5)x + (=5a + 37) X r)ax3+bx 2+cx+d
x+5)x3+ax2+12x+b _M
“(x* +5x2) (b+ar)x” +cx

—((b+ar)x* = r(b+ar)x)
(c+br+ar®)x+d

(a—5)x*+12x
—((a=5)x*+ (5a = 25)x)

(—5a+37)x + b —((c+br+ar®)x —r(c+br+ar?))
—((=5a + 37)x — 25a + 185) d+rc+br* +ar’
b+ 25a—185 3 5
.. —(b+ar)i\/(b+ar) —4xXax(c+br+ar”)
a-5=10=a=15 i) x= 5
- 2 1_5;537 78_538 1:5>0C =38 _—(b+ar)x \/b2 + 2abr + a’r* — dac — 4abr — 4a’r?
amioo= a 2a
+25%x15-185=1
b+25x15 82_ >0 _—(b+ar)i\/b2—2abr—3a2r2—4ac
=40 B 2a
2 Onesolutionisa=3,b=4,c=1,d=4 5 (i) (a+b+c)=a’+b>+c*+2(ab+ac+bec)

|3x — 4| <|x—4| 5
5% =9+ 2(ab+ ac + bc)

Alsoa=5b=4,c=-1,d=4 25-9 _

anda=-8,b=-6,c=2,d=-6 ab+ac+bc = 2 8
2x +1 1.1, 1_
3 ﬁ‘gz Also’a+b+c_2
25 +1] _ Multiplying by abc,
|x—1| = bc + ac + ab = 2abc
25 +1| < 2|x -1 8 = 2abe
abc =4
(ii) If a, b and c are the roots then
x-a)x-bx-c=0
= (a+b+0x*+ (ab+ ac+ bo)x — abc =0
Hence, by comparing coefficients,
a+b+c=5,ab+ac+ bc=8and abc=4
(as above)
(iii) a=1,b=2,c=2
6 Let the polynomial be f(x). When f(x) is divided
6 x by (x —1)(x — 2)(x — 4) we get a polynomial, Q(x),
ol with degree 42 and a remainder, which must be a
Solving, 2x +1 = -2(x — 1) quadrati(;(as)the divisor is a cubic poly;lon;ial.
x _ ax“ +bx+c
2x+1=-2x+2 G- 2= - G- -9)
el £(x) = QUx)(x — D)(x — 2)(x — 4)
*=2 t+ax?+bx+c
Fromthegraph,x<i f)=a+b+c=4 )
2 f2)=4a+2 = @
OR squaring both sides, (Zx * 1) <2? (2) at2btc=7
x—1 f(4) = 16a +4b+c = 25 ®
Q2x+1)° < 4(x-1)° Subtracting @ from @, 3a+b =3
4x’ +4x +1 < 4(x* —2x +1) Subtracting @ from @), 12a + 2b =18
4x? +4x+1 <4x’ - 8x +4 Solving simultaneously,
12x <3 a=2,b=-3,¢c=5
1
x =y The remainder is 2x* — 3x + 5.
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2 Logarithms and exponentials

2 Logarithms and exponentials (vil 10g8_10g2+10g5zlog(§)+1og5

(age 12 ~ log +log5 = g0

1 i) log,16 = 4 7 (i) log6=Ilog(2x3)=log2+log3=a+b
210= 2
(ii) log% = logg’—2 = log3® — log2”

lii) log;27 =3
o83 ) = 2log3- 2log2
(iii) log, 7¢ = —2 =2b-2a
2 ) ol (i) log0.2 = log% =log2 — log9
o 2 =log2 - 2log3
(ii) 31=9 —a-2b
. E _
lii) 4% =2 8 (i) log,, A = 2log, b + 1
3 (i) log,8=3 log,, A —2log,b=1
i I N S E S log)p A —log o b* =1
(ii) Letlog6216—x:>216—63—6 sox=-3
1 X 1 X 1 -3 logm(%) =1
(iii) Letlog127=x:(§) =3’ :(5) =(§) =>x=- b
: b%leorAlebz
: _ x_ 2\ 1 2x _ 41
liv) Letlog,4=x=16"=4=(4?)" =4'= 4> =4 (i) 2log, D = log,(E - D+ log, 3
2x=1:>x=% log5D2:10g53(E—1)
ER D*=3E-3
(v) logs5v/5=1logs52 = > 9 (i 2 =12
(vi) log;,30=1 Y log2™ =logl2
(Vlll l()lgﬁ4=X :>(\/§)X :4:>(22) :22 x10g2=10g12
Ex =92 l = =
27 =2 = x=2=x=4 1 lec:)g122=3‘58
viii) loggv2 = x = 8% =42 = (2°)" =22 &
T ) 6 =47
TEITXER TG log6™ =log4™™
2
(ix) log9 = log3 = 2log3 _2 2xlog6 = (x —1)log4

log27 log3’ 3log3 3

; 2xlog6 = xlog4 —log4
4 (i) log,a=5=2"=a=a=32

2xlog6 — xlog4 = —log4

- _ 3 _ -
(ii) log.27=3=¢c =27=c=3 x(2log6 — log4) = —log4

lii) log,5==e=5°=-=e=—2 g
5 (i) 1 2log6 —log4 ’
(i) 0 (iii) 2¥713% = 16
(iii) _% log(2*73%) =log16
6 (i) log20 log(2*™) +10g(3*) = log16
(i) log7 1 (x —1)log2+ xlog3 =logl6
(iii) %log36 =log362 = log6 xlog2—log2+ xlog3 =logl6
liv) 2log3 + 3log2 = log3” + log2’ x(log2+log3) = log16 +log2
= log9 + log8 = 081641082y o35 ¢y
— log72 log2+1log3

I 1 , (iv) log,,x + 3 =log,,(x + 3)
(v} Slogl00 — 2log5 = log100? —log5

log,ox —log,(x +3) = -3
= log+/100 — log25

10 _, 2 log0 533 =3
=log>= =log= X _q1na3_ 1
25 5 x+3 10" = 1000
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2 Logarithms and exponentials

1000x = x +3 (ii) Since graph is shifted 2 to the right, a = -2
999x =3 y=log,,(x=2)+b
3
X =559 2=1log,,(12-2)+b
OR b=1

I
10108105+3 = 1qlogn(x+3) 12 () 8.3=log,,—" = 83 =logyy I, —log;oS

10%°810% % 10% = x + 3

I
7.1= loglo?C = 7.1=1log,, I, —log,,S
xx1000=x+3

3 1.2 =logyy I, —log,o I
~ 999

(v) log,(x—1)=log,x~1

X

1.2=log101—M
Ic

I
2l0g2(x-1) _ 5log -1 7L =10 =158 =16
= c
x—1=2"8%x ! I
1o xxl (i) 83= longM = 8.3 =1log,o I, —log,,S
2 1
2x —2=x EIM 1
=2 x=log10T:>x=log10§IM—log108
(vi) 7 =7% 477 83—x =1log,o I, —loglo%IM
7x+2 —7% = 72 IM
x2()_72) 52 8.3—x=10g10_11
2 27
7x+2 1_77_2 8.3 —x =log,,2
w2 _ 2401 x=83—-log,,2=38
48 I
(x + 2)log7 = log 2401 i) 7.1= loglo?C = 7.1=log, I —log,,S
48
21
logzigl ) — 00106 X = longC = x =log,, 21, —log,,S
X = -2=0.
log7 x—=71=log, 2, —log,y I,
10 (i 2% <5
(i x=71= loglozli
log2* < log5 c
xlog2 < log5 x—7.1=log;2
log5 x=714+log,y2=74
log2 13 xy* = 80 = log(xy?) = log80
x <232 = log,y x + 2log,, y = log,,80
(ii) 3x2¥ 1 <5 Solving simultaneously,
931 % 2log,ox +1og, ¥y =2
2 Dlog2 < log3 log,,x + 2log,, y = log,,80
(3x —Dlog2 < og(g) Multiply first equation by 2:
log(%) 4log,ox + 2log,y y = 4
3x—-1< Tog2 Subtract:
log(ﬁ) 3log,ox = 4 —log,,80
13 4 —log 80
X< 3 10g2 +1 ]oglox = #
4—log;( 80
x < 0.579 x=10 3
M) 5=a(2)+b=5=a+b X =5
5 xy® =80 = 5y% = 80
14=a(2?)+b=14=4a+b 16
30=9=a=3b=2 -
y=+4
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2 Logarithms and exponentials

2.2 Modelling curves GEIERD) (iv) 18 years = 216 months
1 1) y = kx? L =50(1.026)*'° =12 788 cm
which is about 128 m.
The answer is clearly unreasonable because the

model does not account for the fact that the rate
of growth changes as we age. This model may

log y = log(kx?)
log y = logk + logx”
logy = plogx + logk

(ii) Gradient is p, y-intercept is log k. only be useful from birth to 36 months.
2 (i) m w log,;m | log, /W 4 y=kb*
1 8.00 0 0.903 logy = log(kb™)
2 566 | 0301 | 0753 logy = logk +logb™
5 3.58 0.699 0.554 log y = logk — xlogb
10 2.53 1 0.403 logy = (—logb)x + logk
e _ 34-07 _
(ii) log W = blogm + log A Gradient = —logh = - 4213 0Pl
Gradient is b, y-intercept is log A. = logh =0931.. = b =853
b= _%8-403 =05 logy = (—logb)x + logk

3.4 =(-0.931)x 1.3 + logk
= logk = 4.61... = k = 40800(3.5.f.)

logA = 0903 = A =10"" =8
(i) (@) W =8m™" =8x(12)"° =2.31kg

2.3 The natural logarithm and exponential
o 8 <1 rage 9
m05 <% 1 1) 2t —y
L < l ln(ezx“) = ln4
Jm 8 2x+1=1n4
8 <Jm _In4-1
X=—
m > 64 2
3 i) (i) Inx —In4 = In(x — 4)
: t i, log,,L Inx —In(x — 4) = In4
0 50 1.70 In—*_ =1n4
x—4
5 57 1.76 X _ 4
10 66 1.82 x—4
15 77 1.89 x = d4(x—4)
20 87 1.94 ¥ =dx-16
§ 16 = 3x
36 128 2.11
il  L=Ab
logL = log(Ab") (iii) e™ +e* =30
logL = logA + logbt (e")2 +e*=30=0
logL = tlogb + log A Lety =e* =
logL = (logb)t + log A y2+y-30=0
y=mx+c (y+6)(y—-5)=0
(iii) Gradient of the line = log b y=-6or5
_211-1.70 _ e* = —6 (no solutions
logb T 0.0113... ( )

e*=5=x=1In5
b =103 1 026

logA =170 = A =10""" = 50
L =50(1.026)"
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2 Logarithms and exponentials

(iv) Inx =In(x+1)+1

Inx—In(x+1)=1

7 (i) p=e*andg=¢e"

p=e" = Inp=280

lnﬁ = q=¢"" = Inq =300
2
X _ A _
Pl ln(T)—lne+21np Ing
x=exte =1+2x 280 — 300
Hl-e)=e lil  5">pgq
x= ﬁ nln5 > In(pq)
2 InA =3InB+ 2In3 nin5>Inp +Ing
InA—3InB = 2In3 nln5 > 280 + 300
InA - InB® = In3? n> f@
n5
In4 = 1no n>36037...
B
% — 9o A=9B® Smallest integer is 361
U ETETEE (Page 21)
3 6 ()" =n(e2) = 2(x + y)=2x+2y
1 6 2
- 2lnx+3lny _ Inx?+lny? _ Inx? Iny’ _ .23 .. 1
(i) e Y =e 7=e™ xe™ =x7y i) log,,0.1= 10g10E =1
4 y=Ax" (iii) log,1=0
Iny =blnx+InA _log8 log2® 3log2
The gradient is b and the y-intercept is In A. (iv] log2 ~ Tog2z _ log2 3
X 1
b=133=05_171 (3s6) (v) logov3=x=09"=3=(3%) =32
d-1. 1
Iny =blnx+InA 32x=32:>ZX=%:>X=i
05=171..x12+InA i) 10802 log5™ _—log5 _ 1
InA=-1552..= A=0212 (3sf) " logas  logs?  2logs 2
y = 021257 2 i) logb=—2=3"=b=b=3
. 1
5 (i) N, =1000 (i) logd8=%zd2=8:>d=64
li) N =1000e"*" = 7389 = 7390 (3 s..
o (3sL) lii) logss6=f =36/ =6= f=1
(i) 2000 = 1000e*"" = "% =2
12 36 2 (i) -1 (i)
0.4t =In2 = t = = = 1.73 hours .
0.4 4 (i) logl44
= L hr 44 mins lii) 3log4 = log4’ = log64
liv) 10° =1000¢°* = " = 1000 liii) 2log4 — log32 = log4® — log32
0.4t = In1000
111000 = logl6 — log32
=t =—5-—=173hours =17 hr 16 mins 16
0.4 =log>>
32
6 ex—l — e—x _ l
x—1 1 - 10g2
¢ T 1 1 1
€ (ivl =log9 — >log8 + —log256
X x—1 2 3 4
e Xe =1
o251 = log~/9 — log3/8 + log4/256
rx—1=0 = log3 —log2 + log4
| = log% + log4
2
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2 Logarithms and exponentials

(v) 2log5+ %log64 - Zlogl21 log4 + log3 = x(2log4 ~log3)

v log4 + log3
E 3 = Jloed —log3
= log5” +log643 —logl1212 211034 log3
= log25 + log4 — logl11 = Ogié =1.48 (3s.f)
= log100 — log11 log(?)
- 104%) (i) logs(x —1) = logsx — 1

510g5(x—1) — 510g5 x—1

5 (i) logl2=log(4x 3)=log2® +log3 1= 5l8sx 5 51

= 2log2 +log3 1
=2a+b x-1 =xX3
lii) log8 = log2’ = 3log2 = 3a Sx—5=x
4 22 1 4x =5
(iii) logﬁ =log =y = log2?® — log32 5
32 | X = Z
= 2log2 - 7log3 liv) log;(x +4)—logs(x —4)=1
—oa-1 4
= 2a Zb 10g3(§t4)=1
6 (i) log, M= loglo(g) ~log,o R’ (;c—"_'i) =3
(g) x+4=3(x—-4)
Q =3x—
log,, M = long x+4=3x-12
16 = 2x
- p x=38
log,o M = logy, 2
QR x_ 2
lv) 3-4"=%
- P 4"
QR

3(47) - (47)" =2
(ii) log;S=2-1log,~T —3log,U

0= (4")2 3(4%)+2
= — +
log; S = log;9 — log; T —log, U’

Let t =4 =
9
log3$=log3ﬁ—log3U3 2340 =0
= logy—— (t-1)(t-2)=0
log;S = log;—
UNT t=1or2
9
S= T 4 =1 or 4 =2
_ 1
7 (i) 3 =04 x=0 or 3
log3™*! =log24 8 (i 4 -2<18
(x+1)log3 =log24 42 <20
4= 1;)&;234 log4™*? < log20
°8 (x+2)log4 < log20
x=10824 ) g : 1g20
log3 . x<-220_)
i x+1 2x-1 10g4
i) =4 x <0.161
log3*™! = log4**™!

i) [3*-2)=1=>3" -2=1o0r 3 -2=<-1
(x +1)log3 = (2x —1)log4

3"-2=21=3"=23=x=1
xlog3 + log3 = 2xlog4 — log4

3F<1=>x<0

x<0andx =1

log4 +log3 = 2xlog4 — xlog3
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2 Logarithms and exponentials

p
9 125= ZOIOgIO( Planej
PO
125 = 20(10g10 Pplane - loglo PO)

P
110 = 2010g10(%)
0
110 = 20(log,o Py, — logo Py)

15 = 20(10810 Pplane - loglo Pband)

15 _ log P plane
20 P band

15
=102 =562

plane

B band

; _1 2
10 (i) In2x = 2ln16+ 31n8

1 2
In2x =In162 + 1n83

In2x = In4 + 1n4
In2x = Inl6
2x =16

x=28

(i) 3™ +1=2e"
3
eX

2
3+ =2(e”)

0=2(e*)’ —e¥ -3

+1=2e"

Let y =e”
0=2y>-y-3
0=02y-3)(y+1)
y=-1 or%

e* = —1 (no solutions)
e*=3=x=In3
2 2
(ii) In(x+1)+1=3
In(x+1)=2
x+1=e?
x=e’-1
(iv) e — e =2e"

Lety =e* =

¥y =y-2)=0
yiy+D(y—-2)=0
y=0or -1 or2

e* =0 or —1 (no solutions)
e*=2=x=1In2
11 (i) log,(x —4)=2-log, x
log,(x —4)+log,x =2
log, x(x—4)=2
x(x—4) =47
x> —4x-16=0

Y -
x=4_\/( 4)2X‘11><1>< 16 47 or647

Since x > 0 (In x is only defined for positive
values of x), x = 6.47

(ii)

12 s -3 =15
8 —-3* =15 = 3* = -7 (no solutions)
1
§—3 =152 3" =230 x = B2 _ 545
log3
13 y=Ab"
Iny = In(Ab*)
Iny=InA+xInb
Iny = (Inb)x +1nA
_94—-45 _ _
Inb=25=22 =272 = b =152
45=272%x41+1nA
InA =—-6.652 = A =0.00129
14 6*=6""4+6
6"-6""=6
6*(1-67")=6
x(7 1) _
6 (1 6)— 6
x(5) _
o*(3)=
x _ 36
6" = 5
log6™ = 10g(35—6)
xlog6 = log(i_‘—6)
log( )

log6
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2 Logarithms and exponentials

15 In(3x +2) = 2Inx + In2 li) (y-Dy-3)=0
In(3x+2)—2lnx =1n2 y=1 or y=3
In(3x +2) —Inx* = In2 2°=1 or Zx:’;’ ;
- _ 1085
ln(39§;2)=ln2 x=0 or x= 10g2_1'58 (3s.f)
3x-;—2=2 2 In(l+x%)=1+2Inx
x In(1+x%) _ _1+2Inx
3x+2=2x’ € -¢
0=2x"-3x-2 1+x2 = xel
0=(2x+1)(x-2) 1+x% = ex?
x=—% or 2 1=(e—1)x2
But since Inx is only defined for positive values of x, x*= ﬁ
the only solution is x = 2. I
x=,——==0763 (3s.)
16 5x-l _ 72x-1 e—1
log Xl _ log72x_1 (since In les only defined for positive values of x)
(x —1)log5 = (2x —1)log7 3 y=AD)
xlog5—log5 = 2xlog7 —log7 Iny=InA(b")
log7 —log5 = 2xlog7 — xlog5 Iny=InA +Inb*
log7 —log5 = x(2log7 —1
0g7 ~log> x(;y og5) Iny=(nb)x +InA
) |
_ log7—log5 _ 5) _ 0147 (3sf) Gradient=Inb
2log7 —log5 loa[ 49
22-14
17 108107 = 10%7%+33 Inb=0.5
lologloy :100.7x ><103.5 b=e0‘5
y =(10%7)" x3162.277... b=165 (2d.p)

y =3160(5.01) y=A0b") = = A(165") = A=1.11
OR

. . x . . Iny=08= y=e"
Starting with y = A(b)" and applying logarithms,

OR
0.8=InA+1In1.65"*
InA=01 = A=e""=111 (2dp)

logy = (logb)x + log A
logh=0.7 = b=5.01

logA =3.5= A =3160 p Ny

Past exam questions GEI-CRE)] In3*=1n2*"
xIn3=(x+2)In2
xIn3=xIn2+2In2

1 i) 27+3027)=4

£, 3 _
2= x(n3-1n2)=21n2
3 2In2
+3=4 - _cne
7Ty *“I3-In2
y?+3=4y x=342 (3sf)
yP—4y+3=0
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2 Logarithms and exponentials

(i) 2In(x—4)—Inx =1In2
In(x —4)* —Inx = In2
x

(x—4)* _
4 -

x?—8x+16=2x

2

x*—10x+16=0
(x=2)(x—-8)=0
x=2or 8
Since x = 2 creates a negative logarithm, the only
solution is x = 8
i) 147 >10"
yInl.4 >10In10

10In10
In1.4

y > 68.433...

y >

Smallest integer is 69
3% 4 32% _ 3%
ut+ut=u’
w—ut—u=0
uu> —u—-1)=0
u=0or —0.618 or 1.618
3*=0,3" =-0.618,3" =1.618
No solutions for first two, so
_ logl.618

3" =1618 = x log3 =0.438 (3s.f)

53x — 74)/
3xlog5 = 4ylog7
x _ 4log7 _
= Tlogs 1.612 (4s.£)
y=—r=ka

a

Iny =In(Ka™*)

Iny=InK -2xlna

Iny =(-2Ilna)x+InK

. o 139-181_
Gradient of line = TI-06 0.525
So—2Ilna =-0.525

Ina =0.2625
a =% =13 (2sf)
139 = (-2%0.2625)1.4+InK
InK =2.125
K=84 (2sf)

1

L ELCLE LG (Page 24)
. 32 2 1
(i) Let x =log, SIW =log4Z = log, 5
av =L 0yl oo 1=t
2 2
6
=01 )
li) log,| ——5— | = log, 3
2(3) #(3)
2 2
4 1
’ (2“5) g1
i ) ]
25( 1 ) 2
3
2
=log,[ 27 | =-16
Inm
[III] elne — elnn B
1_ 1
liv) 362 Y7 = 362 x 3670863
1)1
— \/% x 36log6(32)
-1
12
=6 X (6)1086(35)
— 6 X (6)10g6(371)
=6x37"
=2
(i) Sometimes — when a = b or when b = %

(provided both a and b are positive)
(ii) Sometimes — whena =1
(iii)
(iv)

(vl Sometimes — if the logarithmes are base # then

Never

Sometimes — whena =1

a solution is a = n*, b = n*
log, n* _4log,n
log,n* 2log,n

log, n* —log,n* = 4log, n — 2log, n = 2
(vi) Never

(vii) Sometimes — whenx =1
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2 Logarithms and exponentials

32¥)—4* =2
32%)-(22)" =2
329) = (2%)* =2
0=07-30%+2
Lett =2" =
t2—3t+2=0

(t-1)(t-2)=0
t=1or 2

2"=lor2"=2

x=0orl

(i) Lety=log,b=a”=b
log.a” =log.b
ylog.a =log b

_log. b
"~ log.a
- log.b
(i) log,b= log, a
1 _log.a
°80% = log, b
_logb 1 _ 1
Hencelog, b = log.a log,a log,a
log.b
log; x +log, x —1=logs x
log,x +log, x —logsx =1
logx N logx logx _
log3 "~ log4 log5
1, 1 1\_
logx log3 * log4 log5 !
logx = 1

I 1 1
log3 " log4 log5

logx = 0.429887...
x =269 (3s.f)

3log, y +3log, x =10
1
Lett=logxy:>;=logyx
3t+2=10
3t +3 =10t
3t° —10t+3=0
@Bt-D(E-3)=0
1

t=§ or 3

1
logxy=%:>y:x3:>y=3/§:>x=y

logxy=3:>y=x3

3

7

2log(x —2y) = logx + log y
log(x —2y)* = logxy
log(x* — 4xy + 4y*) = logxy
x? —4xy+4y2= xy
x2—5xy+4y2=0

__+_ —
vyt oy
5 -o5) o=
y y

Lett =% =
y
t2—5t+4=0
¢t-Dt-4=0
t=1or 4
X=lor¥=4
y y

i) y=mx+c=xy=mx’+c

_21-6_
m——9_4 3

xy=3x2+c:>6=3><4+c:>c=—6

xy=3x2—6

Whenx =6,y = pe

(ii) Wheny=7,x(7) = 3x2-6
=3x2-7x-6=0
(3x+2)(x-3)=0

—_2
X = 3 or 3

3log10x2 _ 2(31+log10x)+27
3200810% = 5(31 5 3108107 4 97
3210810% _ g5 310810% 4 57
Let y = 3'810% =

y2 =6y+27
y*—6y—27=0

(y+3)(y-9)=0
y=-3o0ry=9

319810% = _3 (no solutions)
310g10x =9

log,,x=2 = x=100
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3 Trigonometry

3 Trigonometry

3.1 Reciprocal trigonometrical functions MUET{-¥L)]

1 (i) y
4
3t
2+
>—< 1 <
4 N ~
7/ N Y
7/ AN
/7 N
‘/ N \ N \‘ N .
21 _3n T ©, 3n 2t x
2 2 v
(ii) y
4t
3t
21
N Y l, ”
AN /
\ 7/ 7/
\u 1 l' \4 1 s/ 1
2t 3 =« gm 0 o, T Ar 2o
2N S 2 2\ 2
~7 -1 -
2t
3}
4

; o_ 1 _1_
2 (i) cosec150 _—sin150°_l_2
2
i) secfZ=—1 _1 _p5
4 ot L
4 2
1
0_€0s300°_ 2 _ 1
(iii) cot300° = 300~ GBS
2
OR
o 1 _ 1
cot300” = tn300° ~ "3
. 4am_ 1 _ 1 _ 2 _ 23
(iv) cosec— _sinﬂ_—_ﬁ_ RS
3 2
3 (i) x®=4cosec’® y®>=9cot’8
2 2
X~ _ 2 Y op2
4 = cosec 0 9 cot” 0
2 2
1+c0t295cosec29:1+%=%
36+4y> =9x>
9x* —4y* =36

(ii) x2 =sin’0 — 2sinBcosb + cos’ 6
=1-2sinBcosO

y? = sin”6 + 2sin@cosh + cos* O
=1+ 2sinfOcosH

Adding the equations gives x* + y* = 2

4 (i) cosecO =4
1 =
sin@
sinf = 1
4
6 = sin”! (i) = 14.5° or 165.5°
(ii) tan@ + cotf = —4
sin@ | cos@ _ _
cosf  sinf
sin”6 + cos* @ -4
sinfcos6O
1 __
sinfcos6
_1_
4= sinf@cosO
- % = 2sinfcos0O
_1_
5= sin260
—sin (-1
20 = sin ( 2)
__n _5n 7% ln
260 = 6> 6’676
g=_R _5n 7n 1t

12> 12°12° 12
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3 Trigonometry

5 (i) secO=3= cosf= %
(ii) sin@ = ? 3
3 38
(iii) cosecd = =— = =~ 0
N 1
3 5
. _cosO _ 3 _ 1 _+8
(iv] cotO = Gnb = @— N
3
. 1 — o
6 (i) an0 1 cotd = sinfcos0O
_ 1
LHS = sinf |, cosB
cosf  sinf
_ 1
sin’0 + cos’0
sinfcos6
_ 1
- 1
sinfcos6
= sinBcosf
= RHS

(i) sec’®—tan*O = sec’d + tan’ @
LHS = (sec?0 — tan0)(sec0 + tan6)
= (tan?0 + 1 - tan’0)(sec?0 + tan20)
= (1)(sec0 + tan6)
= sec’0 + tan’ 0
= RHS

7 (i) m=1tcosd
sin@
1 _  sinf

m 1+ cosO

_ _sin@ 1—cos@
1+ cos@ " 1— cosf

_ sinB(1 — cosO)
1-cos’0
_ sinB(1 — cosO)
sin® @
_1—cosf
sin@

. _ 1+ cos@
iy m= sin@
> (14 cosB)?
m =
sin“ @
_+ cos0)’
1—cos’6
_ (1+cos0)(1 + cosh)
(1-cosO)(1+ cosO)

m*(1 - cos@) =1+ cosB

m? —1=(m* +1)cosO

m* —1
m? +1

cosO =

1

3.2 compound-angle formulae

(Page 27)

(i) cos75° = cos(45°+30°)

= c0845°c0s30° — sin45°sin30°

_N2 3 V2.1
=2 %2 72 %2
_ V23 _ 2

4 4
_J6-2

4

(ii) sin15° = sin(60° — 45°)

= sin60°c0s45° — c0s60°sin45°

_B3. N2 1.2
2 2 2 2
_J6-2
4
(i) sin(@ — 30°) = sinBcos30° — cosBH sin30°
= gsinﬂ - %cos@
.. T _ T LT
(ii) cos(4 0) cos4c059+ 51n4sm9
= Qcos@ + ﬂsin@
2 2
(i) sinBcos2f + sin2fcosO
= sinBcos2 + cosOsin2f3
= sin(6 + 23)
(ii) cos30cosO + sin30sinf
= cos(30 — 0)
= cos26
-8 _4 _6_3
SINX = {5 = 5, C08X = 15 = =
oy, 24 12 _10_ 5
Y =26 =13 %Y T 267 13

sin(x + y) = sinxcos y + cosxsin y

4,5 .3,12
=5X13t5%13
_56
65
(i) cos(P—Q) = cosPcosQ + sinPsinQ
2.3 21, 7
=Ex=—+¥x
5758 5 758
_6+721
558
(ii) sin(P+ Q) = sin Pcos Q + cosPsinQ
21, 3 20 7
=YX+ EX——=
5 758 5758
_3\V21+14
54/58
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3 Trigonometry

6 (i) sin(45° —0) = cos(30° + 0) 8 (i) tan(A—B)= tanA — tan B

1+ tanAtanB
sin 45°cosf — cos 45°sin 6

1_tanB
= c0s30°cos O — sin 30°sin O 5— 3 tan
- 1
1+ 5tanB
ﬁcos@ \/—sme \/_COSG %sin@ 3
5 1
5+>tanB= = —tan B
s1n0 \/—sme \/—cose \/_cose 3 '1’
%tanB =3~ 5
1_42 NI £)
(2 3 )sm ( cos 6 tan B = _%
1_2 _ (3 L) . 1 _3
(2 ) ( -3 (ii) tanA—3:smA— o and cosA = o
3 2\, (1 J3-2 B=" = sinB=-_ = 4
tan O (%_%)T(E £) =5 tan 1 = sin \/@andcos NG
0 = —37.59 or 142.5° sin(A + B) = sinAcosB + cos Asin B
5% TE T T
(ii) tan( ) 2tan(— - 9)
_ 4
tan + tan 6 Z(tan— — tan 0) 650 V650
3 _ 6 _ 17
1-— tan% X tan@ 1+ tan% X tan@ 650
Beane L) age 30
1—3tan@ 1 ; 2T (E)
1+\/§tan9 1 (i) sin 3 sin2 3
LT T
(+/3 + tan 9)(1 + %tan@) = 251n§cos§
.31
_ (% - 2tan9)(1 _ J3tan6) =2 : 5 %5
J3 4 2tan6 + ﬁtan 0= \/5 —4tan@ + 2/3tan’ 0 -2
3+ 23tan@ + tan’6 =2 — 4/3tan@ + 6tan> @ (i) cosz% - cosZ(%)
0=>5tan’6 — 6:/3tan6 — 1
_ =2cos?(Z|-1
tan@ = 2.17 or — 0.0921 3
6 = 1.140r 3.05 1\
=2X (z) -1
7 cos(A + B)cos(A — B) = cos’> A — sin’ B
1
LHS =-3

(cos AcosB — sin Asin B)(cos A cos B + sin Asin B)

cos’Acos’B — sin’A sin’B

= cos’A(1 - sin’B) — (1 — cos?A)sin’B 2tan%
= cos’A — cos*Asin®B — sin’B + cos?Asin’B - m
= cos’A — sin’B N
= RHS 1- (V3)?
_2J3
-2
-3
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3 Trigonometry

2 (i) sin26 = 2sinBcosO

w34
—2x5x5
!
25
(ii) cos20 =1-2sin%0

5 (3)
=1 2)((5)

-7
25
3 (i) sin28 = 2sinfcosO

0y 2,5
=2X 3>< 3

_45
9

(ii) cos20 =1-2sin’0

2
=1- _2
=1 2x(3)

O~

(iii) sin40 = 2sin26co0s26
45 1

=2X—Tg Xy

_85
81

4 (i) 5+ 4sec’6 = 12tanf
5+ 4(1 + tan’0) = 12tan6
5+4+4tan”6 = 12tan@

4tan”@ —12tan@ + 9 = 0

(2tan@ — 3)(2tanf — 3) =0

=3
tané’—2

(i) (a) tan(f +45°) = 1 - tanftan45°

(b) tan20 =

tan6 + tan45°

sin26 = sin@

2sinfcosO = sinf
2sinfcosf —sinf =0
sinf(2cosf@—1)=0

1

sin@ =0 or cosO = 5

— L 3n T ST
=223

3tan260 + 2tanf =0

( 2tan@
1— tan’0
6tanf + 2tand(l — tan’6) = 0
6tand + 2tanf — 2tan’0 = 0
2tan’ 6 — 8tan® = 0

2tanO(tan’0 — 4) = 0

)+2tan6 =0

tan® = 0 or tan’6 = 4
tanf = 12
0 =0°,63.4°,—116.6°,— 63.4°,116.6°
1-sinf —cos20 _,
cosf — sin260
1—sin6 — cos260 = cosO —sin260
1—sin@ — (1 — 2sinO) = cosH — 2sinOcosH
2sin” 6 — sinf = cosO(1 — 2sinh)
—sin@(1 — 2sin@) = cosO(1 — 2sinO)

—sinf = cosO
tan@ = —1
0 =135°, 315°

6 (i) sin(45°+0)sin(45°—-0) = %60520

LHS = (sin45°cosf + cos45°sinf) X

(sin45°cosO — cos45°sinf)
= (%cos@ + %sin@)(%cos@ - %sin@)
1

_1 _2p 1.2
—2c059 251n9

= %(COSZG —sin’0)

_1
= 2c0520

= RHS
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3 Trigonometry

7

8

1

(i) 2£Slin(9cosl?1 = tan26 (ii)  12cosf + 5sin@ = r(cosOcosa + sinOsinar)
cos” 0 —sin" 0 12 = rcosa
LHS = sin26 5=rsino
(cos”6 — sin® 0)(cos 6 + sin” 0) Dividing gives tana = % = o =226°
_ sin26 ) P
_(cos29—sin26)(l) r°=12"+5"=r=13
sin26 So 12¢cos6 + 5sin = 13cos(6 — 22.6°)
_ :;);;g 2 (i) 2cosO+sin@ = r(cosOcosor + sinfsinar)
_ RHS 2 =rcosa
l=rsino

i) cotd+tanf = 2 cosec2 Dividing gives tana = £ = o = 26.6°
LHS = cosf + sin@ 2

sin@ = cos@ r2=224+1>=r=45
2 .2
— cos O +sin" 9 So 2cosO + sin@ = /5 cos(6 — 26.6°)
sinfcosO

-1 (ii) 2cos0 + sinf =1

sin@cosO

2 J5cos(8 - 26.6°) =1
~ 25infcosH 1
cos(f —26.6°) = —=

- ( )=

sin26 . (1
= 2 cosec20 6 —26.6° = cos (ﬁ)
= RHS 0 — 26.6° = 63.4°,296.6°

(ii) cotO + tanO = 8 6 =90.0°,323.2°
2 cosec26 = 8 i)
cosec20 = 4 4t
. L

sin20 ~ 4 2 "\ /

: -1 SN S

sin20 = 1 0 - - :

i 2

20 = sin”! (l) 2+

4
260 = 0.2527,2.8889, 6.5359,9.1721 4

0 =0.126,1.44,3.27,4.59

(iv) Since 2cosO + sin@ = /5cos(6 — 26.6°),
—/5 < 2cos0 +sinf < /5
—/5+5=<2cosO+sinf+5=<5+5

sin25° = k
(i)  sin50° = sin(2 x 25°) = 25in25°c0s25°

B 2
= 2kv1 "2 3l T()=3 cos(0 - 60°) + 2 cos(+ 60°)
(ii) cos50° = cos(2x 25°) =1—2sin”25° =1-2k = 3(cosOcos60° + sinBsin60°)
(iii) tanl55° = sinl55° _ sin25° _ _ k + 2(c0s8cos60° — sinfsin60°)
cos155°  —cos25° 1— k2
= %cos@ + %sin@
3.4 The forms rcos(6 = a), rsin(6 = o) RUGEI-CED)] Ne
_¥3 p_5
(i)  sin@ — 3cosf = r(sinfcosar — cosBsina) A= 2’ B= 2
1 =rcosa (i) gsine + %cos@ = R(sinfcos + cosOsin)
-3 =—rsinot = 3 =rsinox
Dividing gives tana = 3 = o = 71.6° y = feos
r’=1"+3*=10=r =10 %stina

So sin@ — 3cosH = +/10sin(0 — 71.6°)

Cambridge International AS & A Level Mathematics - Pure Mathematics 2 Question & Workbook © Greg Port 2018




3 Trigonometry

Dividi ves tanor = 2 = o = 70.9° 2 2sin(x + 30°) = cos(x — 45°)
ividing gives tano = —= =70.
§8 J3 2(sin xcos 30° + cos xsin 30°)
R2 :(ﬁ)z +(§)2 S R= 7 = C0s X C0845° + sinxsin 45°
2 2 J3sinx + cosx = Qcosx+£sinx
SoV3. 0. 5 o e o 2 2
751119 + zcose = /7 sin(0 + 70.9°) 7 A
(J— - Tz)sinx = (72 - l)cosx
(iii) /7sin(0 +709°)+1=0 5 e
2 _ (2
sin(@ +70.9°) = —% (*/§ a T)tanx a (7 a 1)
0 +70.9° = —22.2°,— 157.8° (% _ )
6 +70.9° = 337.8°,202.2° tanx = ——
(v-2)
0 = 266.9°,131.3° 2
Smallest positive angle is 131.3° x =164.1% 344.1°
4 (i) 3sin@+ 4cosO = R(sinOcoso + cosOsinar) 3 (i) 2cosec26 = secH cosect
_ 2
3= Rcosa ==
LHS sin260
4 = Rsinx P
Dividing gives tana = % = o =53.1° ~ 2sinfcos6
1
2 a2 42 =1
R*=3"+4"=R=5 sinfcosO
So 3sinf + 4cosO = 5sin(6 + 53.1°) _ 1 1
cosf ~ sinf
(i) (@) 3sinf+4cosf@+1=0 — secH cosech
5sin(@ +53.1°)+1=0 — RHS
sin(0 + 53.1°) = —é (i) secO cosec = 4
0 +53.1° = —11.54°,191.54°, ... 2 cosec26 = 4
0 = —64.6°,138.4° 1 _,
sin20
(b) =37 < k(3sinf + 4cos0) + ¢ < 43 . 1
sin20 = 5
—37 < 5ksin(0 +53.1°) + ¢ < 43
260 = 30°,150°, ...
. 1< 19) =1,
Since —1 < sin(6 +53.1°) <1 6 = 15°,75°
Sktc=43 4 4 cosec?6 — 7 = 4coth
-5k +c¢=-37
‘ 4(cot’0+1)~7 = 40t
2c=6=c¢=3

dcot’0+4—7 = 4cotd
4cot’0—4cotd—-3=0

5k+3=43=k=28

Further practice GET-CED) (2cot@+1)(2cotf-3)=0
1 sin(x —45°) — cos(45°— x) =1 cotO = —% or %
(sinx cos45° — cosx sin45°) — 2

tan@ =-2 or 2
(cos45°cosx + sin45°sinx) =1 3
0 =33.7°, 116.6°

V2 V2 V2 V2
N2z _N=2 _Nz _NzZ =1
g SIX T Ty COSX T T mCOsX T TSI 5 (i) 8sin@+ 15cos @ =R(sin 6 cos o+ cos Gsin &)
—J2cosx=1 8=Rcoso
cosx= —-L I5=Rsin
V2 tano =15 = a=61.9°
x =135°,225° 8

R*=8*+15* = R=17
So 8sinf+ 15cos 8 = 17sin(0+ 61.9°)
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3 Trigonometry

(ii) SSi.n 0+ 15cos 0= 14 7 () tan2g = 2000
17sin(0 + 61.9°) = 14 1-tan’a
sin(6 +619°) = 1> zta;e(lanO:tana:S
0 +61.9° = 55.4°,124.6° - tanlq RO =8
6 = —6.5°,62.7° 2tan’e _ g
6 = 353.5°,62.7° 1-tan’

2 ar1 a2
(i) Since—17 < 8sinf+ 15cos O < 17, 2tan” o = 8(1 - tan” @)

2 2
there are no solutions if k < —17 or k > 17 2tan” o = 8 — 8tan” &

2 2., _
6 (i) tan(O+60°)tan( — 60°) = tan 9—23 10tan“ o = 8
1-3tan" 0 tan?o = 8
LHS = tan(6 + 60°)tan(0 — 60°) T
_ ( tan@ + tan60° )( tan@ — tan60° ) tanor = +. |5
1— tanftan60°/\1 + tanO tan60° 10
=(tan9+\/§)( tan9—\/§) o =41.8°138.2
1-+3tan6 )\1+ 3tan6 (i) (@) cosecfS = %
2
tan“ 0 —3
— 3tan 9 COSZﬁ ? 13
_ (b) cot’ B = =
= RHS

sin® 8 - (g)z - 36
2
(ii) M:4sec29—3 ’
1-3tan“ 0

ER D EN IS GHEE (Page 37)
tan’0 — 3 = (4sec?6 — 3)(1 - 3tan’0) g

5 5 5 1 (i) tan(x + 45°) = 6tanx
tan“0 -3 = (4(1+ tan“0)— 3)(1— 3tan”0)
X 5 X tanx + tan45° _ 6tan x
tan“0 —3=(4+4tan“0 — 3)(1 — 3tan”0) 1— tanxtan45°
tan’0 — 3 = (4tan’6 + 1)(1 - 3tan’6) fanx +1 _ 6tanx
1—-tanx
tan”@ — 3 = 4tan’6 — 12tan* @ +1— 3tan’ @ tanx +1 = 6tanx(1 — tanx)
12tan* 0 = 4 tanx +1=6tanx — 6tan’ x
tan49=% 6tan’x —5tanx +1 =0
(i) (Btanx—1)2tanx—1)=0
tan@ = i‘\l/I ] |
tanx = = or tanx ==
0 = 37.2°,142.8° 3 2

x =18.4° or 26.6°
(iii) tan’6-3 _ >

1-3tan’0 2 cos(8 + 60°) = 2sin®
tan’0 —3 = k*(1 - 3tan’9) €088 c0s60° — sin@sin60° = 2sinf
2 2 2, 2
tan“0 —3=k” —3k“tan” 0
an an % cosf — %sin@ = 2sinf
(1+3k*)tan?6 = 3 + k*
3112 cosO — /3sinf = 4sinO
2 +
tan“ 6 = 113K cosO + (—/3 — 4)sinf = 0
2 14+ (—/3—-4)tanf0 =0
tan0 = + 3+k 3 1
1+ 3k tan@ = ———
2 3+k2 ~V3-4
Since k=0, =—/—"—-=0 _99qo o
e 6 =9.9° or 189.9

so there are two roots of the equation.
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3 Trigonometry

3 (i) LHS = sin?26(cosec’6 — sec?) 5 (i) sin20(3secH + 4cosech)
1 . 3 4 )
— sin ze(sm o Cosze) 2s1n9c050(c089 + 50

= 6sin@ + 8cosO

cos 9— sin”6
= sin 29( sin” @ cos” 0 ) (ii) 6sin@ + 8cos@ = R(sinOcoso + cosOsinar)
4(cos”0 — sin 9)) 6 = Rcoso
( 4sin” 0 cos” O 8 = Rsino
(4(:0529) Dividing gives tano = % = a =53.1°
sin” 20

R*=6"+8"=R=10
So 6sin@ + 8cosO = 10sin(6 + 53.1°)

= 4co0s20
= RHS

("] ( ] = ["i] 1081.11(9 5 . ) -
SIII(G 53 1 ) = —

cos20 = % 10
3 (8 +53.1°) = 44.43°,135.57°,404.43, ...
-l
20 = cos (Z) 0 = 82.4°,351.3°
20 = 41.4° or 318.6°
0 = 20.7° 159.3° 6 i) cotf —2tanf = sin20
=20.7° or 159.
.2 2 2 cosf) _ 2sinf = 2sinfcosO
(b) sin”26(cosec "6 — sec” 0) = 4cos260 sinf  cosf
cosec 20 — sec2 g = 4c0s20 cos®@ — 2sin’6 = 2sin*Gcos> @
e
sin” 26 cos?0 — 2(1 - cos’0) = 2(1 — cos’0)cos* O
27z0 210 _ 4c0s30°
cosec”15” —sec”15% = (sin30°)? cos?0 — 2+ 2cos’0 = 2cos* 0 — 2cos* 0
4><\/§ 2c0s*0 +cos’6-2=0
=2 a=2b=1,c=-2
(%) i) 2cos*@+cos’0—2=0

_ 23 _ 83 Using the quadratic formula,
i cos*6 = —1.28 (no solutions)
cos’0 = 0.781
4 cot20 =1+ tan6
) cosf = £40.781
tan2g ~ | T tand 0 =152.1°
1— tan?
#1?99 =1+ tanf stretch and challenge MGEI-CED))
1-tan®6 = 2tan6 + 2tan* 0 1 (i)l R= 2Vzﬂcos(,q +B)
gcos® A
2 _
3tan“ 6 +2tanf—1=0 _ 2V25chos(B+E)
(3tanf —1)(tanf +1) = 0 10COSZ% 4
1
tan@ = = or tan@ = —1 2
3 %schos(B+ %)
0 =18.4°135°
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3 Trigonometry

2
(i) 150 = %sinBcos(B + %)
sin Bcos(B+%) = g
. T T :E
smB(cosBcos4 smBsm4) o1
V2 _sinB) =12
5 sin B(cos B —sin B) = a1
sin B(cos B — sin B) = 156—4\/5
sinBcosB—sinzB=156—4\/§
1. op_ (cos2B—1)_ 152
;sin2B ( 2 )_ 64
sin2B — cos2B = 1%—2\5 -
\/Z(LSiHZB— 1 cos2B) 152 _
2 2 32
_m\ _15V2
\/_sm(Z 4)——32 1
BT 151
Sm(z 4) 2 7
2B —% =-0.241,3.38
B=0.272,2.08

Since 2.08 > % then B = 0.272 = 15.6°

tanx — tanlx = kal
COSXCOS5 X
8
(tanx — tan%x)(cosxcos%x) = sinkx
tanxcosxcoséx - tanéxcosxcos%x = sinkx
sinxcos%x — cosxsinéx = sinkx
sin(x - %x) = sinkx

sin%x = sinkx

_7
k_8

(sinA +cosA)? = sin®A +2sin Acos A + cos>A
=sin®A + cos?A + 2sin Acos A

So 1.52 =1+ 2sinAcosA
sinAcosA =%
(sinA + cosA)’

=sin’A + 3sin>Acos A + 3sin Acos?A + cos’ A

=sin’ A+ cos’ A+ 3sin Acos A(sin A + cos A)

5

1.5% = sin3A+cos3A+3><§>< 1.5

.3 349
sin” A + cos A—16

log,, (tan®) — log,, (sin6)
( an9)

sin@
=log,, | cos@
sinf

gw(cos@)

= logy, (%)
=log,, A0

.2
sin”@  cos’6 1
1+cotf 1+ tanf s1n20

_1_[_sin“ @ cos” 60
LHS =1 (l+cot9+l+tan9)

—1_ sin”6 " cos’ 6
1+cotf 1+ tanf

sin’0 cos> 0
=1- 1_|_c059+1+sm0
sin@ cos0
sin’0 cos>0
=1—] sin@ + cos@® ' cosf + sinh
sin@ cosf

—1_ sin"@ _, __ cos’6
sin@ + cos@  sinf + cosO

—1- sin’ @ + cos” 6
sinf + cos0O

sin@ + cosO — (sin® 0 + cos> 6)
sin6@ + cos6O

sin6 + cos6
— ((sinB + cosB)(sin’ O — sinOcosh + cos>H))
sinf + cos6O

sin@ + cosO — ((sin@ + cosO)(1 — sinBcosh))
sinf + cosO

sin@ + cos6O
— (sinB — sin*OcosO + cosO — sinfcos>H)
sin@ + cos6

sin® Ocos6 + sinfcos>
sinf + cos@

sinBcosO(sinf + cos0O)
sinf + cos0O

= sinBcosb

= %(ZSinGCOSG)

= %sinze

= RHS
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3 Trigonometry

6 Using ratios: 8 (i) cos40=1-2sin’26

27 T
A 4 2mso 1 ==sot
rm: 4 min: 27 so 1 min: 4 S0 min: > 11— 2(2sinBcosH)?
Wheel: 3min: 27 so 1 min: Z?TC so fmin: % = 1-2(4sin%Hcos>0)
OR using calculus: —1—8sin%0cos2 6
do _m ;. ; _T
a2 rad1ans/m1n:>0—2t (i) Let9—ﬂn
da _2n 21
radians/min = o = =~t 1 2(1 1
dt 3 3 cosd(57m) =1 8sin? (5 m)cos’ (5 m)
So the required function is the sum of the vertical cos(l ) —1— 8sin> (Ln) (Ln)
(sine) functions of the motions of the arm and the 24 24
wheel together, added to the starting height of 35m: 1- cos( )
Xy sin (Ln)cos ( 1 n) —_
h(t) = 35+2051n(2 )+15sm( ; t) 24 24 8
-3
7 _ 72
8
_1_\3
8 16
_2-+3
16
(iii) cos20 = 2cos’6 —1

0540 = 2c052260 — 1 = cos?20 = £840 +1

sinf = AB = AB = xsinf and BD = xsin0 2
_ABF = ADBF —90°— 0 2cos%26 — %sin29c0829
ZCBD =180°—2(90° - 0) = 20 _ 2(cos46 + 1) B §(1 - cos49)
c0s20 = 11;](; xlsgi(rie = BC = xsinfcos20 2 . 3; 8
AC = AB 4 BC =cos49+1—§+§cos49
8 = xsinf + xsinfcos20 =4 0540+ 2
8 = xsinf(1 + cos26) 3 .
8 = xsinf(1+ 2cos20 — 1) Since —1 < cos40 < 1

. .2
i reatest value is 2, least value is —%
8 = xsinf X 2cos’ 6 & 3

4 = xsinfcos’ 0
_ 4
sinfcos’ 6
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4 Differentiation

4 Differentiation

4.1 The product rule EGEICRW))

1) y=(x-2)(x+3)

jx—yzl(x+3)2+2(x+3)1><(x—2)

=(x?+6x+9)+2(x* +x—6)
=3x" +8x -3
i) y=x>(1-2x)"*

jx_y =3x7(1-2x)* +x° x4(1-2x)* x -2

=3x%(1-2x)" —8x7(1-2x)’
= x?(1-2x)°[3(1 - 2x) — 8x]
= x%(1-2x)[3—6x —8x]
= x?(1-2x)’ (3-14x)

lii)  y=3x*VI+4x

1
jx—y = 6x/1+4x +%(1+4x)7 X 4% 3x”

6x°>
=6xVJ1+4x + ——
J1+4x

_ 6x(1+4x)+6x°
- J+4x

_ 6x+30x”
J1+4x

3 6x(1+5x)

- +4x

2 f(x)=4x(x-3)°
f(x) = 4(x —3)° +5(x — 3)* x 4x
= 4(x —3)*((x — 3)+5x)
=4(x —3)*(6x - 3)
f(4)=4(4-3)*(6x4—-3) =84
y=mx+c=16=84X4+c= c=-320
y =84x—320
3 h(x)=x’(x+3)°
h'(x) = 2x(x +3)® +3(x +3)* x x>
= x(x +3)*[2(x + 3) + 3x]
= x(x+3)*[5x + 6]

Stationary points are where h’(x) = 0
6
=0,-3,-2
=X =

4 f(x)=(x-DF(x+2)"
i) £ (x)=k(x—1D" (x+2)
+(k+D(x+2) (x—1F
=(x - D" (x + 2 [k(x +2) + (k + D(x = 1)]
= (x =D (e + 2) [hx + 2k + kx —k + x —1]
=(x= D" (x+ 2 [k + Dx + k1]

Rk+1)x+k-1=0
Rk+)x=1-k

_1-k
YT 2k +1
(ii) 21k_+k1 =15 30-K=2k+1
-3+3k=2k+1
k=4

v G X E AT (Page 42)
3
. _ X
VY=

(1_;\/:3x2(x—1)—1><x3
dx (x —1)?

3 2 3
_3x" =3x" —x

(x—1)?
_ 2x° — 3x?
C(x-1)°
_ x%(2x = 3)
C(x-1)?
.. x+2
- y= 3x?
dy _ 1x3x* —6x(x+2)
dx (3x%)
_ 3x2 —6x2 —12x
(3x?)°
_ 3xt—12x
a 9x*
_ 3x(x+4)
a 9x*
_ (x+4)
a 3x°3
2x
lii) y= NS

1
&y 26% = —%(6x—1)_5 X 6 X 2x

dx 6x —1
6x

nfox —1- 22—

I T

6x—1
2(6x —1) —6x
Jox —1
6x—1
6x —2
_ AJ6x—1
T o6x—1
__6x—-2
(6x—1)°

—
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4 Differentiation

2x —1
2 g(X)zliT
ioon 20— x?) —(2x(2x - 1))
g'(x) = I=x)
_2-2x" +4x> —2x
1-x?)*
=2x2—2x+2
1-x%)*
2
g,(2):2(2) —22)+2_6_2

1-(2)*)?° 9 3

Gradient of the normal = —%

y=mx+c:>—1=—%><2+c:>c=2

3

y=—§x+2
x*—x+2
30 y=t
dy_@x-DE+D-1(x* —x+2)
dx (x +1)?
=2x2+x—1—x2+x—2
(x +1)*
:x2+2x—3
(x+1)°
_(x=D(x+3)
(x +1)*

(i) Stationary points when

2
=x=-3o0r1l (x+1)

y=-7orl
(-3,—7) and (1,1)

4.3 Differentiating natural logarithms

ELLED GLLELEIC (Page 44)
1 [ y=In(x+4)

dy 1
dx  x+4

lii) y=1In(3x?)

dy_6x _2

dx 3542 x
liii) y=e"*

d}’ _ 1-x

a = —¢

(iV] y= 3ex3+1

d 3 3
_}’=3ex 1o 352 — gy 2o Hl

dx
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(x—l)(x+3)=0

vl y= 3ln(ﬁ) =3(Inx —In(x - 1))

x_x—lz_x(x—l)

dx
tvi) y=5In(1+x)" =10In(1+Jx)

1

d_y_3(l_ 1 )23 3 3
x x-1

L 4
dy—m—ix2 10|
dx ~ l+vx ) \2Vx(1++x)
_ 10
2Jx +2x

(vii) y = xe™ 2

d _ _ _
ayzlxex 24e P xx=e"2(1+x)

(viii) y = x
ex

d_)’:3x2><e"—ex><x3 _xzex(3_x)

dx (e)C)Z eZX
_x’(3-x)
=
X
lix) y=1te
4 1—e™*
dy _e"(1-e™)—e*(1+e")
dx (1—e™)?
_e —e?—e —eY
(1-e™)*
_e'—e -2
(1-e™)?
e3x _2e2x _ex
e —2e" +1

1 1
(x) y=+e Inx?=(e*)? x 2Inx = 2" x 2Inx

&1 2 2"
dx_Ze ><21nx+x><e
1 3
—e2 Inx+ 2ex
1, )
=e? (lnx+—)
X
3x
: e —1
bl y = In(3x —1)
3x _ _ 3x
d_y _ 3¢ In(3x —1) ax _l(e 1)
dx [ln(3x—1)]2
B 3(e¥ -1)

3x _
3¢ In(3x 1) 31

[In(3x —1)] g




4 Differentiation

- _ 2x\,.5x
(XII] y= ln(l +e )e 4 [i] d_)’ — 2xe—x +_e—x X xz — xe—x (2 _ x)

d 2 dx
Ly 2e * ) 5x 5x 2x 2
< =|=—]e" +5e"In(l1+e
dx (1 +e2* ( ) jx—)zj = (e +—e ¥ x2x)—(2xe ¥ —x%e™¥)
7x
- 1ieez’f +5e” In(1 +e*) =2¢e ¥ —dxe F+x%
e (x*—4x+2
2 (i 9¥ =24000 x -0.04e% = ~960e ( )
- . o dy
(ii) Stationary point is where —£ =
Att=6 4V = 96009 = _755 16 . P dx
dt xe ¥ (2-x)=0
Decreasing in value at a rate of $755/year. x=0o0r2
(ii) —960e™%% = —594 Clearly the x coordinate of A > 0, so
o004t _ =594 Ais (2, %)
-960 e
_ 594 _
—0.04¢ = ln(%) liii) e *(x* —4x+2)=0
ln(ﬂ) x*—4x+2=0
tzﬁzmyears x=2+2

) These points represent the x values where the
dy IXInx — PPRaE

. Inx —1 gradient is a maximum or a minimum.
3 [ll a = B = P
(Inx) (Inx) 5 y=x"lnx
ﬁ_%X(lnx)z—Z(Inx)lxix(lnx—l) d—y=3x21nx+l><x3
dx? (Inx)* dx i x2
=3x“lnx +
%(lnx)2 - %(lnx)2 + 21% Z pxrx
(Inx)’ x”(3lnx +1)
llnx(lnx —2lnx +2) Stationary point is where % =0
_ X
(Inx)* x*(3lnx+1)=0
—2-Inx 3lnx+1=0
x(Inx)’ 1
Inx =—=
. . . dy 3
(i) (a) Stationary point is where o 0 1
x=e?
lnx_—21 =0=>Inx—-1=0
(Inx) (Page 47)
Slhx=1=>x=e . i
o 1 (i) y=3sin2x
Y " Tne” ¢ dy
. —— =3c082x X2 = 6c0s2x
Point is (e, e) dx
2 lii) y=cos(1+3
(b) Gradient is a maximum where —)2/ =0 ):1 cos( %)
2 Inx dx —y=—3sin(1+3x)
=———==0=>2-Inx=0=Inx=2 dx
x(Inx) liii) y=tan(x®)
2
= =
x 2e gx—y=sec2(x2)><2x=2xsec2(x2)
_e _1.
Y " hne? ~ 2° liv) y=xsin2x
Point is (ez,%ez) gx—y =3x%sin2x + 2cos2x X x°

= x” (3sin2x + 2xcos2x)
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4 Differentiation

(v) y = cosSx
x?
d_}’ _ —5sinbx X x? — 2xcos5x
dx (x2)2
_ —5x2 sin5x — 2Xxc085x
4
_ —oxsin>x — 2xc0s5x
3
3
(VI] )/ _ sm X
x?
dy _ (3(sinx)* X cosx) X x2 — 2xsin> x
dx (xZ)Z
_ 3x2sin® xcosx — 2xsin’ x
4
_ xsin’ x(3xcosx — 2sinx)
4
_ sin? x(3xcosx — 2sinx)
3
(Vii] y= esinerl
jx_}’ — Cosxesinx+1
(viii) y =In(tan2x)
#
d_}’ _ 2sec? 2x _ cos 22x _ 2
dx tan2x sin2x ~ sin2xcos2x
4 Ccos2x

" sin4x
(ix) y=sin(In3x)

dy

Fr cos(In3x) X = = cos(In3x)

3x x

(x) y= tan(e"2 )

d 2 2
ay =2xe”* secz(ex )
(xi) y = <Jcos2x
dy 1 -1 .
a 2(cost) 2 X —2sin2x
_ —2sin2x
2+/cos2x
__ sin2x
\Jcos2x
3
(xii) y= (sin(2e*™))
dy . x-1yy2 x-1 x-1
o 3(sin(2e”))“ X cos2(e* ) X 2e

= 6e* ' sin? (2 )cos(2e* )

2

(xiii) y = cos*[In(sine™)]

dy = 4(cos[In(sine™)])* x —sin[In(sine™])

dx
% cose® xe*
sine”®
= —Mcosmn(sinex)]sin[ln(sinex)]
sine
= —4e” cote” cos’[In(sine”)]sin[In(sine™ )]
(xiv) y = ¢sin*(In)

d)/ _ _sin?(Inx) . 1 1
ik X 2(sm(1nx))2 x cos(Inx) X p

_ 2sin(Inx)cos(Inx)e™ (Inx)

X

li) y=x"sinx
d)/ . 2 .
qx = 2xsinx + x7cosx = x(2sinx + xcosx)
(i) Atx=m,
d
ay = n(2sinT + mcosT) = —m’

y:mx+c:>0=—Tcz><Tc+c:>c=1'c3

y=-n’x+m’

3 f(x) =2sin® 3x = 2(sin 3x)*

£/(x) = 4(sin 3x)' X 3 cos3x
=12sin3x cos 3x

= 6 sin 6x

) eulo 3
o

wl:l

Il
% (@)}
5

2x

il y=-=°

COoSXx

dy  2¢**cosx —(—sinx)e?*

dx cos’x

2 .
e”*(2cosx + sinx)
cos’x

2x :
(i) dy 0 when® (2c0sx + sinx) _ 0

de cos? x
2cosx +sinx =0
2+ tanx =0
tanx = -2
x = tan"(=2)

x =-1.107, 2.034
Since 0 < x <, x=2.03(3s.f)
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4 Differentiation

5 y=3 sin’xcos® x = 3(sinx)* (cosx)’

d
Ey = 6(sinx)" X cosx X (cosx)’
+3(cosx)? X —sinx x 3(sinx)>
= 6sinxcos?x — 9sin® xcos’x
= 3sinxcos> x(2c052x — 3sin? x)
d
ay =0 when 3sinxcoszx(2coszx — 3sin2x) =0
2cos’ x — 3sin’x = 0
2-3tan’x =0
2 _2
tan“x = 3
2
=+ |£
tanx _\/;
Since 0 < x < g x = 0.685
6 _ Cos2x
y er
dy _ —2sin2x X e* —2e** cos2x
dx (e2x )2
_ —2e**(sin2x + cos2x)
- 4x
e
2X( .-
4 _ ) when =26 (sin2x +cos2x) _
dx e4x
sin2x + cos2x =0
tan2x+1=0
tan2x = -1
2x = tan ' (=1)
13- 7 11
2x = 475, TE,4TC, 4TI:,
3.7
X = 87t, T

7 (i) y=In(cos2x) + 2x is undefined when cos2x < 0.

y
1
0 I T n 5 3 [t 2n
4\ 2 [a 4\ 2 4
_1 L
From the graph of cos2x,
T<y<3m Mo < /R
ASYs7 and T
d P
(i) 4y _ =2sin2x

dx cos2x

—2sin2x +2=0
COS2x

—2tan2x = -2
tan2x =1
2x = tan"' (1)

T 5t 9m 131
=P h 4
Since In(cos 2x) is only defined when cos 2x > 0,

Sm . 13n
2x¢40r 1

- In
So x = 38
(i) d_)’ _ =2sin2x

dx—m+2:—2tan2x+2

Since sec’0 = 0, —4sec’ 2x < 0 so all of the

points are maximum points.

4.5 Differentiating functions defined implicitly [UEI{:X73)

(i) %2)}3 =6y* %
i) (3x7 - 5y% —8) = 6x - 20y3%
(iii) %(sian + cosZy) = 2cos2x — ZsinZij—y
(iv) %e” = 3e3)’%
(v) %(4362)/) = 8xy + 4x> (Cilx_y
(vi) In(xy) =Inx +Iny
%(lnx +Iny) = %+ %jx—y
(vii) %(tanxy2 - ey)
= secz(xyz) X (y2 + 2xij—y) —e’ %

. X .
[viii](esmy) — e¥siny

%(e“i“y) =™ x (siny + cosij—y X x
1 d (xsiny
lix] dx (ysinx)
( . dy ) .
smy+cosya>< X |ysmx
(dy . ) .
- asmx+ ycosx |xsmy
- (ysinx)?
d .
(x) a(ﬁln(smxy)) N
dy. cosxy x(y+xa)
= 3yzaln(smxy)+ Sinxy y?
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4 Differentiation

: 2 3 _
2 (i) y"=2x"=5 Atthepoint(l,l),
Y _6x? =0 ’
2y —6x° =
dx %+%%+2x1%=0
dy _ex? _3x? 3
2 Y 2+d—y+2dy 0
lii) x’y=siny dx  “dx
dy dy dy
2 _ 7 _
2xy +x a—cosydx de 2
dy dy dy_ 2
2 _ = __4
X ax cosya— 2xy P 3
jx_y(xz —cosy) =-2xy = m(normal) = %
y_ 2 2 y=mx+c:>1=§><l+c:>c=l
dx  x”—cosy cosy-—x’ 22 4
y:éx.l,_l
(i) 2° +x=4xy 274
dy dy
22 41 = hod 2, .2
6y dx+1 4y+4xdx 5 4x"+y d8
Y _
(6y2—4x)%=4y—1 8x+2y4, =0
dy _ 4y-1 dy_8x_ _dx
dr " 6y2—4x dx 2y y
liv] e¥—-2x=12 —47x=2:>—4x=2y:>y=—2x
dy)
Xy ) B S
e X(y-i—xdx 2=0 4x?+(=2x)* =8
dy 2 8x2 =
+x-= =" x" =8
Y Xas o )
dy _ 2 ol
Xa—exy_y x =%1
dy_ 2y yo®
dx  xev x Points are (1, —2) and (-1, 2)
3 x2=2cosy 6 x*+6y°—2x+8y=39
o, dy dy dy
2x——251nya 2x+12ya 2+8dx 0
dy _ 2x x d_,_
dx ~ —2siny —siny (12y+8)dx_2 2
dy _2-2x _1-x
Atthepoint(l,%), dx 12y+8 6y+4
d_yz 1 _ 1 __ 2 Parallel to the x-axis whend—yzo
dx —sinT _V3 NE] dx
302 61+4 0=>1-x=0=x=1
y=mx+c:>£=—lxl+c:>c=5+i 4
33 343 1> +6y”> —2x1+8y =39
=2, T, 2 2 _
y = ﬁx+3+ﬁ 6y“+8y—-40=0

3y +4y-20=0

(3y+10)(y ~2) =0
10

y——?orz

4 InQxy) +y*=1
In(2x)+Iny+y* =1

_+ld_y+2yd_y — 0
x o ydx dx Points are (1,— %) and (1,2)
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4 Differentiation

3 2 3
7 (i) 5x° —2xy+3y>—70=0 9 X +4x"y+y =6
dy) dy
2 2 2y
10x — (2y+2x%)+6yji 0 3% +(8xy+4x )T =0
dy
2 Y _ a2
10x -2y - 202 16y P — g (45" +3y)3; = 3" -8y
dx dx 5
dy dy _ —3x" —8xy
(6y—2x)a=2y—10x dx — 4x2+3y2
dy _2y—-10x _y—5x At(L1) dy _ -3(1)% - 8(1)(1) __ 11
dx d6y—2x 3y—x e T 4% +301)° 7
(ii) Parallel to the x-axis when ay =0 Gradient of normal = %
Zyoar=0=y=sy y=mx+cz1=l><l+czc=i
502 — 2x(5x) + 3(5x)% = 70 = 0 11 11
7 4
5x% —10x* +75x> =70 = 0 YEIX T
70x* =70 lly=7x+4
X2 =1 7x—1ly+4=0
x=1lor -l
y=5or -5 4.6 Parametric equations and parametric
Points are (1,5) and (-1,-5) differentiation JTZFZER)
2 dy L dx
(iii) Parallel to the y-axis = % is undefined 1 dt =2 dt =2
=3y—-x=0=x=3y b _d de L_
i ) - dr de 2t><2 t
5(3y)° =23y)y+3y°-70=0 q
PP dx _ _
45),2 —6)/2 + 3)/2 —70=0 (ii) i0° 3cos0, 6= 25sin 0
42y*=70 dy _dy de
s 70 dx ~ dé
42 = 3cos@><_281m0
y= =i 3cosf
3 _ 3cos
—2sin6
= *J15
= :—%cotG
Points are(\/ﬁ,@) and (—\/1_,—@)

dy_ 52t dx _ ..t
(iii) E_l 2e”", S =3e

8 Y +y=x"+2x > dt
: 2, . _ 43
(i) Y Hy=2"4+2x%2 d_y:d_yxﬁ
yiy=12 dx dt dx
2 2t 1
+9v—-12=0 =(1—-2e" | X—
y Ty ( ) 30!
(y+4)(y-3)=0 _1-2¢*
y=-4or3 T 3!

Points are (2, —4) and (2, 3)
(iv) b =5sec?0, dX _ 5 gecOtand

i) 2 DL P TP 40 do
ii ydx qr = d_y_d_y 46
(2y+1) dy NET dx  do "~ dx
+1)-%==3x" +
’ dx = 5sec” 0 ZSec;tanG
dy _3x?+2 5eecd
2y +1 _
jx 4 ) 2tan@
) Y _3x27+2 1
A el S e R > 0sh 5
dy _3x22+2 " ,sind 200wl
At (2, 3) a=m=2 cosO
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4 Differentiation

2

- _t _t

W x=r—Fry=17
dr _(1-)— (=Dt _ 1
dt a-1)’ 1-1)°

dy 200+ _ 26442
dt (1+1)? (1+1)?

2
dy _dy dt _ 2t+¢ (1 1)?

dx ~df A T (141)

(ii) Stationary points when d_ 0

dx

(1-t)’=0=t=1

But the curve is undefined for ¢t = 1
20+12=0

t(2+1)=0

t=0ort=-2

t=0=(0,0),t=-2= (—%,—4)

3 (i) x =3e*,y = 6te*

dx _ 4t d_)’_ 2t 2t ot
dt—lZe dt_6e +2e” X6t =6e"(1+2t)
dy _dy dr_ 1 _1+2t
e~ dr a0 X =
(ii) Whent=0,x=3andy=0
dy _1+2x0_1
dx 220 2
Tangentis y = mx +c¢
-1 =_3
0—2X3+C:>C— 5
T S | 3 -
angentisy = 5x — > or x—2y-3=0

4 x = 2sin6 + cosb

y = sin6 + 2cosf

(i) % = cosf — 2sin0, (cilx_e = 2cosf — sinf
& _d de
dx dO°  dx
_ oG 1
= (cosO — 2sinf) x 7050 —sind
_ cos@ — 2sin60
2cos6 — sinf
T . T
Cos— — 2sin—
2COSE—SII‘1§
_0-2
0—-1
=2
_T o _HinE n_
When 6 = o X 251n2+cos.2 2
— nT n_
y= sm2+2cos2 =1

y=mx+c=1=2X24+c=>c=-3

Equation of the tangentisy = 2x — 3

(ii)

(al x? = (2sin6 + cosh)’
= 4sin” @ + 4sinHcosh + cos> O
y? = (sinf + 2cosh)’
= sin® @ + 4sinOcosH + 4cos* 6
x? + y* = 4sin” 0 + 4sinfHcosO + cos’ O
+sin” @ + 4sinOcosb + 4cos’ O
= 5sin” 6 + 8sinOcosB + 5cos*H
= 5(sin’6 + cos> 0) + 8sinHcosH
=5+ 4(2sinBcosh)
=5+4sin260
(b) Since —1 <sin20 < 1,1 <5+ 4sin20 <9
Distance of a point from the origin is yJx* + y*

So least value is 1, greatest value is 3.

x=2t—In2t,y=t>—Int*, t>0

(i)

(ii)

X =

2
& _ b odr_22-2 ¢ _2°-2
dx dr " dx t 2t—-1  2t-1
Stationary point is where % =0
2
221‘t_—12=0
267 -2=0
22 -1)=0
t? =1
t==1

Sincet >0,t=1
Whent=1,x=2-In2, y=1-Inl=1
Pointis (2—-1n2, 1)

2
zztt—lzz2
22 —2=202t-1)
22 —2=4t-2
2t —4t=0
26(t—2)=0
t=0or 2

Sincet >0,t =2
Whent=2,x=4-In4, y=4—1In4
Point is (4—ln4, 4 —1n4)

20+sin26, y =4sin 0
Maximum y value is when sinf =1= 0 = %

x=2x%+sin2x§=n so Ais (m,4).

Biswhen y=0so0 4sinf =0
0=0,m, 27, 37, 4T, ...
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4 Differentiation

Since B is the third time the curve crosses the
x axis for 6 = 0, the value of 6 at B must be 2.

Bis (47,0)
o & _
(ii) a0 - 2+ 2co0s20, 0= 4cos6
dy dy « 46 de
~de

_ 1

= 4cost) X 2+ 2cos26

_ __4cos6

2+ 2cos20
_ 4cos0
2(1+ cos20)
_ 2cos6
1+ (2cos?6—1)
_ 2cos6
2co0s’6
1
cosf
= secO
(iii) C is where jx—y =2
_ 1 _ -1
secB—Z:COSQ—Z:COSO—Z
__I
0= 3
When 6 = —%,

_ T _m\_ _21 _
x=2X 3)+sm(2>< 3)— 3
y= 4sin(—%) =4x —? =-2v3

. ( 2 3
SoCis (—7—7 —2J—)

dy _
=0

=0 = cosO +cos20 =0

(ii) Highest point is where

_cosf + cos26
sin@ + sin20

cosf + (2cos2 0 —1) =0
208260 + cosf -1 = 0
(2cos@ —1)(cos@ +1)=0

cosB = 1

5 or —1
From the graph, 6 = % When 6 = %,
n 2n _5
X = 10cos3 + 5cos 3 >
2m _ 153
y-lOsm3 + 5sin 3 =5
5 15\F)

Hence A is (2 >

i) x* = (10cosb + 5c0s26)*

=100cos? 0 + 100cosfcos26 + 25cos> 20
= (10sin@ + 5sin26)
=100sin” 6 + 100sinOsin26 + 25sin> 26

y2

x? + y?
=100cos” 8 +100c0s0c0s 26 + 25cos” 20
+100sin” @ + 100sin@'sin 20 + 25sin” 260
=100(cos* 0 + sin” 0) + (25cos” 26 + sin> 26)
+100(cosBcos20 + sinfsin26)
=125+100(cos(26 - 0))
=125+100cos6O

7 x =10co0s8 +5c0s20, y =10sin6 + 5sin20

(iv) Since —1 < cosf <1, least distance is 5m,

o odx_ -
ti de 10sin0 ~10sin26 greatest distance is 15m.
dy
@ =10cosf +10cos26 (Page 62)
_1
jx—y=%xgx—9 1 y=e4x 3+x°
1 1
_ 1 d_y - _l sy 2 4
—(10c039+10c0329)><_1Osin9_1osin29 P e 3+xr+= (3+x )2 x2xxe
_ 10cos6 +10co0s26 1, xe_ix
—10sinf@ —10sin26 o 3, -
4 N3+ x

cosB + cos26
—sin@ — sin26
_ _cosB + cos260
—(sin® + sin26)

_ _cosf +cos20
sin@ + sin20

—i +xe 4
- \/3+x2

¥ (_3_1 2 )

e ( 17X X
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4 Differentiation

Stationary points are where % =0 4 x’+y’—xy-48=0
: dy ( dy)
3 12 = ey
_Z_Zx +x=0 (i) 2x+2ydx yrxg 0
X —4x+3=0 (2)/ )gx—y y =
(x-1)(x-3)=0 dy y-2x 2x-y
x=1lor3 dx ~ 2y x  x—2y
, (In x)2 (i) Points whe;e the tangent is parallel to the x-axis
7 X . 2 are where ay =0
dy _ 2(Inx) x o xx—1x(Inx) ) 0= 2x—y =0 y=2x
3= = x =2y
2 x?+(2x)* —x(2x) - 48 =0
2Inx — (Inx)
=T X% +4x> —2x> —48=0
_Inx(2-Inx) 3x% =48
a x2 x2 =16
. . dy x =24
Stationary point is where e 0 y =48
Inx(2-Inx) ~0 Points are (4, 8) and (-4, — 8)

2
X

Inx=0or2—lnx=0 (iii) Points where the tangent is parallel to the y-axis

are where d_y is undefined.

x =1ore? dx
2x —
2)? Y is undefined when x — 2y = 0 = x = 2
y=00r7(lnez) =i2 x=2y v 4 4
e e 5
(24 (29)" +y*=(2y)y-48=0
So M is (e ,—2) 5 5 5
e 4y +y " —2y"—48=0
3 y=sin2x+x 3y? =48
2
=1
d =2cos2x +1 4 6
dx 4 y =14
Stationary points are where ay =0 x =18
2c082x+1=0 Points are (8,4) and (-=8,—4)
2cos2x = -1 5 2x°+xy+y’ =14
cos2x = —+ dy dy
2 dx+\y+ I + Zyd.x 0
2x = cos_l(—l) = 2_7c’4_1t d
2/ 373 (x+2y)—y:—4x—y
dx
N )
3’3 dy —4x-y
2 dx ~ x+2
d—)zl = —4sin2x d 4
5 Stationary points are where Ey =

d
When x =%, —y=—4sin2><£ <0

dx? 3
= x = % i$ a maximum.
d?
When x —Z—Tc ¢y —451n2><2—n>0
37 dx? 3
= x = 2777; is a minimum.
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—4x—-y=0=y=-4x
2x2 + x(—4x) + (—4x)* = 14
2x% —4x* +16x* =14

14x2 =14
2=1
x=*1
y=7F4

Points are (1,— 4) and (—1,4)



4 Differentiation

2 x=In(tant), y = sin’t
6 x==2L .y —3In(3t+4) x = In(tant), y = sin
A M dx_ sec’t dy 2sintcost
(i) dx _ 203t +4)-3(2t) _ 8 dy __9 dt  tant’ dt
dr (3t + 4)* (3t+4)? dt 3t+4 12
t
dy _dy dr_ 9 (Gt+4) =t
dx ~dr Tdx " 3t+4 8 cost
_ S0t +4) 1
8 ~ sintcost
27t + 36
=73 & _d o
dx dt " dx
(i) Whenx=2,2= 3 2_11:4 = 2(3t+4) = = 2sintcost X sintcost
6t+8 =2t = 2sin’fcos’t
4t =-8 (ii) When x =0,
i t=-2 In(tant) = 0
_ 5, dy_27x-—2+36__9 _
When t =-2, F 3 i tant =1
t="2
- i
d
1 x2+2xy—y2+8d=0 ) Whent=%,ay—25m2%cos %
(i) 2x+2y+2xay—2yay=0 ZZ(L Z(L)z
At (-2,2), X v2) V2
2(-2)+2(2) + 2(—2)% - 2(2)%’ 0 )
y ,dy_ y=sin*T=2
—4+4—4a—4a—0 ' 4 2 '
dy Equation of the tangent is y = mx + ¢
B =0 %z%(0)+c:>c=%
dy _ 1
dx 0 Soy= —x )
So tangent is parallel to the x-axis. 3 x=1+2sin%6, y = 4tan0
(ii) When x = -2, dic
5 (i) 0= 4sm6c050, d = 4sec’ 6
(2> +2(=2)(y) - y* +8=0 6 6
2 dy _dy de
4—-4y—y“+8=0 EZEXE
y'+4y-12=0 = dsec’OX Tt
(y=2)(y+6)=0 ) 4sm19c039
— — = X
Soy=2o0ry=-6 cos>0  4sin@cosh
The other point is ( -2, —6) 3 1
=—
2x+2y+(2x—2y)jx—y:0 sinfcos” 0
dy _x-y (ii) Wheno = %,
dx  x-
X+ yy d_y = 1
= dx .. ®m_ 3T
y—x sin g cos”
d)’ (=2)+(=6) _ -1
At(-2,-6 =2 3
( P T o) 1 (L)
Equation of the tangentis y = mx + ¢ V2T V2
—6=2(-2)+c=c=-2 =1=4
Soy=2x-2 4
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4 Differentiation

5 y=

When 6 = %, x = sinz%z 2

y= 4tan%= 4

Equation of targetis y = mx + ¢
4=42)+c=>c=-4

Soy=4x-4

e2x

14
dy _ 2e% (1 +e*) —2e* (e?*)
dx 1+e*)?

2e2x
C(1+e¥)?
When x = 1n3,

d_y 3 2e21n3
dx (1 +ezln3)2

2eln32
2

(1 + eln32 )
_ 209

(1+9)?
_ 18

100
-9

50

sinx
1+ cosx
d_y _ cosx(1+ cosx)— (—sinx)sinx
dx (1 + cosx)?

cosx + cos’x + sin’x

(1+ cosx)?
_ _cosx+1
(1 + cosx)?

_ 1
1+ cosx

Since —1 < cosx <1 on the interval -t < x < T,

then 1
1+ cosx

6 x=t>+1, y=4t+In(2t-1)

o dx _ dy _ 2
(0 dt_Zt’ dt_4+2t—1
dy _dy ar
dx dt = dx
_ 2 _\(L
_(4+2t—1)(2t)
_2 1
_t+t(2t—l)
__4t-1
t(2t—1)

1

(ii) Whent=1,%=%=3
Gradient of normal is —%
Whent=1,
x=1"+1=2

Stretch and challenge

(ii)

y=41)+In(2(1)-1) =4

Equation of normal is y = mx + ¢

__1 _ 14
4= 3><2+c:>c 3
~_l,, 14
So y= 3Xt3
OR
3y=-x+14
x+3y—-14=0

(Page 64)

The x-coordinate of any point on the curve
=0D - AB

=10 —rsinf

=r(6 — sinB)

The y-coordinate of any point on the curve
=CD-CB

=r—rcos@

=r(1-cosB)

d_y = rsinf

dx _ —r(1—
q0-" rcosf = r(1 — cos0), 0

& _dy o
dx dO6°~ dx
1
r(1—cos@)
_ __rsinf
r(1—cos6)
_ _sin®
1—cos@
_ _sin® 1+ cosf
1—cosO@ 1+ cosf
sin@(1 + cosH)
1—-cos?0
_ sin@(1+ cosb)
sin” 6
_1+cos@
sin@

= rsinf X

0820 = 2c0s*0 — 1 = cos = 2cosz(

N[

o
)

ol

cosf+1= 2cosz(

D

sin260 = 2sin@cosf = sinf = 25in(g

~——
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4 Differentiation

14+ cosf _ 2cos” (g)
sin6 2sin(%)cos(%)
_ cos(g)
sin(g)
= cot(%)

(i) Wheny = 1r,

r(l—cos@)z%r
_ -1
1 cosG—2
-1
c059—2
T
9_3
Y cot(?) = cot[T) =
dx—cot(z)—cot(6)—\/§
When y = 51,
1l (mn_g m_1 E_ﬁ)_m_ﬁ
*=2"3 Sms)_zr(3 2)" 6 4

Equation of the tangent is y = mx +¢

DO [ —
-

(iv) s= (%)2 +(%)2

s= \/(r — rcos0)* + (rsinH)?

= \/1’2 —2r?cosO + r*cos’ 0 + r*sin’0

= \/1'2 —2r?cosO + r*(cos’ 6 + sin’ 0)
=2r% = 2r?cos6
= J2r(1 - cos@)

=r/2(1 - cos6)

1
s=4/2r% (1-cos8) = (2r* —2r% cos0)>

ds 1.2 2 *% 2 .
= = = = p— X
a=3 2(2r 27 cos6) 2r” sin@

_ r’sinf
J2r? (1= cos0)
__ r’sin@
ry/2(1 —cosB)
_ rsinf
J2(1—cosB)
2 x=t3,y=t2
o dx 5.2 d_)’_
(i) dt—3t,dt—2t
dy _dy dr_ 1 _2
d T dr fde X3 T
Equation of the tangentat t = p:
— 2 _ 2 3
y=mx+c=p —3p><p +c
_ 22,2 12
¢ _p 3p 3p
_2 .1
y - 3p'x+ 3p
3py = 2x+p3
3py—2x = p’

(ii)

3 (i)

3p(7) - 2(-10) = p’
p’=21p-20=0

By inspection, p + 1 is a factor:

p’=21p-20=(p+1)(p* - p-20)

=(p+D(p+4)(p-5)

p=-4,-lor>5

t=-4,-lor5

t =—-4 = (—64, 16)

t=-1=(-11)

t =5= (125, 25)

The height of the gutter is given by 10 siné.
The area, A, is given by

lOXlOﬁn64-%x10am9X10ﬁn9

=100sin@ + 50sinfcosf
=100sin0 + 25(2sinBcosH)
=100sin0 + 25sin260
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4 Differentiation

(ii) Maximum area is when 94 = 0 5 x=t+l, )/=t—l
deo t t
dA _ 2 _ 1\* _ 2 1
a0 100cosO + 50cos26 x _(H_E) =t +2+t_2
100cos0 +50c0s20 =0 2
: =(t—l) =P -2+L
2cos0 +cos20 =0 4 t t2
2c0s6 +(2c0s*6 —1) = 0 xz—y2=t2+2+%_(t2—2+%)
t
2c0s*0 +2c0s0 —1=0 P
. . x"-y =4
Using the quadratic formula,
cosf =0.366 (or —1.366) 6 tanBKC = 3x_0, tan AKC = %
0 =1.20 or 68.5°
. _ tan@ = tan(AKC — BKC)
A =100sin1.20 + 25sin(2 x 1.20)
5 _ _tan AKC — tanBKC
=110.1cm 1+ tan AKC x tanBKC
2 35.6 _ 30
d°4 _ _100sin6 ~100sin26 220
a0 "4 356,.30
d*A L+ x Cx
When 6 =1.20,-—5 <0
de 5.6
so this value of 6 is a maximum. =—*
1 4+ 1068
2
46 1= c0239 * sir319 g
56
(ii) Maximum length is when % =0 =
x~ +1068
- _ 2
=243 = 2(cosH)" +3(sin) " X
cosf  sinf ,
56, X’
A 5(cos0)? x —sinf — 3(sin6) * x cosd T x T x7 41068
qg = 2lcos X —sinf — 3(sin X cos X"+
_ 2sinf _ 3cosB = 25#
cos’@ sin’0 x” +1068
_2 sin30 — 3cos> O Maximum value of 6 corresponds to the
cos2B0sin2@ maximum value of tan6.
2sin” 6 — 3cos” @ -0 d 5.6x
cos*Osin’ O dx\x2 +1068
.3 30 _
2sin”0 — 3cos™0 =0 _ 5.6(x” +1068) — 2x X 5.6x
2sin’@  3cos’@ _ 0 (x? +1068)*

cos® 0 cos® 6 cos> 0

_ 5.6x” +5980.8 —11.2x"

3 —
2tan 9_3 =0 (.x2+1068)2
3 3
tan”0 =3 _ 5980.8 — 5.6x°

2 2

x% +1068
tan@ = 3% ( )
Maximum is when 5980.8 — 5.6x% = 0

0 = tan‘lg/g = 0.853 (or 48.9°)

5.6x% = 5980.6
When 6 = 0.853, 2 _ 5980.6
x5 ===

_ 2 3 56
I= 550853 " smoss3 ~ /02m X =327m
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5 Integration

7

(i) x = rcos@ = Ae*? cos@

dx _ kO ko
a0 - cosOAke sin@ X Ae

= Ae* (kcos@ — sinf)

y = rsinf = Ae" sinf

dy _ k6 . k6
dB_Ake sin@ + Ae"” cos@

= Ae* (ksin® + cosh)
dy d_yx doe _ Ae*? (ksin@ + cos0)

dx d6 " dx Ael? (kcos@ —sin@)
_ ksin@ + cosO
kcosO —sin@

_ktanO+1
k—tan6

(ii) % = tan(& + 0)

(gradient of the tangent using exterior angle of a
triangle)

So tano + tanf _ ktan6 +1
l1-tanotan®  k — tan6

tan@ +% 1
=7 = tano = X
1—+tan@
k
o= tan_l(%)

OR use (tane + tan6)(k — tan0)
=(1- tanrtan®)(ktan6 +1):

(ktanor —1)(tan’6+1) =0

tano = % (since tan?0 +1# 0)

ORazmﬁG)

dy :
3= tan(o + 6) and from (i)

dy _ ksin + cosO

dx  kcos@ — sinf

_ ksin@ + cos@
kcosO — sin@

and this is true for all values of 6. In

particular it is true for = 0, and then

_ ksin0 +cos0 _ 1
kcos0 — sin0

hence tan(o + 0)

tan(a +0)

|

~——

-1 — tan (L
sotan(x-kandoc—tan (k

5 Integration

5.1 Integrals involving the exponential function JGET{-X1)]

1 (i) Jezx dx=Le¥ 4 ¢

2

(ii) JeH" dx = —%eHX +c

4 _ —2x-3

(iii) Jezx+3 dx = J4e dx
=4x _Lze_z"_3 +c
=2 +¢

_ 2
- _62X+3 te

4x 4x
v) [E—FL gy = (C_+L)dx
J. ex J. X eX

e
= J(eSx +e)dx

=Ll (e ) e

3
1 3x 1

== -—+
36 o 9

_1 _1 _1
(v) I9e Fdx=9x-3e ¥ +c=-27¢ ¥ +¢

(vi) f(ex —1)2 dx = f((e")2 —2e" +1)dx
= J(ezx —2e* +1)dx

=%e2x—2ex+x+c

2, 4x _|:§ 4xj|2_§ 2 3 4
J.13e dx = 4e 1—4e 4e
_3.8_34
4 T4°
_Bgi(gh
—4e (e 1)
e2x er er dx

:ti_gﬁ_ti_i)
e” e” el e’
1 1

=(0)= (-2 -2
0~ )

1 1
= =4+ =

e e’
=e+1

o2
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5 Integration

J‘(e +1)°

2x
] J +2e +1)]
e

2x X
:J.(eT+ze + ) dx

e X er er

= _[(1 +2e % 4o ¥)dx

=x—2e_x—%e_2x+c
- _e%_2e12x+c
dy i
i) —==e¥ -3¢
dx "
)/=J.(e3 —3e™"
1y
=3e3 +3e " +¢

Substituting (0, -2),

l><O -0
—2=3e3 +3¢ +c=>c=-8

Ly
Equationisy =3e3 +3e™™ —8

1
(i) Youwantx so thatjx—y —e3 —3¢ ¥ =0
e%x —i=0
eX
1, 3
e’ xe* ——x><e" =0xe”
e
4
e’ =3=0
ed =
%x=1n3
x= %ln3 ~0.824
d? 1
_}2/ — le3 +3 —-X
dx 3
d2 1 éln
When x = %ln.’),dx—); = %e3x4 ’ + 3e

Sox = %11‘13 is a minimum.

43

6 j()ln4(ke3x+(k_2)e*%x)dx:185

In4
I s

—2(k—-2)e %XO)

)=1e
)=1e

1
[%e“ —2(k-2)e 2"

—%1n4) (k 3%0
3

(§><64—2(k—2)><%)—(——2(k 2)

(ke3ln4

3 —2(k—2)e

(6§k (k-2)- (——z(k 2)) =
(%u) (—%+4)—185
22k—2=185
22k =187

5.2 Integrals involving the natural logarithm
LG (Page 68)

1 (i) J’idx=%ln|x|+c
(i J-Q _
i) xdx—21n|x|+c

(i) f2x3+1

dx=3><%ln|2x+l|+c

= %ln|2x+1|+c

(iv) J(i + 12x)dx = %ln|x| + %2ln|1 - 2x| +c
= %ln|x| - %ln|l - 2x| +c

= ln|x|% - ln|1— 2x|% +c

o=

(1-2x)

2 J; mdx = [21n|x +1|]2
= 2In|4 +1| — 2In|2 +1|
= 2In|5| — 2In|3|

- 5
—21n3

-ufy

25
=In== 5
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5 Integration

3 Jl 9 L B 1
11-3x dx = [-3ln[1 3x|]_1 2 (i) sm2x dx = [—%cost:|
= (-3In|1-3x1|) - (-3In|1 = 3x—1|) 1 1
= (-3In|-2|) - (-31n|4]) (—Ecoszx )—(—Ecoszxo)
=—31n32+31n34 =(0)—(—%)
=In2" +In4 |
=lnl+ln64 )
=1 4 . T T
n(SX6 ) (ii) J-Tfseczlxdx = [2tanlx}2
n 2 27 n
=1n8 3 3
_ 1, m)_ lym
4 J‘ x—1 dx=J. x—1 dx —(2tan2x2) (2tan2><3)
x2 -1 (x=1)(x+1) - -
_ J—dx =(2tanz —(Ztang)
x+1
_ _ 1
=In|x+1|+c =(2x1) (ZX\/?)
3x° —-7x — z_l
S .[ 3wtz J3
2 . _ 6 _1 _T
(3x —79:)7(3x+2)—x—3+3er2 3 cosx=5=x=3
3x2 —7x 4. _ 6 B J’% o1
:>J ez 9= J(" 3+3x+2)dx A=) cosxdx—3x5
2 n
:%—3x+21n|3x+2|+c =[sinx]3 —%
=(sinZ_sinol_-T
jk 3 - = s1n3 smO) 6
Pl =31 034
k 2 6
[ln|3x—1|]1 =
In|3k—1| - Inf3-1| =1 4 (i) fsinzxdx = J%(l—cost)dx
1n|3k—1|—1n|2| =1 =%x—isin2x+c
ln(—sk_l) =1
2 (ii) J4sinxcosxdx = 2J23inxcosxdx
3k—1_
2 = 2Jsin2xdx
3k—1=2e
—5(_1
k=2e+1 —2( 2cost)+c

3

= —cos2x +c¢

LA LE CR T RGO T TR T T (Page 70) (jii) cos2x = 1 — 2sin’x = sin’x = l(l —€0s2x)

2
1 (i) Jsin4x dx = —icos4x +c sintx = (%(1 _ cos2x))
(i) Jcos(3x -1)dx = %sin(3x -1)+c = i(l —2c0s2x + coszzx)
_ 2 _ 2 _1
(iii) J(4cos%x 4 1)dx _ SSin%x txte cos4x = 2cos”2x —1 = cos” 2x = 2(cos4x +1)
= Jsin“xdx

(iv) j(cost—sec23x+4)dx .

JZ(I — 2c082x + cos® 2x) dx

= %sian—%tan3x+4x+c 1 1
IZ(I —2c0s2x + 5(cos4x + 1))dx

_f(1_1 1
—J(4 2c052x+8cos4x-i- )dx
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5 Integration

.[(8 2c052x+ 8cos4x)dx 7 (i) 2sinx =1= sinx S X=
=3_x lsm2x+Lsm4x+c EL
8 4 32 A= _[né (2sinx —1) dx
(iv) J.(sin4xcosx—cos4xsinx)dx 51
I: 2C08X — x:lf
= jsin(4x—x)dx 6
_ ST _ 51 T_T
= J.sin3xdx _( 2o 6 ) ( 2cos6 6)
_ V3 5m ) ( \/5_75)
D N _( 2X - T ZXT 6
1 =(3-F)-(~5-F)
5 J‘4\/1+cos4x dx om
0 =2/3—- 3

n
= J: \/1 +(2cos?2x —1)dx

n
= J4xl2cosz 2xdx
0

i) v = jfn(zsinx)zdx —mx1?x 28
6

sn -
= 471".”6 sin? x dx — <%
6

3
pLY
= J4ﬁc052xdx 5%1 .
0 = 47t'|‘7E =(1—cos2x)dx — £~
. n 2 3
T 6
= \/_X[ sm2x} 5T
0 = 2TI:J. (1-cos2x) dx — T
= \/_x( sm2><Z EsmO) _6 s5n 5
=27 x—%sian} 6 —2%
= 2x(5-0) : o
— ol (3m_1 5m\_(m_1lg 5, m\|_2n®
Zg —ZTE_( 3 2s1n2>< 6) (6 2s1n2>< 6)] 3
ol (3R _ 1, N3\ _(m_1,3)|_2r®
6 (i) Points of intersection are when 6 2 2 6 27 2 3
sin2x = cosx [(5m 3 T 3 2n’
B
2sinxcosx = cosx L 6 4 S 4 3
; - —oq| 20 N3 |_ 21”7
2sinxcosx —cosx =0 = 275_ 3 + ) } 3
cosx(2sinx —1) =0 2
1 S R i
cosx =0 or sinx = 5 N
T T - 2%4_\/?“
x= and fandy = cosx ~120
n
A= j;(sian —cosx)dx 8 (i) LHS=cos3x
6 =cos(2x + x)
T . .
1 . 2 =C0S2XCOoSX —sin2xsinx
= —ECOSZX—Slnx i
6 =(2coszx—l)cosx—ZSinxcosxsinx
= (—%cosZ X 3~ sin%) - (—%cosZ X % - sin% =2cos’x — cosx — 2sin’xcosx
1 1 1 1 =2cos3x—cosx—Z(l—coszx)cosx
=(§‘1)‘(‘5X5‘z)
= 2¢c0s’x — cosx — 2cos x + 2cos’x
_(_1 3 3
“\72) 7\ =4cos’x —3cosx

= RHS

45 Cambridge International AS & A Level Mathematics - Pure Mathematics 2 Question & Workbook © Greg Port 2018




5 Integration

3 cost dx

(ii) cos3x = 4cos’x — 3cosx
10_[
cos? x

= cos’x = i(cos3x +3cosx)

T T z 2

b z — | 32cosx —1

J‘nzcos3x dx = J‘nzi(cos?:x +3cosx)dx - .[ = g dx
3 3

n 2
x ¢ cosx
B n z 2 2 1
_1]1 . 2 =j3[w——)dx
=7 3 1n3x+3smx]£ % cosZx cosZx
B 3
_ n
1|1, 31 AT P T =J-3(2—sec2x)dx
=2 3sm > +3sm2) (3s1nn+3sm3):| %
_1[(.1 33 n
=2 (_§+3)_(0+TH [2x —tanx];
. 6
_1[8_3¥3 _(2n_ . W\ _(T_ ., T
13- - (- )~ (-
_2_33 z[z_n_ﬁ _(E_L)}
~3 8 ( 3 3 3
. . -T_ /34 L
9 (i) 5cosx—3sinx 3 + 3
= A(cosx + sinx) + B(cosx — sinx) © 2J3
=(A+ B)cosx + (A — B)sinx 3 73
A+B=5 o .
5.4 Numerical integration GE}-LWZ)]
A-B=-3
2
A=1,B=4 1 j f(x)dx
0
n )
(i) jzwdx =1 2=00142(08+1.5+1.9)+3.38]
0 COSx +sinx 2 4
B J’%(cosx+sinx)+4(cosx—sinx) dx =3.575
“ o CosX + sinx 2 i)
X 0 0.25 0.5 0.75 1
Z((cosx+sinx) 4 (cosx —sinx)
= - + - f(x) 1 0.9846 | 0.8888 | 0.7032 0.5
0 \ cosx+sinx cosx +sinx
n . 1
_ .[Z(HM)“ (ii) f f(x)dx
0 CoSX +sinx 0
T
=[x +4In(cosx + sinx)] 2 5 X —[1 +2(0.9846 + 0.8888 + 0.7032) + 0.5]
= (g + 4ln(cos§+ sin%)) =0.832(3s.f)
. fth h
— (0+ 4In(cos0+ sin0)) (iii) Underestimate of the true area under the curve
3 (i) Estimate of
=(§+4ln(0+1)) (0+41In(1+0)) 1“ ) solmaeo area
=5><%[0+2(2.1+2.2+2.3+1.8+1.2+1.2+1.0)+0]
T
=(—+O)—(0+0) 5
2 =59m

S

(i) 3km/h =3000m/h = 50 m/min
Volume = 50 x 5.9 = 295m>/min
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5 Integration

(ii)

Further practice

JOZ\/l+x3 dx

~ L 22001 4 2(1.0606 + 1.4142 + 2.0916) + 3]

2 4
=3.28(3s.t)
Chris is correct. The answer from part (i) is
an overestimate of the true area. Increasing
the number of strips would decrease the value
found.

(Page 77)

2
10 [ A de=[2m2e+ 1T,

2

(ii) j:

(i)

47

=2In[2x2+1|-2In[2x -2 +1

= 2In|5 - 2In|-3|
=2In5-2In3
=1n25-1In9
25
=In== 9

2 dx =[2mf2x +1|];
= (2In|2 x 2+1]) - (21n|2k + 1)

= (2In5]) - (2In|2k +1|)

=1n25-In(2k +1)*
25
(2k +1)*
In—22 =
(2k+1)
25 _
(2k+1)°
25=0k+1)°
2k+1=+%5
k=-3o0r2

Since k<0, k=-3

(2cosx + sinx)?

2 . .2
=4cos“x +4sinxcosx + sin“x

2 . .2 2
= 3cos“x +4sinxcosx + sin“x + cos“x

= 3cos’x + 4sinxcosx + 1
= 3(%(c052x + l)) +2(2sinxcosx) +1

= écost + 3 +2sin2x +1

2 2

— 3 3
= 2sin2x + 2c052x + >

T
(ii) J.Z(Zcosx +sinx)? dx
0

T
= J 2(25in2x+§(:032x+§)dx
0 2 2

— Y
[ 3. 5 }E
=l c052x+4sm2x+2x A

(—cost%-&istx +5 n)_

2 2 2

(—c052><0+%sin2><0+%><0)

(1+0+ ) (-(+1)+0+0)

_om
1 +2

3 LHS = tan’x +sin’x

(ii)

= seczx—1+l(1 —c0s2x)

1
= sec’x 1+2 2c052x
2 1 1
= —1cos2x — =
sec’x 2cos X >

= RHS

T
J-OG(tanzx + sinzx) dx

19

5 (sec?— Leosax L
—IO (secx 2cost 2)dx

r o
=|tanx — lsin2x — lx}

- 4 2 0
ian® _ Laoys B _ 1o T
~ (tan6 4s1n2><6 2><6)
_1. _1
| (tanO 4sm2><0 2><0)
(L _B3_m\_
_(ﬁ . 12) 0)
-5 _ T
8J3 12
_53_ 1
24 12
'
J‘ V4 —cosx dx
~§>< [J—+2(2)+J_]
=626(3&Q

The first trapezium will overestimate the area
from 0 < x < % but the second trapezium will

T

underestimate the area from 5 < X < TS0

taken together the trapezium rule will give a
good estimate of the true value of the integral.
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5 Integration

d Past exam questions N(ET-{¥£))

dx
1 (i) y=cotx=25%
= e*(sin2x — 2cos2x) + (2cos2x + 4sin2x) X e* sinx

(ex(sian - 2c052x))

d_)’ _ —sinx X sinx — cOsx X cOSx

= e*(sin2x — 2cos2x + 2cos2x + 4sin2x)

dx sin’x
— X 3
= e*(5sin2x) _ —(sin’x + cos’x)
-2
(ii) Since %(e"(sian—Zcost)) = 5e*sin2x 1 s x
n  sin’x
JO‘*e" sin2x dx = —cosec’x
z i) cot’x= x—1
= %[ex (sin2x — 2c052x)](‘)1 lii) <o Ex cosecx
[ J‘nzcotzxdx
e4(sin2xﬂ—2c052xﬂ)— 4
=1 4 4 . )
e (sin0 — 2¢cos0) = JEZ (cosec’x —1)dx

=1 ez(l—O)—(—Z)} _

5— |:
[ (ot BT\ (ot _T
=%e4+2} —( cot2 2) (cot4 4)
- _ T T
x =(0-3)-(~-3)
= le4 +g
5 5 =1-I
4
6 (i) Rcos(0—a)= R(cosOcosc + sinfsincr) (i) cos2x=1— 2 sin’x
cos0 + /3sin8 = R(cosOcosx + sinBsinor) 1 _ 1
1= Rcoso 1—cos2x 1—(1— Zsinzx)
V3 = Rsinx 1 1 5
= 5 = 5cosec’x
\/§=tana:>a=tan’1\/§=§ 2sin"x
1 _ 1 2
2+32=2 J.mdx—jzcosec xdx
So cosO + /3sinf = ZCOS(Q—%) = —%cotx+c
E 1 do 2 (i) cos(3x —x) = cos3xcosx + sin3xsinx
0 (cosB + +/3sinH)* . .
- cos(3x + x) = cos3xcosx — sin3xsinx
3 1
N [ S—
— ) )\ de LHS = l(cost — cos4x)
(2cos(9 5))
T ) %[cos(3x x)—cos(3x + x)]
=’ de o
0 4cos’ (0 %) 1| (cos3xcosx + sin3xsinx) —
n 2| (cos3xcosx — sin3xsinx)
_ 1J'§ 2( Tc)
==|"sec”|0—+|dO
4Jo 3 = l[251n3xsinx]
x 2
_1 _m 3 = sin3xsinx
-1 tan( 3”
| = RHS
_1 n_T)_
=2 tan(3 3) tan( )}
_1f _ T
= 4_tanO tan( 3):|

|
ol
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5 Integration

T
(ii) J.Tf sin3xsinx dx
6

1Y
_ |31
= Jn 5(c052x—cos4x)dx

I
1o a1 }3
|:251n2x 4sm4x

aa

(Lgn2p—Lgn4
—(4811’137[ 8511’1375)

3 (i) »

)’|1\/§3

Area A = %(1 +22+3)
=341(2dp.)
(i) Area(A+B)=6
= AreaB=6 — 341=2.59(2dp.)

Since the calculation of Area A overestimates
the true value of A, this approximation will be
an underestimate of the true value of B.

4 Ike4x dx = |:le4x }k
0 4 0

_1 4k 10
3¢ T4¢

= 4" 1)

Jeale T

etf_1=4e* 4
et*—4e?*13=0
Letm=ef =

m? —4m+3=0
(m-3)m-1=0

m=1or3
2%k =1 = e=<q
e =3=k= >

4+e”
(i) T

2
—-2x
26_2 —%e_x +c
= %e_x +c
- %x - 1X + ¢
e 2e
S (U i
i} L 2x+5

[%ln|2x +5|TZO
- (%ln|2(10) + 5|) - (%ln|2(2) + 5|)

_1 _1
= 2ln25 2ln9

B[

1
=1In252 —1n9
=In5-1n3

-uff

(iii) v

0] 3 6 X

x| o 3 6
y |10g2 log5  log8

AreaR = %(logz +2log5 + log8)
=39 (1dp.)
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5 Integration

6 () Letl=[(2c050 - 3)(cos6+1)d6 :(ﬁ_L)_(i_L)
6 2Xx2 6 2x1
= [ (2cos0-cos0-3)d6 _(§_l)_ 1_1)
) S 6 4] \6 2
€0s26 = 2cos” 0 —1 = cos 9=§(c0829+1) 13 ]
Sol = J(c0529+1—c059—3)d9 - E_(_g)
17
= I(cosZG—cosQ—Z)dO 12

= lsin20 —sin@—-20+c¢

T n
2 2 I4sin2x cos’x dx = I4sin2x(l—sin2x)dx
0 0
.. 4 1
(i) (a) J( +—)dx n
2x+1  2x = J4(sin2x—sin4x)dx
=4><lln|2x+l|+llnx+c . 20 2
2 2 cos2x =1—2sin“x =2cos"x—1
1
=21n|2x+1|+§1nx+c - sinzxzé(l—COSZx)
4
4 1 = sin*x = L(1 - cos2x)?
(b] L (2x+1+2x)dx 4

4 —l _ 5
=[21n|2x+1|+%lnx} —4(1 2¢0s2x +cos”2x)
1

_ 1( 1 )
=—(1—2cos2x + =(cosd4x +1
- (21n|2(4)+1| +%ln(4)) 4 5 )
1 1 1 1
==—=-cos2x+—-cosdx +—
- (21n|2(1)+1| +%ln(1)) 472 8 8
_3_1 1
=3 2c032x+ 8c054x

_ 1 _ 1
- (21n9+ 21114) (21n3+ 21n(1))

T
1 4 .2 o 4
= (1n92 + 1n42)— (ln32 + %(0)) So J.o (sm x — sin x)dx

= In81+1n2—1n9 f (1= cos2x) -
81x2 INn &
_1.81X2 =
=In 9 0 (%—%cos2x+%cos4x)
=1Inl18 .
= J-4 l—lcosélx)dx
SLCIEL LI ELEL TG (Page 79) 0\8 8
Y
1[4
3 d == - dx
x>, 1 4 1.2 1 j(l cos4x)
=X 4, L=yt 8
VY=t T2 T 0
. 1. 1
2 2 =—x——sm4x}
L= 1+(lx2—%) dx 8L 4 0
' ’ 2x 1f(n 1 T
2 =—(———sin4><—)—0:|
zj 1Lt 21 1) gy 8l\a 4 4
! P2t 1[(n
*e 1, 1 =§(Z)—o}
= “xt S+ —| dx g
32
2 2
1.2 1
= x°+—| dx
LW 2x° 36 m=7F
1.2, 1
:Il(fx +—2)dx r=k9:>37n=kx%n:>k=2

[t,%}oncurve:rzZX%zn:ﬂ:n
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5 Integration

(ii) r(0)=1+cosH, r'(6)=—sinO

L= j "JIr O+ 76

=2 JO V1 +c0s6)” +(=sin6)’ d6

= 2Ion\/(1+2c050+c0529)+(sin26)d9
=2 " V22050 do
=2 " 2ot do
=22 [ "Treosf do
0520 = 2c0s* 0 —1 = cosf = 2cosz(§) -1
so cos@+1=2cos (9)

and L= 2\/—J‘ /2c0s
=4J &cos =z d9

=4 j cos(g) de
= 4[25111(

I
- 20m(3)-29n(3)
=4[2-0]

=8

Nl:l )

(iii) x=r(0—sin6),y=r(1- cos@) 0<6<2m

dx
de

I

= J-OM\/(r(l —cos0))’ +(rsind)* dO

=r—rcosf = r(l—cos@) = rsinf

’d9

= .[Ozn\/rz(l —2cosO+cos’0)+r*sin’6 do

= Joszr2(1—2c059+c0529+sin29) de
= J.Ozn\/rz(l—2c039+1) do
= Jozn\/r2(2—2c039) do
= J‘Ozn\/2r2(1—c059) do
2
=2r _[0 J1—cos6 do
=2r _[Ozn ZSinzg de

=2r I;n sinzg dée

2
21
_ol Q}
2{ 2cos2 ;
__ 2 _ 0
= 4r(cos 5 cosz)
=—4r(-1-1)
=—4r(=2)
=8r

4 Consider the boulder as a sphere of radius R centred

at the origin. The entire boulder is formed as a
volume of revolution, rotating the curve y* = R* — x>
about the x-axis. The volume underwater is found by

integrating from —R to —R cos¢.

We need the proportion that this is of the total
volume, which is 7R’

3
—Rcos¢
o R ) ax
PO =
T

3

3 —Rcos¢
= —3 sz - x?i|
4R3L "

(Rz(—Rcos@—i(_Rcosmj—

_ 3 3
4R’ (—R>3)
L (RZ(_R) 3
; (—R3cos¢+ R3C§s3¢J

Il |
[
—~ i r—
|

_M»—‘ »-lklr—* NS

7~ N /7 N
o
o
(2]
A=Y
+
o
2
S w
S
N—
|
|
—
+
W[
Nadiss
| |

—cos¢ + Coi o J - (_%)

—3cos¢ + cos ¢ + 2)]

/\

cos d) 3cos¢+2)
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6 Numerical solution of equations

6 Numerical solution
of equations

6.1 Interval estimation - change-of-sign
UGB (Page 81)

1 i) e =x=e-x’=0

fx)=e* 3 —x3
i) f(0)=e"-0°=e>>0
f(D=e-1"=¢e?-1<0

Since there is a change in sign, the root must lie

between 0 and 1.
(i) f(0)=e’?=-0°=e>>0
£(0.5) =e® 3 —0.5° =—0.0429... < 0

Since there is a change in sign, the root must lie

between 0 and 0.5.
(iv) £(0.4)=e"">—-04°=0.0103...>0
£(0.5) =" —0.5> =-0.0429... <0
So the root lies between x = 0.4 and x = 0.5

2 The statement is false because the curve is not
continuous between x = 0 and x = 2.

y

(2,0)

—

S
=

—6

(ii) Either 4—x—Inx=0 or Inx+x—-4=0
(iii) f(x)=Inx+x-4
f(2)=In2+2-4<0
f(3)=In3+3-4>0
The integer bounds are 2 and 3.

6.2 Fixed-point iteration and problems

liv)] £(2.9)=In2.9+2.9—-4=-0.0353...

£(3.0) = In3+3—4 = 0.0986...

Change in sign = root lies between 2.9 and 3.0
il x*=3"=x*-3"=0

f(x)=x?-3"

f(=0.7) = (0.7)* =377 = 0.0265...

£(=0.6) = (—0.6)* =3¢ =-0.157...

Sign change = root in the interval [-0.7, - 0.6]

(i) fx)

_____

with the method

(Page 84)

(ii) The root lies in the interval [-2, —1].

liii) X, =32x, -3 x,=-2
X, =3Y2x—2-3=-19129...

x, =—1.8969...
X3 =—1.8940...

x, =—1.8934...

x, =—1.8933(4d.p.)

(ivl x,., = %(x,f + 3) or xl - iz

n X,
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6 Numerical solution of equations

2 Xy =4-Inx, (iii) 0, = %n—ksinen
X, =4-1n2.9=29353... ,
X2=29232 01 =§TC+Sin1=1.8887...
Xy =2.9273... 6, =1.9971...
X, =29259... 0, =19577...

: 6, =19733...
x,=2.926 (3dp.) :

30 2 —x2=15=x’—x2-15=0 0,=1972dp)

f(x)=x>-x*-15 6 (i) Iterations diverge.
f(2)=23-22-15=-11<0 (i) Iterations do not converge to a single value.
£(3)=33-32-15=3>0 (i) Iterations do not converge.
Change in sign = root lies between 2 and 3 7 (i) x,=3%,,= 331 — %xn
o 2
(i) x, =315+, x, = 3/31—%x1 - g/31—%><3 — 2.8643...
_3 2 _
x, =3/15+2.52 =2.7698... X, = 2.8750...
X =2.8302... x, = 2.8767...
: x5 = 2.8768...
x, =2.849 (3d.p.) :
3—x x, =2.877 (3d.p.)
A (|] X4 = e n n P
" (ii) x=331-2x
_ [3—x
*= 3 5
x X7 =31-3x
xl=3=X
x 2x> =62 —5x
3
x"=3-x 267 +5x—62=0
x*+x-3=0 8 (i)
o _ |3—-15 _
i) x, = =57==1
x, =14142...
x3 =1.0589...
x, =1.3539... 65 x
x,=1212dp.)
5 (i) Areaofsector= 1720

2
. 1 .
Area of triangle OAB = Erzsme (i) @ 14—x>=3lnx =14—x>—-3lnx=0
Area of segment f(x) =14 — x> = 3lnx
12 1 2. 12 .
=510 -5r’sing =5 (6 —sin6) f(3)=14—3%-3In3=1.704... >0

2 f(4)=14—4% —3ln4 =—-6.159...<0

(ii) Area of segment = %nr
Change in sign = « lies between 3 and 4

%rz (6 —sinf) = %Tl:r2
(b)

3r2(0 —sinB) = nr? 14—x>-3lnx=0
3(-sinf) == 14 —3lnx = x>
9—sin0=%n 14 -3lnx = x
0= %TE+ sin@
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6 Numerical solution of equations

Xp =+/14-3Inx,, xy =3.5 3 f(x)=x*—4x’+4x>+2x-7
x, = /T4 —3In3.5 = 3.2003... [ FC1) = (1) — 4(c1)® + 41’ + 2(1)—7 = 0
x, =3.2420... so a=-1
X, =3.2360...

(i) If o= —11isaroot of the equation f(x) = 0, then

x4 =3.2368... (x+1) is a factor of f(x).

: Using polynomial division,
x,=324(2dp.)

x4—4x3+4x2+2x—7:

x> —5x2+9x—7
x+1

g G- (Page 90)
1 x,, =+4—cosx,

Xy =+J4d—cosx, ,x, =5
x; =~/4—cos5=1.9278...

Sox* —4x’ +4x* +2x-7
=(x+D(x* =5x2+9x—7)

To find 3, solve

(x+D(x*=5x+9x-7)=0

x2 = 20855 X :_1 or
x3=21195 x3_5x2+9x—7:()
x,=2.1264... x> =5x*—9x+7

x =35x>—9x+7
i) x,,, =35x,>—9x, +7,x, =4

x, =35%4> —9x4+7 =3.7084...

x, =213 (2dp)

2 (i) An equation satisfied by ais
o =2In(48 +16a°)

X, =3.4867...
% = In(48 + 160%) x; =3.3142...
; x, =3.1779...
e? =48+160” :
Starting with the original equation, x, = 2.54 (2d.p)
1
_1 2
y=e £ 3+x> 4 }’:%
1 dv o V(=
1_, 4xm (i) Qvo_ 2sin2x(1 — x) 2( 1)cos2x
4 dx (1-x)
2 2
12 _( L . .
(Z) - (e 4xm) _ —2sin2x +(fxs1r;ézx + cos2x
—-x
1
1 _ (2" 3142 d
16 (e 3+x ) Maximum is when Ey =
L =16(3+x?) —2sin2:x + 2xsin 2x + cos2x = 0
—=x
e? sin2x(2x — 2) + cos2x =0
1
e2" = 48 +16x> sin2x(2x —2) Lcos2x _ _ 0
1 5 Ccos2x cos2x  cos2x
5% =In(48+16x7) tan2x(2x —2) +1=0
x = 2In(48 +16x2) tan2x(2x —2) = —1
(i) x,,, =2In(48+16x,%), x, = 14 tan2x = =——— = —1

2x -2 2-2x

x, = 2In(48+16(14)%) = 16.1318... (il tan 2 = 1
x, =16.6913... 2-2x
x; =16.8261... f(x)=(2-2x)tan2x —1

X4 =16.8580... £(0.3)=(2-2x03)tan2x0.3—-1=-0.042...
: £(0.4)=(2-2x04)tan2x0.4—1=0.236...

Change in sign = root lies between 0.3 and 0.4

= (2-2x)tan2x —1=0

x, =16.87 (2d.p.)
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6 Numerical solution of equations

1

(iii) x,, = %tan_1 (ﬁ), Xy =
n

1, -1 1
X, = E tan (m)

_ 1. -1 1 —
=;ftan (2—2><0.35)
x, =0.31979...
x; = 031694. ..

x, =0.315%...

x, =0315 (3d.p.)

o1, 1 1.
(i) 57 9—2r><rtan9 2r8
1 29_12 _ 12
Er 9—2r tan@ 2r9
0 =tan0 -0

260 = tan6

lil 6,, =tan"'(20,), 6, =1
6, =tan"' (2x1) =1.1071...

6, =1.1466. ..
6, =1.15%....

6, =1.1637...
6,=1.17 (2dp.)

LES IV ENITESGLEE (Page 91)

(i) Area shaded region

0.35 2 (i)

0.32785...

(ii)

(i) x,,, =

= area triangle OCT — area sector OBC

_1 _1.2
= XrXranx—5rx

= %rz(tanx - x)
1 2 _1_ 2
=57 (tanx — x) = ST

tanx—x =T
tanx =x+ T

li) x,, =tan”'(x, +7)

xo=1

x; =1.3339...
x, =1.3510...
x; =1.3518...

x, =1.3518...

x,=135(2dp.)

3 i

<
Il
==

SENS
[\ )

Let f(x) =sinx —% =
f(1.1)=-0.018...
£(1.2) = 0.0987...

Change of sign = root lies between x = 1.1 and
x=12

1

sinx,,

x,=1.15...

x, =1.0956...

x, =1.1246...

x, =1.1085...

x, =1.1173...

x,=111(2dp.)
J:(Ese“ +5e*)dx = 100
[ +5e* ]Z =100
(3 +5e7) = (e® +5¢°) = 100
e’ +5¢* —6 =100
e’ +5e =106
e’ =106 — 5e*
In(e*®) = In(106 — 5¢*)
3a = In(106 — 5¢%)
a= %1n(106 — 5e%)
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6 Numerical solution of equations

(i) a,, =3In(106 - 5¢,) [£(x) = £ey)]e, = £00)(vy =)

ay, =2 X1 X2
a; =1.41163... X1 7%
a, =148279... £(x1) = £(x;)
a; =1.47684... _ [£(x) = £(x,)]x; = f(x) (%, — x3)
a, =147735... f(x,)—1f(x;)
: _ FGe)xy —£0x5)x) —£0x))x) +£(x))x,
a,=1477 (3d.p.) f(x,) - f(x,)
_ 4 2x, _ fx))x, —f(x,)x;
4 xn+1_x2+ 3 = f(xl)—f(x2)
0 =2 soxs = R
X, =233333... 1 i X2 )
x, =2.29025... In general, x,,,; = (x’%‘(lx)x”)__ f(zc)’; );C”‘l
Xy =2.28943. . " "
X, =2.28943... It can also be shown that
: N £Cx,)[x, — %1
x, =2289(3dp.) mT (e, — £(x, )
i) 3x° =12+2x° li) f(x)=e* -3,x =landx,=0
3 _
X _132 ey _f(xz)[xz—xl]
x =<x/12 3 2 f(xz)_f(xl)
Soa = m _2[0 _ 1]
=0
—2—(e?-3)
SLCICOEL LI ELEL TG (Page 91) 0 P 2
1 (i) The gradient of the line through x, and x, is 1-e® e’ -1
fx;) = fxy)
X1~ X2

The equation is

f(xl) - f(xz)

f(x,)= X =%, Xx,+c¢
) [£(x,) = £(x,)]x,
Xp =X,

The x-intercept (x;) is

o f)=fGe)
X1 =X,
[£(x;) = £(x,)]x,
Xy =X,
[f(xlj)c__fixZ)]xl _f(xl)
1 2
f(xl)_f(xz)
X=X,
[£(xy) = £(xy)] 2 — £ () (6, —x5)
X; — X,
fx;)—1f(x,)

Xp =X,

+f(xy) -

= X3 =
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