Cambridge Assessment International Education bears no responsibility for the example answers to questions taken
from its past question papers which are contained in this publication.

Answers

'I P ro b l em so lV| n g From the table we see that the greatest number of

questions answered correctly is 12.

1 The basket was half full at 10:59. 9 Let the even number be 2k, where k is an integer.

Work backwards, use guess and check or algebra. Since any multiple of 4 is even, the square of any

3 Let x be the number of consecutive shots. even number is even.
3+x _16+x 10 Let the odd number be 2k + 1, where k is an integer.
7+x" 25+x 5 5
(3+x)(25+x) > (164 x)(7+x) (2k+1)" = 4k” +4k+1
2
75+ 28x+x2 >112+23x + x° =A4(k" +k)+1
5x>37 This is an even number + 1, which is odd.
x>74 Further practice KLY
So he needs 8 consecutive successful shots. 1 One friend has x marbles.
4 L 4y i5=1 The second has x — 2 marbles.
x+5 4
g3l x+1=2(x-3)
4
13 x=7
x+8=="
4 x-2=5
1 _4
x+8 13 The friends have 12 marbles in total.
5 pd 2 Looking at all of the possible sets of three ages to
p+r give a product of 72:
6 The difference in weight represents half the contents Ages Sum
s0 Jc=24-13=c=22kg. 1 2 36 39
, . 1 3 24 28
So the suitcase weighs 2kg.
1 4 18 23
7 The area of the cross-section of the water will 1 6 12 19
be the same.
1 8 9 18
Area AADC =1 x50 x 40 = 1000 cm’ 2 2 18 22
Let the height be . 2 3 12 17
100/ = 1000 2 4 o 1>
h =10cm 2 6 6 14
3 3 8 14
8 Clearly the number of correct answers must be even, 3 4 p 13

and greater than 10 or the total would be less than 48.

Since there is some doubt about the answer after the
Correct | Wrong | Unanswered | Total

clue about Alma’s house number, the sum of the ages
10 1 9 48 must be 14.

12 6 % 43 The fact that Peta says she has an oldest child means
14 11 X X the answer must be 3, 3, 8.
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2 Algebra

There is no reason to add the $270 and $20 here. You
can do the calculations this way:

Actual cost of suite:  $250
Money returned: $30 to men

$20 to lift attendant
Total $300

Speed = distance
P time

For the ‘against the wind’ journey:
Distance = 300 x 2.5 = 750 km

For the ‘with the wind” journey:

Time = ZLLO?) =1.875 hours =112.5 minutes

Sanil’s watch is moving at2 5 of the speed of a normal

watch.

Hence a normal watch is gomg 6 times faster than
Sunil’s watch.

Sunil’s watch moves through 8 hours between 9 a.m.
and 5 p.m.

Hence a normal watch will move through

gx 8= 9% hours = 9 hours 36 minutes
Hence the actual time is 6.36 p.m.

If Kyle, Leon or Ryan committed the crime then
more than one suspect would be telling the truth.

If Dave committed the crime then Dave is lying, Kyle
is lying, Ryan is telling the truth and Leon is lying.

Answer: Dave
Let the total volume of the bath be b.

Hot tap fills -2~ b of the bath per minute.
Cold tap fills A of the bath per minute.

Together they fill b +% b per minute.

Together they fill Z of the bath in one minute so it
takes 4 minutes to fill the bath.

OR

The hot tap will fill 1 bath in 12 minutes.

The cold tap will fill 2 baths in 12 minutes.
Together they will fill 3 baths in 12 minutes.

So 1 bath in 4 minutes.

8

10

2

Let the distance be d.

3
d_d, 1
46760

15d = 10d+3fL
_133

5d =32
_3
d—4km

After the first refilling there is 9 litres of water and
36 litres of juice.

The fraction that is juice is % -4

5
When 9 litres are removed, the amount of juice
removed is % X9= % =7.2 litres

Volume of juice in the final mix is
45-9-7.2=128.8 litres

Volume of water in the final mix is
45-28.8=16.2 litres

Ratio is 16.2:28.8=9:16

Leta=2k + 1and b =2m + 1 where k and m are

integers.

a’—b*=(a+b)(a-b)
=Qk+14+2m+1)(2k+1—(2m+1))
=(2k+2m+2)(2k—2m)
=2(k+m+1)2(k—m)
=4(k+m+1)(k—m)

If k and m are either both even or both odd, k — m

is even and if one of these numbers is odd and the

other is even, then k + m + 1 is even. In both cases,
the number (k+m+1)(k—m) is even.

So (k+m+1)(k—m)=2p, where p is an integer.
So 4(k+m+1)(k—m)=4x2p=38p,
which is a multiple of 8.

Algebra

A :ETH LG LR -CLIC (Page 5)
1 (i) 2(a—3b) - 3(b-3a)
=2a-6b-3b+9a
=1la-9b

(ii) 7cd(d® - 2) — 3cd*(8d + 5¢°)
=7cd® — 14cd — 24cd® — 156 d?
= —17cd® - 14cd - 15c* 3
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2 Algebra

4
(iii) Sf <28
12fg
=2f g
. x—=1,5-x
(iv) 4 Tt
S(x 1) 4(5—x)
20 20
_5x—5+20-4x
20
=x+15
20

(i) 12mn® + 9mn® = 3mn’(4 + 3n)
li) p*-p-12=(p-4)(p+3)
(i) 2(x+5 =x-
2x+10=x-7
x=-17

2(6x+8)-3=9-2(4-10x)
3x+4-3=9-6+15x
3x+1=3+15x

—12x=2

(ii)

Let the distance from Auckland to Hamilton be x.

Hakim’s speed i is 5 X km/h

Ravi’s speed is (% - 4) km/h
Distance = speed x time so

X X_ 1
2><2 (2 4)><210
x=1.05x—-8.4

8.4=0.05x

x =168 km

(ii) km* +n=p—wk

k(m2+w)=p—n

__p—n

k_m2+w
(i) \/_—\/9>< =J9x\2=32
(ii) =25x3=425%~/3=5/3

- -5

(i) 1+v3_1+43 143
1-J3 1- J— 1+/3

_1+2/3+3
N 1-3

4423
=)

=-2-.3
8 (i) (V2+1)(V2-1)=2-1=1
(i) (1-vB)(2+b)=2-b-b

PR ROEL VL TEVLG R (Page 7)
1 (i) x*+5x=0
x(x+5)=0
x=0or -5
i) x*-2x-8=0
(x—4)(x+2)=0

x=4or -2

iii) 2x*-x-3=0
2x=3)(x+1)=0

ngor -1

liv) 3x*—6x=0
3x(x—2)=0
x=0or2

(v) x%2-3x-40=0
(x+5)(x—8)=0

x=-5or8

(vi) 6x°+7x—3=0
(3x—-1)(2x+3)=0

1.3
x=30r—3

2 (i) Lett=x"
t?+3t—4=0
(t+4)(t-1)=0
t=—4orl

x*’=—dorx*=1

x=x1
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2 Algebra

(i) Multiply by x. (i)
5x—2=2x"
0=2x>-5x+2
0=02x-1)(x—2)

3x% +12x—4
=3(x>+4x)—4
=3Bx+2f—4]—4
=3(x+2)°-12—-4

_1
x=5o0r2 —3(x+2)*—16
(iii) Let t = /x. (i) 4x%+24x-16
t24+2t=8 =4(x? +6x—4)
_ 2
2 42t-8=0 =4[ (x+3)*-13]
(t+4)(t—-2)=0 =4(x+3)* =52
t=—4or2 (iv) 9x2—6x
Jx=—4orJx=2 _ (XZ_QX)
_ 9
x=4
liv) Let t = x°. =9(x2—%x)
2 _
1“+8=9t y (x_l)z_l
t2—9t+8=0 3] 79
t—1)(t—8)=0 2
(t=1)(t-8) =9P_l)_1
t=1or8 3
x>=lorx’>=8 4 3-8x—x>
x=lorx=2 =—(x*+8x-3)
. =—[(x+4)*-19]
2.3 completing the square KGEI{X)) 5
) =—(x+4)"+19
1 (l) (.x_3)2—8 :19_(x+4)2
(i) (x+2)°—4 4=19.b=4

2 (i) x*—6x+1=0
2.4 The graphs of quadratic functions RGEI-CE))

—-3)2-8=0
(x=3) 1 (i) y
(x—3)>=8 ’
x—3=%/8 *
2
x=3%8 \ ./
(ii) xX+4x=0 t
2 _
(x+2)"—4=0 76 5 4 B 2 10 4 3 [
(x+2)*=4 -
x+2=12 B
x=0or —4 -
, ==
3 (i) 2x"—4x+7 s
=2(x*-2x)+7
Vertex (-1, 0)
=2Bx—1f—d]+7
=2(x-1)*-2+7
=2(x—1)*+5
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2 Algebra

(ii)

h <

T
—~—
IS

9

Vertex (-4, -2)

(iii) y

2 10

Vertex (2, 1)

(iv) y

—
—
N

Vertex (%,—4)
li) y=(x—4)*-2
lii) y=—(x—1)*+5

2.5 The quadratic formula FGEILRD)
(i) x?+x-5=0

R N R P e
2x1
_—-1+421
2
=1.79 or —2.79 (3s.f.)

(i) 2x>-5x=6
2x%—5x—6=0
_ 5445 —4x2x-6
2%X2

5+J73
4
=-0.886 or 3.39 (3s.f.)

X

2 (i) Discriminant =(-2)* —4x1x4=-12
No solutions
(ii) Discriminant =4> —4x4x1=0
One solution
3 (i) (a) 4> —4xkx—-1=0
16+4k=0
k=—4
(b) k*—4x1x(k—-1)=0
k*—4k+4=0
(k=2)(k—=2)=0
k=2
(i) (a) (=2)>—4x1xk>0
4—4k>0
4> 4k
1>k
k<1
(b) (—k)*—4xkx1>0
k*—4k>0
k(k—4)>0
k<Oork>4
liii)a) (—2k)*—4x2x1<0
4k*-8<0
4k* <8
k*<2
-2 <k<2
(b) (—4)>—4xkx2k<0
16—8k*> <0
16 < 8k*
2<k?
k>V2 ork<—2

4 (i) Rootsof 6and -2 = (x—6)(x+2)=0
x*—4x-12=0=>m=-4, n=-12
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2 Algebra

lii) x*—4x—12=p = x> —4x—12 —p=0 i) 1-%s7
b’ —4ac=0 4
(—4)? —4x1x(~12— p)=0 43>8
—3x>24
16+48+4p=0
x<-8
64+4p=0
p=-16 (iii) —4x—-1<-x+5 —4x—-1<-x+5
-3x<6 or 6<3x
2.6 Simultaneous equations EGEI-CRPI) x>=2 —2<x
1 i) x=3y=-1
li) x=-2,y=5 2 (i) v
2 (i) x?+4x=x-2 \ ; /
x?+3x+2=0 \ 3 /
(x+2)(x+1)=0 5
x=-1or =2 .
y=-3or —4 \
(-1,-3) or (-2,—4) 5 4 B2 —17(1) 2 3 4 5%
li) x*+4x-2=-2x-2 5
x> +6x=0 4
x(x+6)=0 =5
x=020r—160 x<0orx>1
==2or .
(0,-2) ory(—6, 10) i v
4
i) x?+(-x-1)>=25 3
x*+xt+2x+1=25 2
2x%+2x-24=0 1
x*+x-12=0 I P A 5
(x+4)(x=3)=0 Z \
x=—4 or 3 [q \
y=3 or —4 =3
(—4,3) or (3,—4) 4
livl x(7—-2x)=3 0sx<1
7x—2x7 =3 i v
0=2x"—7x+3 \L /

0=2x-1)(x—-3)

_1 >
X—EOI‘?) \ l /

92

y=6orl
1 &5 4 5 2 N 2 3 4 5
(E’ 6) or (3,1) ¥
poge 1
1 (i) 3(x+4)<-15 -
x+4=<-5 -

x=-9 x<-lorx>1
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2 Algebra

(iv) y

et
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.
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|
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\
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L
>

<9
¥ -9<0
-3<x<3
Further practice JGEI-CRED)
(i) 3g—-1)(q+2)
(i) t(s+ p)—2u(s+ p)
=(t—2u)(s+p)

pd__P
3 12mw
3 (i) x*-25=0
x2=25
x =125
x=5or -5

(ii) x>+5x—14=0
(x+7)(x-2)=0

x=-7or2

(iii)

(iv)

(v)

(vi)

(ii)

3x2=5x-2=0
Bx+1)(x=2)=0

1
X= 3 or2

5x%+13x—6=0
(5x-2)(x+3)=0

—2, _
x—50r 3

Multiply by x*:

3—-11x* =4x*
0=4x*+11x*-3
0=(4x>—1)(x*+3)

2

xt=2orx*=-3

Ho ol

D=

x=
Multiply by x:
2—x=4x-9J/x
0=5x—9/x-2
Let t =+/x.
0=5t>—9t—2
0=(Gt+1)(t—2)

tz—% ort=2

ﬁz—é or/x=2
x=4

2x% +12x+11
=2(x?+6x)+11
=2[(x+3)’-9]+11
=2(x+3)2—18+11
=2(x+3)*~7
5x% —40x+72
=5(x>—8x)+72
=5[(x—4)’-16|+72
=5(x—4)>—80+72
=5(x—4)>-8

5 7+8x—2x°

=2x"+8x+7
=-2(x*—4x)+7
=-2[(x—2)* —4]+7
=-2x-2)"+8+7
=-2(x—-2)*+15
=15-2(x—2)*
a=15,b=2,c=2
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2 Algebra

6 i) y=x(x+2)=(x+1)>-1 (b) 3-2kx?=6x
(i) y=—(x—3)*+4 2kx* +6x-3=0
7 (i) 1-3x%=5x 62 —4x2kx—3>0
0=3x>+5x—1 36+24k>0

5 24k >-36

x_—Si\/S —4xX3x-1

h 2%3 k>—2_3f

_—5%37 ;

-6 k>-3

=0.180 or —1.85 (3 s.f.)

5 (iii) (@) (-1)* —4x9x k<0
(i) 12x=6x" -5

, 1-36k<0
0=6x —12x-5 1<36k
1244122 —4x6x -5 1
= 2x6 36 <K
_12+264 k>L
- 12 36
=-0.354 or 2.35 (b)  kx*+2x—-1=0
8 /90=+9%10=+/9x+10=3/10 22 _4sxkx—1<0
=3
S04 4+4k<0
9 (i) Discriminant=(-3)> —4x—-1x-2=1 4k <—4
Two solutions k<—1
(ii) Discriminant=0%—-4x1x4=-16 1M i) x=3y=12
No solutions (i) x=6,y=-3
(iii) Discriminant=(—1)> —4x5x2=-39 12 (i) x249=4x+5
No solutions Xl —dx+4=0
(iv) Discriminant=32—-4x-4x0=9 (x=2)(x=2)=0
Two solutions x=2,y=13
) (2,13)
10 (i) (@) k> —4x1x4=0
K —16=0 (i) (x—2)*+(9-2x)* =5
=16 x*—4x+4+(81-36x+4x>)=5
k=4 or —4 5x% —40x+80=0
(b) kx? —kx—1=0 x?—8x+16=0
(-k)? —4xkx-1=0 (x—4)*=0
k?+4k=0 x=4y=1
k(k+4)=0 1)
k=0or —4 (iii) x*+2(1-x)*=9
(i) (a) (=k)>—4x3%x3>0 x2+2(1-2x+x2)=9
k*—36>0 x*+2-4x+2x*=9
k*>36 3x%—4x-7=0
k<—-6ork>6 (Bx-7)(x+1)=0
x=%0r—1
__4
y= 30r2
7 _4 _
(3, 3)or( 1,2)
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2 Algebra

(iv) 2x+3y=72y=7_32x
3x2=4+4425§£)

2_,428x 8x?

3x° =4+ 3 3

9x2 =12+28x—8x>
17x%-28x—12=0
(17x+6)(x=2)=0

-_6
X= 17 or 2

131
y=% or 1

_6 131
( 17’ 51) or (2,1)

13 (i)

—]
[« N g o D~
| —

e —
\\
T —
o do
| —
| —
| —
— |

|
L —
v

(ii)

- ) W o=

N/

N—

x<-50rx>0

(iii)

L —
N NP v D <

—
T

_—
//

|

S \CRIS I

I
ol |
8 I
6 I
| o
\ Nl
|
70—8\—6 4 20 x

x<-7o0rx>2
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2 Algebra

(viii) 3x%>6x=3x2—6x>0

(v)

g
[<=)

= A

™~
D
[ Se e
T —

|
>
I3
|
I~
|
55
|
o
|
—

\
U D '~|4’l S
|
%)
|
=
+ o
/
—
=

1
[

x<-=5o0rx>
x<0orx>2

(vi)

=R

14 (i)  4x%+32x+70

(18]

Q2
N
~——

=4(x*+8x)+70
/ =4[(x+4)2—16]+70

=4(x+4)>—64+70

L~
g

dn CS [ )
\

=4(x+4)*+6
Vertex is (—4, 6)

S
|
w
|
%)
|
—
ur9/
/
N
=

li) 4(x+4)>+6<22

LR
=Y

] 4(x+4)* <16
(x+4)* <4
(vii) x> +8x+12<0

(x+6)(x+2)<0
—-6<x<-2

<

[N
P D

CER Y EIGGCTEHHEE (Page 15)
1 (x=-2)(x+1)>0

™~
P BT

\ x<—-lorx>2
€ 5 4 372710\ 2 3x
[ =2 \ 2 (i) x®+6x+2=(x+3)"-
- (i) (x+3)*=7>9
[T
/ ) (x+3)*>16
l N x+3>4 or x+3<—4

x>1 or x<-7

(i) 2x2—10x+8=2(x*-5x)+8

A7

W[
w

Cambridge International AS & A Level Mathematics - Pure Mathematics 1 Question & Workbook © Greg Port 2018




3 Coordinate geometry

1

(ii)

2x% —10x+8=kx
2x%—10x—kx+8=0
2x% +(-10-k)x+8=0
(-10—k)* —4x2x8<0
100+ 20k +k* —64 <0

k?+20k+36<0
(k+18)(k+2)<0
—-18<k<-2

SICIOEL LI ELEL TG (Page 16)

(i)

(ii)

(iii)

(iv)

ax2+bx+c=0:>x2+%x+§=0

Given the roots, you can write the equation as
(x—0a)(x=p)=0

x? —ox—PBx+of=0

x> —(a+B)x+of=0

Equating, you get

—(a+p)= :oz+ﬂ——é

aﬂ—£

4x* +(k+2)x+72=0
The roots are ¢ and 2¢x.

a+20=-K*2 and g x20 =22
4 4
Solving the second equation,
207 =18
=9

=13
Substituting into the first equation you get
3+ax3=-KE2 o ko3
or (=3)+2x(=3)=-— kZZ =>k=34

a+ﬁ—§ and off = ;

4
_+___B:é l’ldLzé

o B g 77 P T
3

So the equation is

x —%x+%=0 or 7x*—4x+3=0

o+B=2and off=3
(0¢+,8)3 =0’ +3c*B+30B% +°
=a3+[33+3aﬁ(a+ﬂ)

Rearranging, you get
o+’ =(a+ﬂ)3—3aﬂ(¢x+ﬂ)
=2°-3(3)(2)=-10
(aB)’ =3’ =27
The equation is x*+10x+27=0
2 9¥ 3" _54=0
(3)* -3x3"—54=0
Lett =3
t?—3t—54=0
(t+6)(t-9)=
t=—6 or 9
3*=—6 or 9

3* =—6 has no solutions s0 3* =9=x=2
3 k2+27%=8
Let t = 2%; the equation can then be written as
kt+%=8

kt+1=8t

kt*—8t+1=0

For a single solution, b* —4ac=0

(-8)* —4xkx1=0=k=16

16> —8t+1=0
(4-1)"=0=t=7

2X=i:>x=—2

3 Coordinate geometry

(Page 17)
1 (i) m=3
(i) m=0

(i) m = —i

2 (i) Length= AB=+4%+2% =20 = 447
Midpoint = (1,0)

Gradient = %

lii) Length= CD=+/4>+10% =116 = 10.8
Midpoint = (10, 2)
10__5

Gradient = —Zz—E:—Z.S
3 _I;m—2=>m=5
24N _5 5 p=5
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3 Coordinate geometry

4 (i) x=0 3 (i) 3y=—x-6
(ii) x=-4 x+3y+6=0
(i) x=1 (i) 15y = 12x+5
5 (i) m(Line ) =1 = m = tan™ (l) — 26.6° 12x-15y+5=0
2 2
» 4 A y=—x+lorx+y=1
m(Line2) = 2 = m, =tan” (2)=63.4 B: y=2x—3
m(Line 3) =—1 = m, = tan_' (1) = —45° = 135° I
1 C: y= gx
i — -1 _ -1 (_) — o
(i) =tan"'(2)—tan 5 36.9° (1d.p.) D y=-3
3.2 The equation of a straight line KGE-CRE)) E: x=6
__2
F. y= 3%~ 2
1 Gradient | y-intercept
(i) 3 -1 5 | Gradient of line | Gradient of perpendicular
(ii) -2 3 1 -1
3 1
(iii) > 1 1 4
: 1
(lV] _E -2 _21 _ _Z é
3 3 7
. _3 2
3
2 -3 _10
N 03= 15 3
(v ' 6 (i) 2x—y=1=y=2x-1
> The gradient is 2 so the equation is
146 5 4B R A0 > 3 4 3 7 X
<=t y=2x+c
L (&) 1=2X4+c=>c=-7
A3 y=2x-7
@i @y, 1
EI (ii) The gradient of the perpendicular is )
- The equation is y=—%x+c
2 Equation | Gradient | y-intercept 1 1
: I=—2X-3+c=c=—=
i) | y=—x+2 -1 2 2 2
i =3x— _ =_Ll, 1
i) | y=3x-2 3 2 y=—5x-3
=_1,:9 _1 9
(iii) | y = SxX+7 > . ¥
i 3, 3 — ..".'2x7y=l
liv) | y Sx—4 5 4 4 :
, [ J=05r03 | °
S < o)
I > 2-yE7
G (iv) S .
Gii) "1
RD / / 76 5 A B 0w 4 7
’>. : qh .. \
TR Yy RENE
R EEETINE 4 36 7 4 T
7 // (@i

—J
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3 Coordinate geometry

3.3 The intersection of two lines RGE:CR7I)

1

y

IS

(18]

—J
The x-intercept is when y = 0, so

8
= =D X=—
3x=8 X 3

The y-intercept is when x = 0, so

2y=8>y=4
1,8 ,_16_1
Area—2><3><4—3—53
y

i

The midpoint of AB is (%,%) =(-2,2)
The gradient of AB is % so the gradient of the
perpendicular line is -2.

The equation is
y==2X+c=2=-2X"2+c=>c=-2
y==2x—2

Midpoint of BC is (2L24,3 +2_5) =(3,-1)

Call the midpoint M.
The gradient of AM is —%,

The equation of AM is
y=—%x+c
=3 -1
2= 8>< 5tc=c¢ 3
~ 3,41
y=—gityg

1

2

ax—3y+1=0:>3y=ax+1:>y=%x+%
2x+by—6=0zby=—2x+6:>y=_%x+g

If the lines are perpendicular,

my Xm, =—1

.

Tahgent

When x =3, y=3%x(4-3)=3
so the point C is (3, 3)
The x-intercept of the line y=9-2x

iswhen 0 =9 — 2x, so xz%

The normal at (3, 3) has gradient %

The equation of the normal is

_1 _1 _3
y—%x+c3=>3 2><3+c:>c >
}/ZEX'FE
The x-intercept of this line is when
S GV J
O—2x+2 =>x=-3
Length of AB = 7%
Area of triangle ABC = %x 7% X 3 =11i

0 NS (4 [-l (Page 24)

(i) Centre (1, -3), radius 4
(ii) Centre (-3, 1), radius 3

li) (x—4)*+(y+1)>=36 or
x> +y*—8x+2y—-19=0

lii) (x+2)°+(y—7)*=8or
x> +y*+4x—14y+45=0

(iii) Radius =/(2—(-1))>+(4—0)> =25 =5
(x—2)2+(y—4)2=25 or

x2+y2—4x—8y—5=0
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3 Coordinate geometry

liv) (x=3)>+(y+3)>=9 or
x2+y2—6x+6y+9=0
(x+1)2+y*=9or x*+y*+2x-8=0
B: (x—2)2+(y—4)2=16 or
x2+y2—4x—8y+4=0
4 i) x*+y>—2x+4y-20=0
(x=1)2+(y+2)*=25
Centre Cis (1, -2)

(ii) Gradient of DC is % =3

Gradient of AB is _%

Equation of AB is
=1 =10
25= 3><2.5+c:,¢c 3
__1,,10
Soy= 3XT3
x+3y—10=0

liii)  (10-3p)*+y*—2(10-3y)+4y—20=0
100—-60y+9y*+y* —20+6y+4y—20=0
10y =50y+60=0

2 =5y+6=0
(y=2)(y=3)=0
y=2or3
x=4 or 1
A(1,3),B(4,2)
y
~ :
SN )
2 I3y -10=0
% 65 h o 4 x
:-—— AP -2 +4y—20=0

3.5 The intersection of a line and a curve

1 (i)

(Page 26)
x*+4x=x-2
x> +3x+2=0
(x+2)(x+1)=0
x=—1lor -2
y=-3or —4
(-1,-3) or (-2, -4)

2

4

(i) x*+4x—2=—2x-2

x*+6x=0

x(x+6)=0
x=0or —6
y=-2orl0

(0, =2) or (-6, 10)
(iii) x(7-2x)=3
7x—2x1=3
0=2x2-7x+3
0=2x-1)(x-3)

(iv) (x—2)*+(9-2x)*=5
x*—4x+4+(81-36x+4x%)=5
5x% —40x+80=0
x?—8x+16=0
(x—4)*=0
x=4,y=1
(4,1)

x2+3x+9=x+k
x2+2x+9-k=0
For one solution, discriminant = 0
22— 4x1%x(9—k)=0

4-36+4k=0
-32+4k=0
4k=32
k=8
2—x*=3—kx
0=x>—kx+1

For two points of intersection, discriminant > 0
(=k)? —=4x1x1>0
k*-4>0
k*>4
k>2ork<-2
(i) Centre of circle is (-1, 0)

Gradient of radius = —

A o

Gradient of tangent =
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3 Coordinate geometry

Equation of tangent is When k = 4,
4=%x—4+c:>c=7 2+4x’ =4x+1
3 4x? —4x+1=0
Soy=3x+7 (2x—1)(2x—1)=0
_3 _ _1
m—4, c=7 X >
y y=axti1=3
g 2
£1B Point is (% 3)
Yt 1A
N2 gl (- (Page 28)
A AN
0§ k b 2o w 1o x 1 (i) Length = EF=+/8%+4% =./80 ~8.94
;A' Midpoint = (-1, 1)
1 et 1242125 - -4 1
=6 Gradient=—==—=
’ radien 3 3
(i) Length = GH=+6"+12° = /180 =134
.. . 28 .
(i) A is (—? 0)’ Bis (0,7) Midpoint = (=7, ~3)
1,28 -_98 fonf = 12
AreaAOB—zx 3 X7 = 3 Gradient = G =2
5 y+kx=8= y=8—kx 2 m(line A)=tan"'2=63.4°

2x% +3x+10=8—kx
2x% +3x+kx+2=0
2x2 +(3+k)x+2=0 Angle between lines = 63.43° + 18.43° = 81.0° (1 d.p.)

m(line B) = tan " (—%) =-18.4°

For a tangent, b* — 4ac =0 3 (i) Gradient = i, y-intercept = -3
(B3+k)* —4x2x%x2=0

9+6k+k%:-16=0 (ii) Gradient = —% , y-intercept = 5

k*+6k—7=0 y
_ — <
(k 1)(k+712_07 1 N o
= or >\\
—s| 2x|
6 (i) 2+kxe’=kxtl YEEN
kx* —kx+1=0 NI
For no common points,b2—4ac<0 1o s o (j\ x
(—k)* —4xkx1<0 LtV ELg Y
kK -4k <0 N
k(k—4)<0 ;
O<k<4 ™
(i) For a tangent, b” —4ac=0 4 i) y=%X+%
k*—4k=0 . 1 s
k(k_4)=0 [“l y=—5x—§
k=0 or 4

Sincek#0,k=4 5 i) 3x-2y+8=0

(i) 8x+5y+5=0
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3 Coordinate geometry

6 (i) Line is of the form 4x+3y=k y
Substituting (-2, 0) gives ’
4x-2+3x0=k V4
k=-8 ]/
4x+3y=-8 746 5 4 B 2 10 3/ 4 6 7 8 *
4x+3y+8=0 B
(ii) Rearranging the equation gives =3
4x+3y=1 =
3y=—4x+1 -
4 1 -
y="3%%3 -
The gradient of the line is —% so the gradient of ]o
the perpendicular line is % . / _:A
The equation is y=%x+c B

Substituting the point (3, —1) gives
g the point (3, -1) giv 8 (i) x—3y=6=3y=x—6= y=ix—2

3
3
—1==X3+
4 ¢ The gradient is % so the gradient of the
c=—% perpendicular line is —3.
= 3,13 Equation of the perpendicular line is
4 4 y=-3x+c=2=-3X-"3+c=c=-7
4y=3x-13
y==3x-7
3x—-4y—-13=0
y (i) Solving simultaneously,
) y=-3x-7
: x—3y=6
\ J
AN = Substitution gives
4r+3 —”8\\ - By —dy =13,
x—3(=3x-7)=6
B T VR O ) N 2] ',4’ 3 X X+9x+21=6
\Q RS 10x=-15
AN 3
P W . x=-32
o Ay el 2
/,' =%+ y:_3x_%_7:_%
7 (i) Midpoint is (%,%)z (%,—4) The distance between (—%,—%) and (-3, 2) is
.. 1
AC)=2 Ly=-= 2 2
(i) m(AC)=2som(L)=~3 dz\/(_3__%) +(2__%) =474 (3sf)

y=mx+c:>—2=—%><6+c:>c=1

Equation is y = —%x +1
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3 Coordinate geometry

|
)

4

k="
U

9 (i) Centre (0, —5), radius 8
(ii) Centre (-2, 1), radius 3
10 (i) (x=5)>+(y+1)*=49
i) (x=3)*+(y+3)*=9
1 (i) x24+9=4x+5
x*—4x+4=0
(x=2)(x—2)=0
x=2,y=13
(2,13)
(ii) x2+2(1-x)*=9
x2+2(1-2x+x%)=9
x*+2-4x+2x*=9
3x2—4x-7=0
Bx—=7)(x+1)=0
7 o —
X = 3 or —1

y=—é or2

(%,—%) or (-1,2) ’

12 2—-x*=3—kx
0=x*—kx+1
For two points of intersection, discriminant > 0
(—k)* —4x1x1>0
k*—4>0
k* >4
k>2ork<-2
k

13 2x+==3

x
2x+k=3x

2x%—3x+k=0

No points of intersection = discriminant < 0

(=3)? —4x2xk<0
9-8k<0
9<8k

§<k

9
k>8

14 x*—x(kx—/8)=k

1

x*—kx? +/8x—k=0
(1-k)x>+/8x—k=0
(V8) —4x(1-k)x—k=0
8+4k—4k*=0
2+k—k*=0
Q2-k)(1+k)=0

k=2or —1

CER Y ENIGTES LG EE (Page 29)

(i) Gradient of perpendicular bisector =

[\SJ[ON}

Gradient of AB = —%

Equation of AB:

-2 _ _14
6= 3>< 2+c=>c¢ 3

Soy=—%x+% or 2x+3y—14=0

(i) Solving simultaneously,
2y=3x+50r3x—2y=-5
2x+3y=14
Multiply @) by 3, @ by 2:
9x—-6y=-15
4x+6y=28
13x=13
x=1ly=4
Midpoint is (1, 4)
By symmetry, B is (4, 2)

®O

y

B(4,2

2y E3X+5

17 Cambridge International AS & A Level Mathematics - Pure Mathematics 1 Question & Workbook © Greg Port 2018




3 Coordinate geometry

2 (i) Midpoint is (#,74_2_1)=(7, 3) (ii) Gradient of 2x + 3y = 9 is —%
—-1)— ; o3
Gradient of AB is cD-7 912 57 =2 Gradient of AB is 5
3p _3
Gradient of perpendicular line is% 9-p 2
Equation is 6p=27-3p
9p=27
3=l><7+c:c=—l
2 2 p=3
1,1
Soy=5%3 4 x> —dx+c=2x-7
2
(ii) Equation of CX is x"=6x+(c+7)=0
2 —
2=2xl+c=c=4 b"—4ac=0
Soy=-2x+4 (—6)> —4x1x(c+7)=0
S 36—4c—28=0
Solving simultaneously,

L1 4c=38
—2x+4=§x—§ c=2
—4x+8=x-1 5 Solving simultaneously,

9=>5x y=3x
_9 . _2 - 1,11
x_g’y_g dy=x+11=y 4x+4
1.1
So Xis (2, 2) or (1.8, 0.4) W=yt
55 B
5 X 12x=x+11
BX®=(9-1.8)"+(-1-04) lx=11
BX=7.33 x=1,y=3
y
10 Ais(1,3)
: By symmetry, Cis (12, 14).
N g QAG. T Equation of BC is
o dy=x+c
x
K 4X14=12+c= c=44
N2 y=0l5x-0ls 4y=x+44
o | 4C0L2)
) -(“‘ 7 2 Solving simultaneously to find B,
; \2°5) 4(3x)=x+44
-109 -8 {7 46 5 4 -3 -2 . 4 3 7 q
09 87 46-54pB2 171 ‘.““ 15 6 7 ﬂ710x 11x =44
\ B(9,-1
B \ x=4,y=12
— 3
i el Bis (4, 12)
I B By symmetry, D is (9, 5).
0
=7 6 3x’—dx+7=mx+4
N \ 3x° +(—4-m)x+3=0
5 S
—10 : For two distinct points of intersection, b*—4ac>0
2
3 [il (9_p)2+(sp)2:132 (—4—m) —4XxX3%X3>0
, , 16+8m+m” —36>0
(81—18p;|—p )+9p% =169 e 2050
10p”—18p—88=0 (m+10)(m—2)>0
5p°—9p—44=0 m<—10 or m>2
5p+11)(p—4)=0
p=—% or 4
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3 Coordinate geometry

RN UGG (Page 30) "

2 XYy
1 The diagram shows the relationship between the a b. )
tangent and normal at the point A. Multiplying every term by ab:
v bx —ay=4ab
5 bx—4ab=ay
o4 _bx—4ab
5 B )=
.................. b
A\ T y=gx—4b
""""""" \ 1 From this form the gradient of the line is %,
; b_1 _
4 3 2 10 1 2 3 4 x so =g=2b=a
The x-intercept is when y = 0 so
You need to find the coordinates of both A and X 0 X .
B. To find where the line meets the curve, solve STpm4=m, =4=>x=4a,50 Mis (44,0)
simultaneously: The y-intercept is when x = 0 so
4x+y+2=0= y=—4x-2 0y y
——Z=4=-7=4= y=—-4b,s0Nis (0,—4b
2x% =—4x-2 a b b 4 ( )
2x2 +4x4+2=0 By Pythagoras’ theorem,
2
xT+2x+1=0 MN = /(4a)? + (4b)* =/16a> +16b
(x+1)(x+1)=0
e V16a® +16b* = /720
2 2 _
Yyl =2 16a® +16b> =720
So Ais (=1, 2) 16(2b)* +16b* =720
2 2 _
The gradient of the tangent line is —4 so the gradient 16X 4b" +16b" =720
of the normal is 64b% +16b* =720
The equation of the normal: 80b* =720
2
y=mx+c:>2=l><—1+c:>c=2 b-=9
4 4 b=3
So the equation is y:ier% a=2b=6
To find B, solve simultaneously: my
2_1..9 14
2x° = 4x+ 1 -
8x’=x+9 = 8x’-x-9=0 0
(8x=9)(x+1)=0 3
xX= % or—1 j
Substitute x =% into the equation of the curve to find 2
M
the y-coordinate: -6 4 —2q0 2 4 10 12 14 16 18 20 24 26 28 x
2
(9 2 81 _81 =
y‘z(s) 2% 61" 3 -6
SoBis (2, &) K
8732 10
Finally, use Pythagoras’ theorem to find the length of g
AB: i
9\, (,_81)’ [
ABz\/(—l—g) +(2—§) =219 (3s.f) Lyg
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4 Sequences and series

3 Midpoint of the line joining A(—6, 1) and B(k, - 3) is
(—6+k 1+—3)=(k—6) _1)

4.1 Arithmetic progressions

2 02 2
Gradient of ABis L= (F3) 4
—-6—-k —6-k
Gradient of perpendicular is —%_k = %
Equation of perpendicular bisector is
y=mx+cz—1=%x%+c
. _k*=36
1= 3 +c
2
cz—%—l
Since the y-intercept is -9,
k> —36
_Kk =56 _1__
3 9
_kK*-36_
5 - 8
k* 36
K —56_g
8
k* —36=64
k* =100
k=%10
e
- /
4 /
2 /
_____ /
.................. /
~lal-l2[loNg T do [ [ B0kl 4 T ) 1o 1 [ 1l
P T T
GEAR) L
=16 /
NQ /
©.19
19
4 (i) x*—4x+3=(x—1)(x—3) so the x-intercepts

are x =1 and 3.
So the line must pass through (1, 0) or (3, 0).
y=kx+1=0=kx1+1=k=-1
or y=kx+1=0=kx3+1=k=-1%
(ii) The x-intercepts are x = a and b.
So the line must pass through (a, 0) or (b, 0).

y=kx+1:>0=k><a+1:>k=—%

y=ket1=0=kxb+l=k=—1

(iii) The x-intercepts are x = g and b.
So the line must pass through (a, O) or (b, O).

y:mx+c:>0=k><a+c:>k=—§

C

y=mx+c:0=k><b+c:>k=—5

2y=kx+1:>y=§x+%

2 _k 1
2x +x-i—1—2x+2

4x2 4 2x+2=kx+1

4x*+(2-k)x+1=0

For two points of intersection, b?—4ac>0
(2—k)* —4x4x1>0
4—4k+k*-16>0
k* —4k-12>0
(k+2)(k—6)>0

k<—2ork>6

4 Sequences and series

(Page 31)
i) 511,17,23, ...
a=5d=6,n=12
u, =5+(12-1)x6=71
i) -3,-8,-13,...
a=-3,d=-5n=15
s ==3+(15-1)x=5=-73

i) 2 6 26
(iii) 35
=2 4-8 ,_
a—3,d 15,n 7
2 _ 8 _58
u7—3+(7 1)><15 B

(iv) 0.85,0.55,0.25, ...
a=0.85,d=-03,n=11

Uy =085+ (11-1)x—-03=-2.15

(i) 21,15,9,...

a=21,d=-6,n=9
Sy =3[2x21+(9-1)x~6] =27

i) -8,0,8,...

a=-8,d=8,n=18

Sis = [2x—8+(18—1)x 8] = 1080
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4 Sequences and series

Giii) 7,9,11,...,79 7 a=4u,=4(a+3d)=>a=4a+12d
a=7d=2,n=%u,=1=79 3a+12d=0
u,=7+m-1)x2=79 a+4d=0

2(n—1)=72 ug=u,—4=a+5d=a+3d—4
n—1=36 2d=—4
n=37 d=-2
37
Sy7 =5 [7+79] =1591 a+4x-2=0=a=8

livl 0.05,0.15,0.25, ..., 4.05 Uug =8+7x-2=-6

— 005+ (n—1)X 0.1 = 4.05
U (n—1) 1 0 11,24 ..

0.1(n—1) =4 2
n—1=40 a=%,r=2,n=10
n=41

_ 1 10-1 __
Su =41[0.05+4.05] = 8405 o =5 %27 =236

(i) -16,8,-4,2, ...

3 34+5d=43 |
54=9 a:—16,r=—§,n=8
8-1
9 - 1y -1
d:E:LS Ug = 16><( 2) 0.125 3
a=34—-4x1.8=26.8 (iii) 0.1, 0.01, 0.001, ...

a=01,r=01,n=9

20
Sy =—[2%26.8+(20—1)x1.8]=878 o1 o
2 Uy =0.1x(0.1)"" =0.000 000 001 =1x10

4 d=02m+n)—-m=m+n livl 6,9,13.5, ...

U =m+(10-1)x(m+n) a=6,r=15mn=12
=m+9(m+n) Uy, =6x(1.5)7" =519 (3sf)
=10m+9n 2 () 3,612,24,...

5 a=40, Sy =3375,1n=30,d=71
a=3,r=2,n=38
S30 =3375 :%[2x40+(30—1)d]= 3375 3(1_28)
15(80+29d)=3375 Ss=— 5 =76
1200+435d =3375 )
4354 = 2175 (i) 81,279, 3,1...
d=5 a=81,r=§,n=20
us =40+ (5-1)x5=$60 20
S (")
6 (i) u7:32:>a;-6d=32 = =1215
S =130:>E[2a+4d]=130 3
5a+10d =130 (i) 2,-5,12.5,-31.25, ...
a+2d=26 a=2,r=-25n=14
Solving simultaneously, d =1.5,a=23 2(1 _(_2.5)14)
(il] un =56=>23+(71—1)X15=56 514 =W=—212 874.3028...
23+1.5n—-1.5=56 —-213000 (3 s.£)
1.5n+21.5=56
(iv) —240,48,-9.6,1.92, ...
1.5n=34.5
n=23 a=-240,r=-0.2,n=10
~240(1-(-0.2)"")
Sy = =200
1-(=0.2)
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4 Sequences and series

3 The sequences in parts (ii) and (iv) have a sum to

(ii)

PlanB:a=1,d=t,n=20

infinity: 20
Y 81 Sy =—[2x1+(20-1)x¢]
li) S =——=1215 2
1_% =10(2+19¢)
040 =20+190¢
livl S.= 1-(=02) —200 So to be the same,
x 2 204+190t=1260
4 327 x t =6.53 minutes (3 s.f.)
x* =64
O 9 (i) TFortheA.P,a=18
B o u,=a+(4-1)d=18+3d
5 a=8,S.=12=,""-=12 ug=a+(6-1)d=18+5d
8=12(1-r) First three terms of G.P. are 18, 18 + 3d, 18 + 5d
8, _18+3d _18+5d
12 18 18+3d
r=1—%=% (18+3d)* =18(18+5d)
324+108d +9d* =324 +90d
5-1
1 8 2
=8X| — =— 9d +18d=0
“s (3) 81
9d(d+2)=0
6 3,6x,12x% ... d=0or -2
2
_6x_12x —2x Since d#0,d=-2
3 6x o _18+3d_18+3x—2_12_2
For the sequence to have a sum to infinity, When d=-2,r= 18 18 18 3
-1<r<lso-1<2x<1 il S = 18 —54
- —1_;
1 1 3
——<x<=
2 2 (iii) YouwantS,=0witha=18,d=-2
7 1) 5x+1><r2=x+2:>r2= x+2 =2x+4 n[2><18+ ]
Sx+1  5x41
2
x 2[36 2n+2] 0
x x
x+2)xr’="=r2= 2 _
(x+2) 2 x+2 2x+4 338—2n]=0
2x+4 X n=0or19
$0 Son=19

5x+1 2x+4

(2x+ 4) =x(5x+1) 4.3 Binomial expansions JUEICED)

2 2
4x* +16x+16="5x"+x 16 (x+2)"
0=x>-15x—16 4 4 4
4 3 2 2 1 3 4
= + X2+ X2°+ X27+2
0=(x—16)(x+1) ¥ [Jx (2jx [3}6
x=-1 or 16 =x* +8x> +24x* +32x+16
(ii) r2=2xx+4=£=% = r= §=§ i) (1-3x)°
3 3
_Sx+l_5x16+41_ o =P+ 12X (=3x)+] _ [1x(=3x)* +(-3x)°
2 3
40.5 =1-9x+27x"—27x
S.=—2>=1215
1-2 8
3 2 [|] (2x—3)

8 (i) PlanA:G.P.witha=2,r=1.3,n=20

) 2(1-(13)")

0 1-(13)

8 8
=(2x)® +(1 J(zxy x(=3)" +(2j(2x)6 X(=3)* +...
=1260 minutes (3 s.f) =256x" —3072x” +16128x° — ...
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4 Sequences and series

il (3a—b) 6 The x° term in the expansion of
. ; (1+bx)(x+2)° will be
=3a)’ +[1 )(361)6 x (—b)" +(2}(3a)5 X (=b)? +... 1x x> term + bx X x2 term
5 5
=2187a’ —5103a°b+5103a°b* — ... (x+2)° =...+(2jx3 x2* +(3)x2 x2% 4.
7
(iii) (%+x3) =...+40x> +80x” +...
X
- . ; 5 The x° term is then
=(l2) +(1 Lz) x(x3)1+(2J(L2) X(*) .. 1x40x> + bx x80x> =(40+80b)x">
X X X

In order that there is no term in x°,

1 7 , 21
=——+L+2+ 1
JRTEENC R 40+80b=0 = b=—§
10 r . 6
3 Generaltermis[ ](Zx)lo_r(%) 7 (i) (3+u)
' 6 [®)ase 1, [C)aa 2
(x)lo—r =3"+ ] 3 Xu + 5 3T Xu"+...
x terms are ~———= x0T = 107
Vou want 10 — 27— 2 =729+ 1458u+1215u> +...
r=4 (i) u=x—x>

, 10 (1) , =729+1458(x — x*)+1215(x —x2)* +...
So the x* term is (2x) (—) =13440x ) ) s
4 X =729+1458x —1458x~ +1215(x" —2x” +x" ) +...

So the coefficient is 13 440 The x” term is —1458x> +1215x> = —243x>

15 r . . .
. 2\15-r( 5 The coefficient is —243
4 General term is [ . ](x ) (F) ,
(xz)ls—r 8 The general term is [rj47_r(—ax)r
x terms are ~———— = x 2072737 = 530757
<x3 )r For the x° term you need 7= 3 so
_ 7
You want 30 —5r=0 ( j44 (—ax)3 — _8960a°x>
r==6 3
So the term independent of x is —8960a° =-1120=4a’ = % =a =%
15), 5o 5\° The x* term is when r=2
(x?) (—3) =78203125 ; )
6 x 45(—lx) =5376x>
6 2) \ 2
. . 6—
5 (i} General term is (r]z [(=3x) The coefficient of the x> term is 5376
You need r =2, 9 (i) First three terms of (3 —2x? )7 are
6 7 7
(zjz‘*(—3x)2=2160x2 37{ j36(—2x2)1+( )35(—2x2)2
1 2
So the coefficient is 2160. =2187-10206x2 +20412x*
. 2
(i) (3+2x)(...__x+2160x"+...) i) (14 x2)(32x2)

You need the x term in the expansion of (2—3x)°. 5 5 4
=(1+x%)(2187-10206x2 +20 412x*...)

Herer=1 so ;
6 The x* term is
5 1
(1)2 (=3x)" =-576x 1x20412x* + x% x =10 206x>
The x2 term is =20412x* —10206x*
— 4
2x X—576x+3%2160x> =5328x> =10206x

. . 4 .
Hence the coefficient is 5328 The coefficient of the x~ term is 10 206
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4 Sequences and series

: 6 6—r 1 ’
10 The general termis| |k (—Ex)
r

The x> term is when r =3

[j]k3 (—lx)3 =20 k3 x—Lx3

2 8
__ 5433
= 2k x
_23 =
2k 160
k®=-64
k=—4

g IS (-] (Page 39)

1 u,=12=a+2d=12 ©

82a+(8-1d]=168

= 8a+28d=168 O

Sg =168 =

Solving simultaneously,
8a+16d=96 Ox8=0Q
12d=72 ©-©@

d=6
a=0
Uy, =0+(14—1)x6=78
2 a=25d=%uy=5u,=1=-45

25+8d=5
8d=-20
d=-25

u,=l=-45=-45=25+(n-1)x-2.5
—45=25-2.5n+2.5

2.5n=72.5
n=29
S29 =2 [25+-45]=-290
3 128r*=405
4 _40.5
T T8
40.5
:4_:
=418 =075
us =128x0.75% =72
a=128 _ 275
0.75
_ 2275 _ o105
==12075 102
4

12, 6, ...
N N S

From the above, you can write 12 +4d=6 = d=-1.5

Subtracting d from 12 twice gives the first term, a =15

Now using the term formula,

Uy =15+(21-1)x-1.5=—15

Alternatively, you can form two equations from the
information and solve them simultaneously:
3rdterm=12=12=a+2d
7thterm=6 = 6=a+ 6d

Subtracting the equations gives 4d =—6

=d=-15
The rest of the answer follows from there.
_2 _B8_
r= N R V2
Ug =2 X(\/E)6_l =8
—_—— —— —— _40) —_— ) ——> ) _20>

—40+5d =-20
5d =20
d=4
Subtracting 4 from —40 four times gives
a=-56
You want S, = 0.

R2x-56+(n—1)x4]=0

2
g[—112+4n—4]=0
%[4n—116]=0
2n*—58n=0
2n(n—29)=0

n=0or 29

Since n =0 is not a possible answer, the answer is n =29

9, 1%,
N AN AN AN AN
Xr Xr Xr Xr Xr
. . 3_.1 3_1 _1
From this, write 9r —1§:>r = §:>r_§
So the first term, a = 18
Alternatively, write ar=9 and art = 1%

Dividing the equations gives

1

4 1y
ar_ __8 3_1
ar 9 %" 73

and the answer is the same.

__a __18 _
S""_l—r_l—O.S 36

r=0.95

ug =45000%(0.95)° =$29 853.92
=$29900 (3s.f)
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4 Sequences and series

9 (%+2x)6 (;]32(—x)2+(2)23(ax)2
6

=54x% +80a’x>

1
=(54+80a%)x*
S 112,60, ( )
s 54+80a° =554
8)(x\""(_3) 80a® =500
10 General term is[ ](%) (—i) a
' * a’ =625
8—r
T _ 8- =2.
X terms are (x)r = xS a=25
x
8—2r=4 CER I EICTESLHEE (Page 39)
r=2 e
1 () (2x——)
8 6 2
So the x* term is (ﬁ) (—é) =034 x
2 N\2 X 16

5 r
General term is ( J(zx)S" (_l)
r

X

12 12—r r
11 General term is ( j(;) (xz)
r

To find the value of r that gives us the term X termsare —-—=x =X
independent of x, it is possible to guess and check 5-2r=1
until one that works is found OR use an algebraic r=2
5 2
approach. So the x term is [J(fo (—%) =80x
2 r
X 2r
( 12)7 =X _= x 22T — 312 Coefficient of x is 80
x x

5
- 2 1
To get the term independent of x, the power of x (i) (1 +3x )(Zx - ;)
must be 0,0 3r—12=0=>r=4 0
-1 . i
Substituting into the general term, X termin (Zx _;) :

1212\ 5y : 5—2r=-1
( )(2) (x?) =495% 25 xx* =126 720
4 \x X r=3
> s—r(2) So the x ' term is > (2x)* (-1 3——40x_1
12 General termis| |(kx) 77(;) 3 x)
r
5 2 1 >
X terms are X : N X terms in (1+3x )(Zx—;) are
x

5 5
To get the x7 term: 1Xx term in (2x—%) +3x°xx~" term in (Zx—%)

5-2r=-1 ) B
3 =1x80x+3x" x—40x
r=
5 3 =80x—120x
2(2) _ 2,1 _
(J(kx) (x) =80k“x =—40x
80k =720 Coefficient of x is —40
K2=9 2 a+ar=50=a(l+r)=50
k=43 ar+ar®* =30=ar(1+r)=30
. 4 Dividing the equations,
13 The general term for (3—x)" is . 377 (—x) ar(L4r) 30
5 a(l+r) = 50
The general term for (2+ax)’ is (r]Zs_r(ax)r - % 06
In both cases, r = 2 is the value needed to get the x” term. a=31.25
_31.25 _
S. =g =78.125
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4 Sequences and series

3

(i) (@) A.P.witha=10,d=2
Uzo =10+ (30—1)x 2 =68 litres

(b) S, =5[2x10+(n~1)x2]=2000
g[zo+2n—2]=2ooo
18n+2n* =4000
2n* +18n—4000=0
n*+9n—2000=0
Solving gives

n=404 or —49.4
n=41
(ii) G.P. witha=10,r=1.1
10(1-(1.1)")

S0 = 1@

2000—1644.94
2000

=1644.94L

Percentage left = x100% =17.8%

li) (a—x)’

=a’ +[f]a4(—x)l +[2Ja3(—x)2 +[§Ja2(—x)3 +...

=a’ —5a*x+10a’x* —10a’x> +...
(i) (1-ax)(a—x)’
=(1- ax)(aS —5a*x+10a’x* —10a’x> +)
Terms in x°:
~10a’x’ +(—ax)(10a3x2)
=-10a’x’ —10a*x’
=(-10a” -10a" )’
~10a” —10a* =-200
10a* +10a” —200=0
a*+a®-20=0
(az —4)(a2 +5)=0
a*=-5 (ignore)

a*=4=a=12

(i) (@) a=-15,n=25

S, =525
25 _
:>7[2><—15+(25—1)><d]—525
2—25[—30+24d]= 525
~375+300d =525

d=3

(b) 1,5 =—15+(25—1)x3=57

() The first six terms are
-15,-12,-9,-6,-3,0
So the sum of the 7th to 25th terms is needed.
S;=-15+-12+-9+-6+-3+0=—45
S, =8, —S, =525—(—45)="570

(i) (@) 2022 is 10 years later, or the 11th term:

u;, =4000x1.05" =$6515.58 or $6516

n_
(b) g =%=$S6 827 or $56 800

Stretch and challenge RGEI-CX.D))

1 u, =400= a+6d =400

S0 =1800= 2[2a+(30~1)x d]=1800
15[2a+29d]=1800 = 30a + 4354 = 1800

2a+29d =120
Solving simultaneously,

d=-40and a = 640
2 General term for the first expansion is

(e (5]

Term independent of x is when =3

6 -~ 3
(3J(kx3)6 3(—%) :20k3x9x_3§3

X X

=—6860k”
General term for the second expansion is

(e (2]

Term independent of x is when r =4
8 84 i 4
ket ) | =70k 10 x e = 70Kk m*
4 P 16

So 70k*m* =—6860k>

k=-28

4
m

3 a+ar=-3=a(l+r)=-3
ar’ +ar® =729 = ar’(1+r)=729

ar5(1+r)_@

a(l+r) =3
r° =-243
r=3/-243=-3

a(1+(-3))=-3=>-2a=-3=a=15
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5 Functions and transformations

4 up,=3Xus=a+11d=3(a+5d)

a+11d=3a+15d
2a+4d=0
a+2d=0

S30 =450 = 220+ 29d] = 450

30a+435d =450
6a+87d=90

Solving simultaneously,
a=-24,d=12

Stamp 1:

55000, 52600, ...

A.P. with a=55000, d = -2400

Stamp 2:

G.P. with r=10.96

For Stamp 1, u;;, =55 000+ (10 —1) x —2400 = 33 400

ax0.96" =33 400

33400

oo = $50238

10

6 (i) The general term is ( J(x)w_r(a)r
r

The expansion is

x° +10ax’ + 45a°x% +120a°x” +210a*x® + 252a° x>

+210a°x" +120a”x° +45a°x* +10a°x +a'°
Comparing the coefficients of the terms either
side of the x’ term:

7

4
8

3

1204’ >210a® = a>

120a’ > 45a® = a<

8

7
So4<a<3

(ii)

The terms that are of interest are

o Jor (g o @

56 57
100 42 58
+ X a) ...
5 Jorta
100 100
a’’ > @ =a>27
57 56 44

100 100
and a” > a58:>a<$
57 58 43
57_ .58
So i <a< 3

27

5 Functions and
transformations

5.1 The language of functions EGEI-CXY)]

1 (i) fx)=x+3
li) fo)=x"+1
liii) f)=—2x+1=1-2x
(iv) f(x) = 10x + 2

2 All are functions. (ii) is not one—one; the rest are

one—one.
3
Function One—one
(i) 4 X
(ii) X X
(i) v v
(iv) 4 X

f(=2)=(=2)*=2(=2)+1=9
i) f(x+1)=(x+1)*=2(x+1)+1

=x2+2x+1-2x-2+1
2

=X
5 (i) Domain: x€R
Range: f(x)=-2
(i) Domain: x€R
Range: f(x)<3
(iii) Domain: x=1
Range: f(x)=2
(iv] Domain: x€R
Range: f(x)eER

6 Rangeisf(x) =-2

b 20N\ 2 ¥4 s 1 x
\
—4
7 Domain: 0s=x<14
Range: 0=f(x)<2
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5 Functions and transformations

2 ff(x)=f(ax+b)
=a(ax+b)+b
=a’x+ab+b

soa’x+ab+b=9x—4

a’=9=g=+3

/ 7: \ Whena=3 3b+b=—4
[l | 4b=—4
—1U b _ _1
Domain: x€ER Whena=-3 -3b+b=—4
—2b=—4
R : f(x)<1
ange (x) -
9 Given that x = -1, the range (from the diagram) is a=3b=—lora=-3,b=2
f(x)=-3. )
k(x) 3 i) fg(x)zf(4+;)

n N -
—

S

P W

L Ao L CRUTLTS G TN (Page 43)
1 ) f(-2)=1-(-2)=3
i) g(-2)=1-(-2)*=-3
(iii) fg(-2)=f(-3)=1-(-3)=4
livl gf(-2)=g(3)=1-(3)’=-8
V) fglx)=fA—x*)=1-(1-x")=x"
vi) gf(x)=g(1-x)
=1-(1-x)*
=1-(1-2x+x")
=2x—x?
(vii) ff(x)=fQ-x)=1-(1-x)=x
viii) gg(x)=g(1—x?)
=1-(1-x2)?
=1-(1-2x>+x")

=2x?—x*

=3(4+2)+2
X

=12+8+42
X

=14+8

X

(i)  gf(x)=g(Bx+2)
2

3x+2

_A4Bx+2)+2
3x+2

_12x+8+2
3x+2

_12x+10
3x+2

(iii) ff(x)=f(3x+2)
=33x+2)+2
=9x+6+2
=9x+8

9x+8=-3
9x=-11

_1
9

=4+

X =

(iv) 4+g=kx
x
4x+2=kx?
0=kx’—4x-2
For two solutions, b*> —4ac>0
(—4)? —4xkx-2>0
16+8k>0

8k>-16
k>-2

Cambridge International AS & A Level Mathematics - Pure Mathematics 1 Question & Workbook © Greg Port 2018




5 Functions and transformations

4 g()=—1=b-a=-1 i) f'(x)=5-x
gg(l)=5=g(-1)=5=b+a=5 y
Solving simultaneously gives 6
a=3,b=2 5
5 (i) fg(x)="f(x"+4x) 3
= Z*S((x2 +4x)+ 2) 5 .
=3x” +12x+6 -
3x2+12x+6= x> +4x 6 543 p 0 > 3 4 5\ ¥
S
2x>+8x+6=0 LN
x*+4x+3=0 3
(x+3)(x+1)=0 =
x=-3 or x=-1 -
=0
i) gf(x)=g(3(x+2
gf(x)=g(3(x+2)) (iii) f(x)=1-5x=-5x+1
= +
g(3x 6) f—l(x):x—lzl—x
=(3x+6)" +4(3x+6) -5 5
=9x% +36x+36+12x+24 ’
=9x> +48x+60 \5
of (x) <45 t T
2
9x%+48x+60 <45 \
2
9x” +48x+15 <0 =t A
L\
3x* +16x+5 <0 532\ | T34 67
(3x+1)(x+5) <0 TN
72
e e
¢" i

5.3 Inverse functions QXD % < =5 \

160 £ =551 ”

Y y
6 6 v
.
.
hd o)
J R 0
/
4 . 4
“ . -
. 3
1 .
3
0" 2
5
o) - ’ x"
" T 2|
B .
7
I (5}
. -6 -5 -4 3 2 Al J 4 (R
6 Jd5 44 B D /0 2 4 X 5
,
* _l _Z
g £
5 =) L -3
0‘ ’O'
- =3 =
K
=)
. 4 K4
l’ 4 76
. -
.
.
-0
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5 Functions and transformations

2 (i) k=0 Domain f !(x): x=-4

g Range f '(x):  f'(x)=2
5 liii) k=-1
4 il
X [l y=x>+2x—4=(x+1)>-5
ol

1, LA 6 [

B — ) 45 6 x J g

IR

.
.

S
PREN
~
ISR N

.

s,
u
|

|
h

s,
.
.,
|
Looup
* \
T~
O
t )
\ 3
2

d6 574 B g I 4 3 6«x
=6 ah
Inverse is x = y* —4 > /
x+4=y’ 71
\¢x+4= K - =5
f(x)=vxT4 : =6
Domain f(x): x=0 Inverse is x = (y+1)2 -5
Range f(x): f(x)=—4 x+5=(y+1)>
Domain f (x): x=-4 Nx+5=y+1
Rangef_l(x): f(x)=0 Jx+5-1=y
li) k=2 £ (x)=Vx+5-1
L2 A N2
y=x"—4dx=(x-2)" -4 Domain f(x): x=-1
Y Range f(x): f(x)=-5
Domain f !(x): x=-5
L —] '/’
e f Range f '(x):  f'(x)=-1
] 3 o .
/ liv)] k=-2
o) ‘o'
e / y=2x>+8x+7=2(x+2)"~1
€6 5 4 B3 2 71,/6' > 3 M 5 60X ¥
"",1 / 8 7
‘," — 7 e -
A

Inverse is x =(y— 2)* -4

S,

2

x+4=(y-2) B/ 2 343 6 ] 8~
Jx+d=y-2 1
Nx+4+2=y :3
Tl (x)=Jx+4+2 i

Domain f(x): x=2

Range f(x): f(x)=—4
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5 Functions and transformations

Inverse is x=2(y+2)2 -1
x+1=2(y+2)*
TR
x+1

2
x+1
2

£ (x)= XTH—Z

=y+2

Domain f(x): x=-2
Range f(x): f(x)=-1
Domain f '(x): x=-1
Range £ (x): f(x)=-2

2
— 52 —(x+3) 22
3 glx)=x +3x+1—(x+2) )

SO X< —% means g will be one-to-one

The largest possible value of k is -3

5 k=mn
y
1
0 m T 3n 2t
2 2
-1k

5.4 Transformations JUGET-CE:E))
Transformation Detail
For y = f(x) + b, the effect | « Ifb> 0 it moves
of b is to translate the upwards.
graph of y = f(x) vertically | « Ifb <0 it moves
through b units. downwards.

2

y

6

5

4

\ 1]
\ )
1

=6 5 4 3\2 1.9 4

<\ Ll

—

=

=0

4 Inverse is x=2(y+1)3 -1
x+1=2(y+1)°
xél-l:(y+1)3

+1
3x——1:}/

£ (=32 -1

For y = f(x - a), the
effect of a is to translate
the graph of y = f(x)
horizontally through a
units.

o Ifa>0itmoves to the
right.

o Ifa<0itmoves to the
left.

For y = f(x - a) + b, the
graph of y = f(x) has been
translated horizontally
by a units and translated
vertically by b units.

You say it has been
translated by the vector

)

For y = pf(x), p > 0, the
effect of p is to vertically
stretch the graph of

y = f(x) by a factor of p.

o Ifp>1itmoves points
on y = f(x) further away
from the x-axis.

o If0<p<1itmoves
points on y = f(x) closer
to the x-axis.

For y = f(kx), k > 0,

the effect of k is to
horizontally stretch

the graph of y = f(x) by a

factor of l.

k

o Ifk>1 it moves points
on y = f(x) closer to the
y-axis.

o If0<k<1itmoves
points on y = f(x)
further away from the
y-axis.

For y = —f(x), the effect on
the graph of y = f(x) is to
reflect it in the x-axis.

For y = f(—x), the effect on
the graph of y = f(x) is to
reflect it in the y-axis.
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5 Functions and transformations

2 f(x) (iii) f(x)
5 I~

4 A4

3 o}

\| yEfa+D-2 2

T 1

0 p X
S | 2 3 4
0 5 B2l 2 4 57

=1

. _

v 5 —3

3 (i) 4 ! )
4 =4
ATy,

= (-0 { flx .
y=1=) .“ u\ "l: ) [IV] f(x)
. l ’
4 3 g 3 g Y 3
o =1 oS8 N
:,' 72, .‘.‘ .“ "
==/ S =)
; 3 :

S

] ; . 5B o0 2 4 57
s =
=2
- . O .
(i) Translating by , |8 the same as y = f(x) + 2 =3
=
Equation is y=(x—1)2+2 —
2
=x"=2x+1+2
Y (v) (x)
y=x2—2x+3
4
4 (i) f(x) 3
5
o}
4
3
2 5 4Bl 2 4 5%
} i
543l ] 4 57 =3
=T
—4
h =5
=3
=4 (vi)
f{x)
5 <
(ii) f(x) 4
3
4
2
3
!
o}
i 54300 2 4 357
=1
5 4 B ) ) 4 57 -
' =3
B =4
=3
—J
—4
=5
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5 Functions and transformations

(ii) The definition of an inverse is ff " (x)=x
or f'f(x)=x. Since ff(x)= x here, the
function f must be its own inverse so

flx)=2+2 YR, x21

3
5 Translation by (1) is the sameas f(x — 3) + 1

f(x=3)+1=(x—=3)>=3(x=3)+1

=x’—6x+9-3x+9+1 4x—1 4
=x’—9x+19 OR
f(x) The original function is y = zfx+—21 so the
| inverse is
4 _y+2
; \ / Tayol
\ \[JL L x(4y-1)=y+2
;\ / dxy—x=y+2
1o ] > dxy—y=x+2
4 /A ; y(dx—-1)=x+2
=2 _x+2
4x—1
6 o Reflection in the y-axis So fl(x)= A:Cx+—21’ xeR, x ;ti
e Vertical stretch, scale factor 2 3 (i) f(-1)=1=>a(-1)+b=1 so—a+b=1
ATa Il IR i{(- (Page 50) f(z): 7= a(2)+b =7 so02a+b=7
1 Completing the square: 3a=6 =a=2
fo) =x* - 4x+2=(x-2)*-2 -2+b=1=b=3
So the vertex is at (2, —2), as shown on the graph. li) Given that f(x)=2x+3
fi
© ff(x)=f(2x+3)=2(2x+3)+3=4x+9
4 Adx+9=1=>x=-2
4 Inverseis x==2_
2 3—y
1 x(3-y)=2
2 4 0 _y=2
2 -1 » 1 2 3/ 4 5 X 3-y p
2
72 —_—_—=
3 b
-3 j_l(x):3_;:3x—2
The domain of f(x)is x € R. X x
The range of f(x)is y = -2. 5 (i) When you are asked this kind of question, what is

meant is what is the value of k so that x = k means
g(x) has an inverse function, or said another way,
that the inverse of g(x) is a function.

+2
_ (éfx—l)Jr2 : ©

x+2
4(4x—1)_1
x+2+2(4x-1)
_ 4x—1
C4(x+2)—(4x-1)
4x—1
_Xx+2+8x—-2
4x+8—4x+1
_9x
9
=x

The domain of f *(x) is x = 2.

The range of f ' (x) is y € R.

2 ) ff(x)= f( fx+_21)
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5 Functions and transformations

Completing the square: Since b? —4ac=(—1)% —4x1x1=-3, the
y=(x+3)"=7 equation has no real solutions.
This form shows us the vertex is at (=3, —=7) as (iv) f‘lg(x) =f1 (x_—l-Z)
2x+7
shown.
2_( x+2 )
The value of x that divides the parabola down _ 2x+7
the middle is the value of x needed. This is —3. 3
Sok=-3. 2(2x+7)—(x+2)
(ii) y=(x+3)2-7 = —2x47
x=(y+3)*-7 4x+14—x-2
5 _ 2x+7
x+7=(y+3) B 3
Nx+7=y+3 3x+12
_ 2x+7
Jx+7-3=y 3
g ' (x)="x+7-3 _3x+12
6x+21
. N _(2-3x)+2 _ 4-3x 3(x+4
6 i) gf(x)=g(2-3%)= 573 577 = T1—6x =—3((2x+7))
_ 4—3x _
gf(x)—x:>11_6x—x _ x+4
2x+7

4-3x=x(11-6x)

4-3x=11x—6x"> ) ['pointon y=£f(x) Pointon y=f " (x)
6x*—14x+4=0 (0 2) (2 0)
3x>~7x+2=0
(Bx—1)(x—2)=0 (1,-1) (-L1)
x=% or x=2 (-1,5) (5,-1)
ii X)isx=2-3y=3y=2-x=>y=2> 2
(i) £ 7' (x) i 2-3y=3y=2 y 23x f(f)
Ay 2—x = z
so f (x)—T 4\ e
+2 ™
-1 Y 2\ -
g (x)lsx—zy_’_7 =W
8 6 4 - \ T ¥
xQ2y+7)=y+2 e ~3
2xy+7x=y+2 =4
2xy—y=2-7x =6 \
y(2x—1)=2-7x =8
y=2_7x 7 Translation b - is the equivalent of
2x—1 y 2 q
-1 _2-7x
g (=57 f(x+1)+2=((x+1)3+1)+2
(.3 2
i g—l(x):x_4:§;Z)1C:x_4 = (o7 +3x7 +3x+141)+2
3 2
2-7x=(x—4)2x-1) =x"+3x"+3x+4
2—T7x=2x%—9x+4 8 e Reflection in the x-axis
0=2x%—2x42 e Horizontal stretch, scale factor%
0=x’—x+1
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5 Functions and transformations

Past exam questions RUL-Ly) 3 (i) Since gis defined for x < -1, the domain of f
= -1.
1 (i) fg(x)= f(5 2) must be x
* 3x+1<=-1
= j -2 3x<-2
5x+2 '
4(5x+2
= 4 )_2 Largest value ofais—%
=5x .
Range of fgisy =0 i) fg(x)+14=0
2
(ii) g_l(x)isgivenbyxzﬁ f(-1-x°)+14=0
2 —
x(5y+2)=4 3(-1-x")+1+14=0
—3-3x2+15=0
5y+2—;
4 3x% =12
5y=;—2 x*=4
YT5x 75
4-2x Butsince x < -1,x=-2
Y 5x

(iii)  gf(x)=<-50
g(3x+1) =<-50
—1-(3x+1)* <-50
2 (i f(x)isgivenbyx=% 49 <(3x+1)?
(3x+1)? =49

Range of gis0 <y <20

domain of g ' is 0 < x <2

2xy=1-5y
2xy+5y=1 3x+1=7 or 3x+1<-7
y(2x+5)=1 x=2 or xs—%
_ 1
/T 2x+5 Butsincex<—1,x$—§
_ 1
f(x)_2x+5 4 i) gf(x)=g(2x*+3)
_ 2
Rangeoff“lisyZ—% =3(2x"+3)+2
9 =6x>+11
Domain of fis xB—Z fa(x)=£(3x+2)
_ 2
(ii) f_lg(x)zf_l(%) =2(3x+2)’+3
=2(9x% +12x+4)+3
1
_1_5(5) =18x2 +24x+11
2(%) i) (f) ) is
15 x=2(3y+2)*+3
=—% x—3=2(3y+2)°
* +[X=3 342
-(=2)3) 2
x\2 Since x =0, onlyuse positive root:
_X_>
2 2 (x) [
_1,__5
a—z,b— >
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5 Functions and transformations

Domain of (fg)_l(x) is range of fg(x) 6 (i) f(2)=6+a
Since x =0, range is y =11 ff(2)=f(6+a)=3(6+a)+a=18+4a
¥y

o 18+4a=10=a=-2
\\ 12 g ' (2)=3=g(3)=2
b-2x3=2=b=8
(ii) f(x)=3x-2andg(x)=8-2x
fg(x)=£(8—2x)=3(8—2x)—-2
=24—-6x—2
=22—-6x

=

—
L CNKCD

W

1.5 -1 =050 o)s | ¥

stretch and challenge J(ZIED)
liii) gf(2x) = fg(x)

1 g(1)=£(0)=1
6(2x)*+11=18x%+24x+11

g(2)=fg(1)=£(1)=3

24x%+11=18x"+24x+11 o(3)=fg(2)=f(3)=7
6x>—24x=0 g(4)="fg(3)=f(7)=15
6x(x—4)=0 A pattern can be seen here: every number is 1 less
x=0 or x=4 than a power of 2 so g(n)=2"—-1.
5 (i) Rangeoffis0<f<4 h(0)=g(2)=3
(i) f&) h(1)=gh(0)=g(3)=7
) g h(2)=gh(1)=g(7)=2 -1=127
4 s 2 f(x+1)+f(x—1)=af(x)
. f 3x+1 +3x—1 =a3x
/"' x+1 x-1 X -1
7 L33 33437 o o 10
= . 3x 3x 3
4 6 X
3 f2n—-1)=a(2n—-1)+b=2an—a+b
(iii) For the first function, the inverse is f(2n)—1=a(2n)+b—1=2an+b—1
x=%y2 2f(n)—1=2(an+b)—1=2an+2b—-1
2x = y? 2an+b is common to all three expressions

so the three expressions can be simplified to

=J2x for 0=x<2
) x o x —a,—land b-1

For the second function, the inverse is
Since —1 is one of the terms, the possible consecutive

1 . -
x=5y+1 terms are (i)—3,-2,-1 (ii)—2,-1,0 or (iii)-1,0,1
2x=y+2 i) a=3b=—1=f(n)=3n-1

y=2x-2 for 2<x<4 a=2,b=-2=f(n)=2n-2

i) a=2,b=1=f(n)=2n+1

L) 2x for 0=x<2
=1 s for 2<x<4 (i) a=—1, b=1= f(n)=—n+1
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6 Differentiation

6 Differentiation 5 f(x)=x>+xl+2x—1=f/(x)=3x2+2x+2

3x2+2x+2=3
CAR:ES GG CHEN DL (Page 53)

d
1 (i) }’=1Ox2—3x+1:>ay=20x—3 3x% +2x-1=0
d Bx-1D(x+1)=0
.. _ e 4 _)/: _ 3
(i) y=4+x-5x 3 =17 20x x:lor—l
5 2 dy 5__10
(iii) ===5x "= =—=-10x " =—— __ 5
y=> ix o ()()+2x()1—27
3 d 2
(iv) yz%zay:%:zﬁ y=(=1)+(=1)% +2x(-1)-1=-3
: 1 _5 1.
(v) y=%_§_4x71_ix Points are (3, 27) and (-1, -3)
dy_ , 2 1__ 4 1 )
A T I
RS . S
il YT 4 T A4 gyt
1
(vii) y=2x-3x=2x2-3x
dy_ 4 1
- L= 2 3=—=-3 2 30X
dx x
1 -1
3 l: 3, 2x
(viii) y—\/§+3x X+ 55
1 5.2 12
dx 3 3 332 3x2
2 (i) f()=22F1-20, Loty x2 6 )| chord AE | BE | CE | DE
% o ) Gradient of chord 6 7 74 7.9
f(x)=—2x"-2x"=—5-%
x° x lii) '(2) =
]
(ii) f(x)=6 3/975 =6x3 6.2 Tangents and normals EGEF-CRD))
2
f'(x)=6><%x3=10\3/x2 1 gx—y=8x3+2x
dy 3
2 = — == —_ — = —
3 f(x)—\/;+5x 6x 2+5x At x 1’dx 8X (1) +2x(-1)=-10
3 ; .
, -2 3 Equation of the tangent:
f'(x)=-3x 2+5=——=+5
Jx y=mx+c=2=-10X-1+c=c=-8
f’(9)=—%+5=4 y=-10x—8
1
d -
4 y=3-8x-x’ = =-8-2x 2 glx) T_3 4x 2-3
-8-2x=2 -4 _5__
g(4)= 3=—1
~2x=10 A T
x=—5 g/(x):—2x 2 —__£
) JF
y=3-8x-5-(-5)>=18 .
Point is (~5,18) g'4)= BN

So the gradient of the normal is 4.
Equation is
y=mx+c=-1=4X4+c=c=-17
y=4x-17
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6 Differentiation

g(x) .
9 ; 4 y=x+§=x+kx !
8 ;!
7 dy ) k
6 ! azl—kx :1_?
5 !
4 ; Gradient of the tangent at x = -1 is
3 :
2 -k s=1-k
1 : (-1
43240 1 W £ Gradient of the normal is _—1—1k
2 / 1 1
-3 : ———=>= —4=1-k = k=5
o 1-k 4
-5 :'
-6 N 6.3 Maximum and minimum points and
increasing and decreasing functions EGEU-CEL))
. 2
3 il h(x)=6x—x 1 (i) y=2x"—3x7
h'(x)=6-2x dy
2
h'(2)=6-2x2=2 o =6x7—6x
y=mx+c=8=2X2+c=c=4 Stationary points when
y=2x+4=2x—-y+4=0 6x2—6x=0
(ii) Gradient of normal is —% 6x(x—1)=0
Equation of normal is x=0orl
1., y=0or -1
y—mx+c:>8——§>< +c=>c=9 (0, 0) or (1, =1)
1
y=—§x+9 y
1 _ 2
—§x+9—6x—x
1
—x+18=12x - 2x>
2x% —13x+18=0
(2x—=9)(x—2)=0 2 -1 1 2 3 x
X = % or2
So the y-coordinate of Q is .
1.9 . 9_63
2><2+9—64
-2
. 1 /3
42, 62
Qis ( L6 4) ;
2 _12x-6
v
12 ; dzy
e 11 J When x =0, —5 <0 50 (0, 0)is a local maximum
~-.,__....1.0 ,,' d.x
9- P P d2y
8| T When x =1, —% >0 so (1,—1) is alocal minimum
70 4 T\ dx
6 1 1
504 (ii) f(x)=4x+==4x+x"
4k . X
A f)=4-x2=4-L
A X
For stationary points,
543210 123454780910x . vP ) .
. 4-S=0=4=—=x"=;
. 2 2 4
’ 1,1
X=5o0r—3
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6 Differentiation

I FERVS S G 42 _3 _5
f(z)_4><2+1_4 X Lim 3o 13+ 35
2 dx 4 4 4Nx  4Nx
1 1,1 d?
f(—§)=4><—§+—1=—4 When x =1, —)2}=l>0 so x = 1is alocal min.
= dx? 2
2 3
Points are (%,4) and (—%,—4) 2 g(x)=3x"-2x
y g'(x)=6x—6x2 =6x(1—x)
30 Increasing when 6x(1—x)>0
iz Solving the quadratic inequality,
15 O<x<1
y
1 2 3 x 2
1
-1 0 1 2 X
f7(x)=2x" =2
X
-1
f”(%)>0:>(%,4) is a local minimum
f”(—%)<0:>(—%,—4) is a local maximum
dy
11 3 y=—x+x’-x’=> 2 =—1+2x—3x>
(iii) y=\/;+%=x2+x 2 (note that x # 0) Y dx
X
. B .2
d_y:lx_%_lx_%z 1 Decreasing when —142x—3x" <0
dx 2 2 NERENES For this quadratic,

b*—dac=2>-4x-3x-1=-8

1_1:0:121
2\/52\/x3 2\/§2x3

Since the discriminant is < 0, there are no solutions

[v3 —
=2Vx” =2x when —1+2x-3x2=0s0 —1+2x—3x> is always < 0,
=Jx>-Jx=0 as shown in the diagram.
x=1 (x#0) y
1 2
Point is (1, 2)
1
y
7
6 -1 0 1 2 X
5
4 -1

e

3210 1 23 45 6 78 x
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6 Differentiation

4 i) y=2x>-3x>

(i) g(x)=3x%-2x"
¥

-2 -1

(=]
—_
[\

=

-2

4
5 (i) Stationary point at x = 1 means that f’(1)=0

3x1°+kx1-8=0
3+k-8=0
k-5=0
k=5
lii) Stationary points when 3x°+5x—-8=0
3x+8)(x—-1)=0

__8
X= 3 or 1

The other stationary point is when x =—3=-2%

8
3
lii) f'(x)=3x>+5x—8=f"(x)=6x+5
f7(1)=6x1+5=11>0
= x =1 is a minimum

n(_8) e[ _8) 15— _
f (—3)—6x( 3)+5— 11<0

=>x= —% is a maximum

XX EILRUICE (Page 58)

(i) y=(x—4)7=>(cjlx—y:7(x—4)6

lil y=(5-2x) :%:9(5—2@8 )

=-18(5-2x)"

1
liii) y=+/3+4x=(3+4x)?

dy 1 _1
ﬁa—§(3+4)€) 2 X4
__ 2
3+4x
liv) y=—22=2(x+3)"
dy 2 2
=F—=-2(x+3) "=-
dx ( ) (JH—ES)2
4 -2
(v) =——=4(1-2x
y (1-23()2 ( )
dy -3 16
=2 =-8(1-2x) " x—2=
dx=80-2) (1-2x)*

f’(12)=—2(1—%)3 )

Equation of the tangent is
y=mx+c=3=2X124+c=c=-21

y=2x-21
8 2 -1
= =8(x" —4x)
4 xt—4x
b_ —8(x% —4x)? x(2x—4)
dx
_ —8(2x—4)
(x*—4x)?
—8(2x—4
Stationary point when % =0
(x=—4x)
—8(2x—4)=0
x=2
- 8 __
Y (2)*—4x2

Point is (2, - 2)

=5

-10
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6 Differentiation

4 g'(x)=9(x+ 2)2 So maximum point A is (0, - 2), minimum point

Bi .
Since g’(x)>0 for all values of x, the curve is always ' (2’ 6)

increasing so there are no stationary points. Hence
the function is one-to-one so it has an inverse.

The graphs of y=g(x) for x> -2 and its inverse are

— WA Lo O

shown below. B
y .
3
2
, -2 -1 0 1 2 300X
1 -1
. _2 A
-3
4
-5
-6

ages0)

1 Let the two numbers be x and y.

x+y=18=y=18-x
P=xy:x(l8—x)=18x—x2

5 %=18—2x
. dp _
—)2}=4(x—1)_3= 4 : Maximum when dx_o
d (x-1) 18-2x=0
. . . h dy x=9
(ii) Stationary points when =0 y=18-929
_( 2 )2+2=0:2=( 2 ¥ Maximum value of Pis 9x9=81
x—1 x-1
2 6x+dy=36=y=30"6X_g_ 75
2(x-1)*=2 4
2 A=xy=x(9-1.5x)=9x—1.5x>
(x-1)"=1 N
1= F_=9-3x
x—1=%1 dx
x=0 or 2

Maximum when da _ 0

When x =0, y=ﬁ+2x0=—2 dx
- 9-3x=0=>x=3m
Whenx=2, y=-2-+2x2=6 y=9-15x3=45m
Wh 0 Dimensions are 3m by 4.5m
enx=0,
&y g4 , , 3 (i) V=mrh=5000=h=22%
—5 = 3<0:>x=015amax1mum nr
dx (0-1) 2
S=2nr"+2nrh
When x =2,
dzy 4 =2mrl+ 2m’(—50020)
—5= 3>0=x=2 isaminimum nr
dx* (2-1) , 10000
=2nr” +
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6 Differentiation

10000

(ii) S=2mr® + =2mr? +100007 "

ds 10 000
€9 — 4517 —10000r % = 4mr —
dr r2
ds
dr

Stationary value when 5==0
10000

2
r

4nr —

10000

2
r

47r® =10 000
,/10000

4an
2
fiii) 45 = 470+20000r = 4+
r r
2 20000
When r =9.27, d_§ =4n+
dr 9.27

So r=9.27 is a minimum value

4nr =

=9.27 cm

20000
3

Let the length of the square end be x.
Let the length be y.
4x+y=120s0 y =120 - 4x
V= xzy

=x%(120—4x)

=120x” —4x°

AV 5 40x —12x2
4 = 240x—12x

Maximum volume when v

d =0
240x—12x> =0
12x(20—x)=0

x=0cm or 20cm
Since x # 0, x =20 cm
y=120—4%x20=40cm
Volume is 16 000 cm®

1
i
i y
|
i

s 4x

V=4x’y

50
4x2 _50: =
y y 4 2

42

3>0

1

The cost of the open box is

C=12x4x” +5(xy +xy +4xy +4xy)

=48x> +5(10xy)
=48x* +50xy

= 48x +50x( 502)
4x

—48x2 4+ 623 625

=48x2 +625x

dC_ge, 2 _ggy 025
dx_%x 625x “=96x e

Minimum when dc_ 0

dx

96x 9220
x

96x°—625=0
96x° =625

3 _625
Y

x=3 ,692_65 =1.87m (3s.f)

When x = 1.87, £°C =96+12305¢
dx? x>

So x = 1.87 is a minimum.

Dimensions are

length = 1.87 m, width = 7.47 m, height = 3.56 m

(XL VLRI XA ELPCE (Page 61)

Let the length of the side of the square be x.

Let the area of the square be A.

V=nr’h=nx12%>xh=1.44mh

dv dh 1
dh = TS 7 T Taan

dh_dv . dh

dr — dt
=0.5x%

1
1.44m

=0.111 m/min (3 s.t.)
=11.1 cm/min (3s.f)
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6 Differentiation

3

5

43

_ 10(0.2x—1)° x0.2=2(0.2x—1)°

dx
d_dx dy
dt ~ dt ~dx

=0.08%x2(0.2x—-1)°

=0.08%x2(0.2x10-1)°
=0.16 units/s

dx _ do_ 1

X= 2009:>d9 200:>dx 300
do_dx, do
dt  dt” dx
_10X2—00
=0.05 rad/s

(i)  Using similar triangles:

60cm
A
SO(I:m 120cm
v
30¢
y
y+80 y
50 3)0=>y 80 cm
h+80_80_, 3 540 8x:>x_3h+30
X 30
Area of trapezium cross section
(%h+3o)+30 %h2+60h 3,
= 5 Xh= 5 ZEh +30h

Volume = 120x(%h2 +30h)

- 42—5h2 +3600h cm®

(i) %hz +3600h = 40 000

45h* +7200h—80 000 =0

Using the quadratic formula,

h=104cm or —170.4 cm

Since h cannot be negative, h=10.4 cm.
(iii) 4litres/min = 4000 cm’/min

_ 45,2 av _
V= 2h +3600h:>dh—45h+3600
dh_ 1

dV  45h+3600

dh_dv. dh

dt~ dt ~dVv
=4000X

=

1
45h+3600

1
45x10.4...+3600

=0.983 cm/min

=4000x

g I IR ([0 (Page 62)
d
1 You want to find the points where ay =-1.

dy_ >
it +x-3

sox*+x—3=-1
x*4+x-2=0
(x=1)(x+2)=0
x=lorx=-2

Substitute into the original equation to find the

y values:
DSOS SR T __13
y=3xT X2 =3x1=—

——><( 23+ 1 ><( 2)? —3x(= 2)_16

The points are (1, - %) and (—2, %6)

2 (i) y=J+x=x"+x
X
dy _ 2
=2 +1_—?+1
dy 2
Whenx—l,dx —1—3+1——1

Equation of tangent is

y=mx+c=2=-1Xl+c=c=3

y=—x+3
x-interceptis0=—x+3=x=3
SoQis (3,0)
y-interceptisy=0+3=y=3
So Ris (0, 3)

RQ=+/3*+3>={18=4.24 (3sf)
(i) m(tangent) = -1 so m(normal) = 1
Equation of normal:
2=1X1+c=c=1so0equationis y=x+1

1 _
—2+x—x+1
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6 Differentiation

4 3 ol 0 ot
':’// _n
) 5 f’(x)=12x—3x" so the function is increasing when
4 12x-3x>>0
4 3x(4—x)>0
3 f(x)=x+4x'sof’'(x)=1—4x"* =1-—
b From the graph, the solutions to 3x(4—x)>0 are
f'Q)=1- iz = -3 so the gradient of the tangent is -3 the values of x where the graph is above the x-axis.
1 ¥
f(1)=1+%=5 so the point is (1, 5) 15
y=mx+c¢ = 5=-3Xl+c = c=8 10
The equation of the tangent is
y=-3x+8 or 3x+y—8=0 :
The gradient of the normal is % -2 0 2 x
y=mx+c = 5=%><1+c = c=% 5
The equation of the normal is 10
-1,,14 _ -
y—3x+ 3 Orx 3y+14=0 s
4 The stationary points are when % =0 So the function is increasing for 0 < x < 4
dy The graph above is the graph of the derivative.
3 3 .
- 4x” —16x so solve 4x” —16x=0 The graph of f(x) is
4x(x*—4)=0=4x=00rx>—4=0 13
x=0or2or -2 9
Finding the y-values, 8
y=0"-8x0*+2=2 7
6
y=2"-8x2°+2=-14 s
y=(-2)*—8x(=2)*+2=-14 4
The stationary points are (0, 2), (2, -14) and (-2, —14) z
2
4V _12x2 16
dx
dzy 76543219 123 45 7 8 9 10 %
Atx =0, —5=-16 50 (0, 2) is a maximum
dx
Atx=2 dzy—12 2)2-16=32 6 i) =(3x+2)8:>d—y=8(3x+2)7><3
X =2, @_ X( ) - - y dx

_ 7

50 (2, —14) is a minimum =24(3x+2)
1
2 " 1
i) y=3/1-9x=(1-9x)3

Atx=-2, 92 212x(-2) ~16=32 lii) y =< (1-9x)
& NS VORI o

so (-2, —14) is a minimum dx 3
3

J(1-9x)*
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6 Differentiation

7

8

1
=5(5x+3)2

dy__5 -3 e
a——5(5x+3) 2X5=—

25

_ k+1

i) y= 2x_|_3+x=(k+1)(2x+3)_1+x

d}/_ 2
a——(k+1)(2x+3) X241
B —2(k+1)+1

(2x+3)°

When x = -1, jx—yzz
—2(k+1)
(2x-1+3)°
—2(k+1)+1=2

—2k-2=1
—2k=3

=_3
k==3

(ii) When k=1,
dy_—2(1+1)+1_ —4

dx (2x+3)° (2x+3)
44150

Increasing when ————
2x+3)

—4
(2x+3)°
—4>—(2x+3)’

>-—1

4<(2x+3)
x’>4=x<-2o0rx>2

so2x+3<—2o0r2x+3>2

£} _1
x<-3orx>-2

Y
4

i
Ay

(i) 2b+2nr=400
2b=400-27r
b=200—nr

(i) A=2rb=2r(200—ntr)=400r — 27r*

dA _ 400—anr
dr

2{(5x+3)’

9

Maximum area is when da_ 0

dr
400—4nr=0
400=4mnr
_ 400 _
= 31.8m (3s.f)

b=200-7mx31.8..=100 m

The y-intercepts of both lines are 1, so the equation
of the line that P liesonis y = —x + 1

The coordinates of P are (x »1=x )

The area of the rectangle, A, is
A=2x(1—x)=2x—-2x"

dA_,_
dx_2 4x

2—-4x=0=x=05
y=1-0.5=0.5
A=2%0.5%(1-0.5)=0.5 units®
The largest area is 0.5 units?

10 Let S be the surface area of the cube, and L the length

11

of its side.
The equation that relates S and L is $ = 6L so

ds _
=1L

ds_dL, ds
dt dr”dL
= 5X12L
= 5x12x%20

=1200 mm*/min

1
y=T¥6x = (1+6x)?

dy _1 S
a—§(1+6X) X6=

3
J1+6x

The rate you are given is dx _ 0.02units/s

dr

The rate you want is %
. . dy dx _dy
Using the chain rule, U a N dx

Y _porx—3
dt J1+6x

3
=0.02X ———
J1+6x4

3
=0.02X—=
25

=0.012 units/s
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6 Differentiation

12 (i) Volume = nr2h+%(%nr3):m2h+%m3
nr2h+%nr3 ~100
nrzh:IOO—%nr3
23 2_3
e 075 100 3™
nr? wr?
_100_2r
3

(i) S=2nrh+nr? +2(4Tcr )

S=2nr (10(2) 23r)+nr +2mr?
mr

290 47‘[1‘ + 3712

3
=M+(3n—4—n)r2
r 3
_ 200, 51,2
r 3

(i) S=200r" +5an2

ds

— 00,2 4+ 107
1= 2007 “ + 3 r

200 , 10w
=—="4+=r
r? 3

Stationary point is when

200 , 101 _

——2+T7’—0

107 .3

3

3_ 200 _

r _1071'[_19'098"'
3

r=2.67cm (3 s.f)

—200+—F-r"=0

d’s

(iv) —_400r*3 + 10

107 _ 400
353

400 | 107
—J’__
2670 3
So r=2.67 cm is a minimum value.

When r=2.67cm, Ell § >0

Past exam questions RULICETL)

T ) y=3+5= 12

Curve crosses x-axis when
12

3+m=0
32-x)+12=0
6—3x+12=0
xX=6

y=3+122-x)"

46

d—y=—12(2—x)‘2><—1

dx
__ 12
(2-x)
dv_ 12 _3
Whenx=6, —=—"—">5=~
dx (2-6)* 4
Equation of the tangent is
y=mx+c
=3 =2
0—4><6+c:c >

yzéx—% or 3x—4y-18=0

dx _
dt—0.04
dy _dx dy
dt dt " dx
=0.04 12 iumts/s (0.12 units/s)
(2—-4)* 25
-1 9
Y=Xx-1 x-5

y=(x-1)"=9(x-5)"

dy_

. —(x=1)"2+9(x—-5)"*

_ 1 9
=1)° ' (x=5)’

Whenx=3,d—y= 1 _, 9

dx  (3-1)°

Gradient of normal = — 1

Equation of normal:

5=—%><3+c:>c=E

2
1,..13
y= 2x+ 5

x—intercept is when y =0

413

0=—1 2:>x 13

(-5

]

1

51
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6 Differentiation

ady 9 _

(i) == oD os)?
9 __ 1

(x=5)* (x-1)°
9(x—1)? =(x—5)*

9x2 —18x+9=x2-10x+25

8x* —8x—16=0
x*—x-2=0
(x+1)(x—2)=0
x=—-lor2
j%=—2(x—1)‘3—18(x—5)‘3
2 18

T(x-1)° (x-5)

d’y
When x =-1, @ =% <0 = maximum

d?
When x =2, )2) 8 >0 = minimum
dx 3

3 f(x)=2x+(x+1)"

_ 2
(x+1)°
6
(x+1)*

f(x)=2-2(x+1)" =

7 (x)=6(x+1)"* =

2
0+1)°
= x = 0isa stationary point

6 >0
(0+1)

= x = 0isa minimum

f0)=2-200+1)"=2—-

£7(0)=6(0+1)"* =

4 (i) Let the height of the cuboid be hcm.

V =3x2h=288
:>h=2—8§
3x

S=2(3x%)+2xh+2(3xh)
=6x>+8xh

=6x +8x(288)
3x2

:6x2+@
X

47

(i) 48 =12, 768 _¢
dx x2
12x° —768=0

3_768
—768 o4
T2

x=4cm
d_zs 1536
dx? x°

When x =4, d‘——12+1536
dx? 43

=12+=—-

0

So x =4 is a minimum

5 (i) y=123-2x)"
dy

= — -2 —_
3 =126-2x)7 %2

__ 24
(3-2x)*
. dx dy
[lll AtA, 5—015, 5—04
o o @
dx — dt " dx
24 1
————=04X—=
(3-2x)2 0.15
24 8

(3-2x)* 3
72 =8(3—2x)*
9=(3-2x)*
+3=3-2x
x=0 or 3
6 y+3x=9=y=9-3x
u=x"y=x%*(9-3x)=9x>-3x>

du
dx_18x 9x?

18x—9x> =0
9x(2—x)=0

x=0 or 2
Since x #0, x =2
u=9x2>-3x2>=12

2
d——18 18x
dx?

2
When x=2, 44 -15-18x2<0
dx

So u=12 is a maximum
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6 Differentiation

7 y=k2(x+2)_1 +x

dy k>
L= +1
dx (x+2)2
2
s
(x+2)
—k*+(x+2)* =0
(x+2)* =k?
x+2=*k
x=—2%k
d’y_ 2k’
dx? (x+2)°
2 2
When x =-2+k, d—{=%=2>0$minimum
k k
d’y _2k?
When x =-2-k, ——3 —<0:>max1mum
dx? k> —k

stretch and challenge RUEVCEI))
1 (i) g’(x)=k—2x soif the gradient of the normal is

%, the gradient of the tangent is -2

k—2x=-2

k—-2x2=-2

k—4=-2
k=2

(i) The y-value when x = 2 is g(2)=2x2-2%=0

Equation of the normal is

y= mx+c20—%><2+c:>c——l SO y= lx 1

To find the other point, solve simultaneously.
%x—lsz—x2
x—2=4x-2x"
2x%=3x-2=0
2x+1)(x=2)=0
xz—% or 2

So the other point is x =—

2

1 1 1 1
8(‘5)=2X‘5‘(‘5) =1
The coordinates of the point P are (—%, - li)

N[ —

2 SP= \/x +10% so cos =

m
=J30-x)?+5%

= /(900 - 60x +x2)+25
=/925-60x+x°

30—x

cosff=————=
V925-60x+x
2 2 2
Time = VX~ +10%  7/925-60x +x
10 5
Jx?+10% +24925—60x + x>
= 10
. %(x2+100)_%><2x+
T/ =L

~10 1
2% (925 60x+x7) 2 x(2x—60)

{ 2(x —30) }
0l Vx2+100 J925 60x + x>

L{ 30— x }
10 \/x2+100 J925 60x + x 2

[cosar—2cos 3]

L
10
1
T’ =0 when E[cosa —2cosf3]=0
coso =2cosf3

i) V=nr’h
2 2
R2=r2+(%) =r’=R*- h”

T
2
V=n(R2 —%)h

=7'cR2h—T[Th3
%zo when nR2—3TZl2 =0
2
”RZZ?)T
2
i)

(ZR)2
2 2 2
r2=R2—h —R_ V3 —R2_RZ_2R

4 4 3 3

_2
r—\/;R
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7 Integration

3(\/§R)2(2R) L=(40—x)+2v/x>+900
(i) Veytinder _ mr?h _3r%h _"\N37) \V3 S
Vohare 423 4R° AR =(40-17.3..)+24/(17.3..)> +900
3 i =91.9615... km
3(22‘)(3@) =92 km (3s.f)
4R} .
R 7 Integration
_ 3
_4R3 71 Reversing differentiation JUGEV-CXI)]
1 4 2 4 2
=—= ; 3 20 xT L _x  XT
NG 1 (i) J-(2x +x)dx= ) + 5 +c 5 + > +c
The ratiois 1:+/3 or +/3:3 2
(ii) J-(1+3x)dx=x+3%+c
4 AE*+30%=50> = AE=40 km
-2
B (iii) I%dx=4J.x_3dx=4(x_—2j+c=—%+c
f X X
J 4
/ 1 3 93/x4
(iv) _[62/}dx=6_fx3dx=6x—+c= .y,
50km 7 30km 4 2
; 3
) 1
0 [(2)de=2(x 2dx=2%2 4 c=avx
K wee  of ol 2 i) J.(\/E)dx—ZJ.x de=2%ve=dvx+c
2
' 3
(ii) JlO\/x3dx=10Jx2dx
30km
50km | %
=10x€+c
\ C 2
=4/x° +¢
In ABDE, BD? =x%+30% = BD=+/x2+900 , ,
Total length of roads, L, is 3 5x—4_1dx=J. 5—4—%}196
X X X
L=AD+BD+CD 2 4
=J(5x —x*)dx
=(40—x)+~/x2 +900+/x% +900
. _Sx T X
=(40—x)+2vx?+900 1 3
=(40—x)+2(x”+900)? X 3x0
1
dL_ 1(.2 -2 dy _ 3 (3
i 1+2><2(x +900) X2x 4 a_x—4+1=>y—.[(x—4+1)dx
2 _
e =[5~ +1) ax
Jx% 4900
Minimum length is when _ 3f: txdc
—1+22—x:0 1
\Vx*+900 =—F+x+f
22—x =1 Substitute (-1, 2) into the equation:
Jx%+900
2= %7 +900 2=t reme=2
4x*=x"+
X =x74900 Soy=—%+x+2
3x% =900 x
x% =300

x=~/300=17.3 km
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7 Integration

5 £/(x)=3F—2x=3x7—
f(x)= J(3x%—2x)dx

3x2
3
2
=2\/F—x2+c
f(4)=30=30=24> —42+¢c= =30
Sof(x)=2\/?—x2 +30

d
6 Y_,_k _[{1_k
P 1 x2:>y J(l xz)dx

=_[(1—kx-2)dx
-

=x+k+c
b

[\S]Ie8)

2

=x- +c

Substitute the two points into the equation:

%+c:k+c=1

=34k ko
6= 3+_3+c:> 3+c 3

Subtract the equations:

4k _ _
3 =4=k=3

2=1+

3+c=1=c=-2
The equation is y=x+%—2

YA G-I GCER (Page 67)
1 Finding the x-intercepts first,
x2—4x+3=0=(x—1)(x=3)=0

=>x=1or3

A= 3 x —4x+3)dx

1
5]
3
(?—2><3 +3><3) (%—2x12+3x1)

=0-1

3

ua|><

—-2x +3x}

w
w

W=

-4l
=13

So the area is 1%

2 Areabetween the curve and the x-axis:

A= J-042\/§dx=2"‘04x%dx

Area between the curve and the y-axis

= 4x4-102=51

3 73

3 Azj_f (322 +1)dx

= [x3 +x]_f
= (23 +2)—((—1)3 +(—1))
=10—(=2)=12

4 Points of intersection:

x?-2x—-1=x-1

x2-3x=0
x(x—3)=0
x=0or3

x—1) (x -2x— 1))dx

A
(=

33+3x32 03+3><02
372 372

5

1]
NN

5 Finding points of intersection,
x*—2x-3=9-x>
2x% —2x-12=0
x*—x—6=0
(x+2)(x=3)=0
x=-2o0r3

=
‘._.o»—-Nm.l;u-o\\)ockpo =
L.
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7 Integration

3

Azj_z((9—x2)—(x2 —2x—3))dx

3

- .[_2 (257 +2x+12)dx

2x° ’
—2X 42 +12x}
3 -2

3

3
=(—2X3 +32+12><3)

3
—E (=2 + 12><—2)

=27 (-142)= 412
=27 (143) 415

Area between curve and the x-axis:

A= LZ(ZxZ + l)dx
{1
3 1

2x2° _(2x1?
( < +2) ( < +1j

71_(1;)2 52

3 3 3

Area between curve and the y-axis

_ _52_3_9l
=9x2 53 3 93

_[lk3\/§ dx=14

ko1
_[1 3x2dx=14

k
3

3x?
3

2 4
[2\/?}14
Wi -2\ =14
2k —2=14
21/k* =16
Ji =8
k’=64
k=4

=14

7.3 The reverse chain rule FGEI-{X3)]

1 (i) J.(x—2)3dx=%+c

10
(ii) jz(l C6x)’dx =200

_(1-6x)"

=" ¢

30

(i) j(§+3)3dx=
= (%+3)4 +c

3
2

1
0 <Z6"°¢

1
(iv) j(zx—nf de=EX=D? 1L

3 2

2
3
_(2x-1)?
- 3

2 () [VI-xde=[(-x)2dx

+c

. 2 2 _
(i) jﬁdx_gj(x—z;) 5 dx

2x-4)7" 1
=37 3 =
1

=—————+c
6(x—4)

(i) j Jﬁ

1
_LB-2x)2
=32 x L

2
=-35-2x+c

2
=363 (1+§) +c

dx= 3_[(5— 2x) 72 dx

1+C

—+c
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7 Integration

7.4 Improper integrals JGET{¥)]

r% dx= J.:(Zx+1)_3dx

0(2x+1)°
:[(2x+1)‘le}1=[_ 1 }
-2 2], 42x+1)?
Lo
4(2x1+1)? 4(2x0+1)*
__L_(_l)_z
36 \ 4)79
2 B 2
2 _[1 x_ldx_zjl(x—l)zdx
) 2
:2("—11)2 =2[2Jx—1]’
2
=2[(2v2-1)-(2v1-1)]
=4

AL TAT T AT AL (Page 71)
o (4)\? oo

1 (i) V:J- n(—) dx=16nj x2dx
2 X 2

=167 x_}
2

=lé6m ——}
2

-]

=161 —}

—8n=25.1 (3s.£)
i) V= J:Tr(%)zdx

- 4
=167 —l}
X3

o [-4)-(-4]

e L
—1671_12}

- %n =419 (3sf)

)

_1 3 )2 _ 1 2
2 V= TC(—x dx—9nj (2—x)"dx

-2

— _1 1
=97 7(2 x) XL}
-2

=97 _ﬁ};

][5}t

=9 _%}
27 ]

:ZT[

6
V(solid) = V(cylinder) — J.o i’ dy

V(cylinder) = ntx 22x6=24n

y=2(x2—1):>%=x2—1:>x2=%+1

S 2 [y
Jonx dy—nj0(2+1 dy
5 6
—nl 2
S Ex
0

_ (6, ) [0

| (S +e)-(5+0)

=157
V(solid)=24n—15nt=91=28.3 (3s.f)

(i) 4x+%:10
4x* +4=10x
4x%-10x+4=0
2x%—5x+2=0
2x-1)(x—=2)=0
1

xzz or x=2

Ais (% 10), Bis (2,10)

To find M, find where % =0

4x*=4
x2=1

x =1 (since x > 0)
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lii)  Volume of cylinder = tx10* x1.5=1507

Volume under curve

=j:5 (4x+2 ) dx

(vi) J(2x+ 5 dx= 4J.(2x+1) dx

_(2x+1)7?
_4—_2
1

1
X2+C

7 Integration

=—————+c¢
(2x+1)*

='|' (16x +324 10 jdx
0.5 x

dy

2 _ _

:J‘ n(16x2+32+16x_2)dx 2 If —2x+1theny—J(2x+l)dx
05

dx
y=x>+x+c

2
=7 16Tx+32x 16x™ } Substitute (1, —2) into the equation to find c:
L 05
—2=1%+1+c¢
= 163’6 +32x —1966} c=-4
% o The curveis y=x>+x—4
16 X2 16
( : +32x2+2j )
=7
16x0.5 16
_( 3 +32x05+05)
_ [ (344)_(146
‘“_( 3 ) ( 3 )}
=667
3 —6 x
Final volume = 1507t — 667t = 8471 = 264 units
g ElH (-0 (Page 73)
J(Zx 5x)dx = ZL—%-FC R 3 Points of intersection:
2=6-x"=>x’=4=x=42
(i) J‘(x+2 5)dx lxx2+2x6+ 5
i =42x =X+t
2 27276 A= ((6-x*)—( )dszJ 4—x?)dx
=)
2 .6
X X 372
§T 37 _ [4,6_%}
0
(iii) J.(%+6x)dx=j(%x_2+6x)dx 53 03
2x =2[(4x2—?]—(4x0—?ﬂ
_1x7' 6x?
212 =2x51=102
1 2 3 3
=—5-+3x"+c
2x

j(3x+1)5dx_

3 20
2
B E S S
3 5
Gren’ 1
(3x+1)
18

Finding the x-intercept:

%—2=0:>%=2:>3/§=1:>le
Area between x =8 and x = 1:
Azj‘s(l—zjdxzjs(Zx_é—z)dx
1\ 3x 1
) 8
= %—Zx =[3%/x72—2x]f
3 1
= (3387 —2x8)- (331 ~2x1)
=—4-1=-5
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7 Integration

Areabetweenx=1andx=0 J~16

. Shaded area =
=337 -2x ]

16 1
=(3317 —2x1)~ (3307 - 20} zjo 4"2_")d"

=1 3
_|4x2_x?
So totalarea=5+1=6 3 B
5 To find this area, find the area ABGF between the ) 2 0 y
curve and the x-axis between x = 1 and x = 4, find _ 8/x> 3 ﬁ
the area of the rectangle OAFD and subtract these 3 2,
areas from the area of the rectangle OBGE.
& _(8J16° 162J (8\/073 OZJ
y - _16” | _jovu 07
2l 32 302
/(1) | P ——— )
=425-0
! 2
1 =424
D(0, 3)fF---- E 3
i 1
{ : 1 _1 % 1
con/ | 7 (i) _[Ox 2dx= XT =[2Vx], =2v1-2J0=2
: 2 o
ol AQL,0 B(,0) . e .
(1.0) * (ii) j x dez[X_} =[_l}
4 1 i 1 X1
Area of ABGF = f (2\/;+1)dx
! 2[_1_(_1)}
af 1 ro\1
=_[ 2x2+1 |dx 1
1 =14
- 3 4
2 Asr—>00,—=—0
L 2 1 So J.:ox_zdx—ﬂ
- 4
= 4\/x_3+x 2 2 2.2
173 8 sz n(3x)dx=nj 9x“dx
L 1 0 0
2
_ 4\/4_3+4 _ 4\/1_3+1 =9nJ. x2dx
3 3 0
- a2
_1~1 — X~
= 123 on 3 }
L~ Jo
Area of DFGE = area of OBGE — area of ABGF — —9y _2 _ i}
area of OAFD 13 3
= (4x5)-123-(3x1) :9n_§:|
=42 )
3 =%n =754 (3sf)

6 First, find the points of intersection of the curves. Vi(solid) = % X 62 X2 = 24

x?=16x = x*—16x=0 = x(x—16)=0
= x=0o0rx=16
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7 Integration

9 Volumezjnyzdx Volumeofthecone=%nxllezén
_ i)z Finalvolume:ln—lnzln
_Ion(2x+1 dx 27376

1
_ '[2 9 4y ORszon[(\/l—x)z—(l—x)z]dx
0 (2x+1)* 1
2 X =T[J. [(1—x)—(1—2x+x2)]dx
=9nj (2 +1)2dx 0
"0 1
o (zx_i_l)flxl 2 :njo[(x—xz)]dx
- , 7 _a 2%
—om| -1 23]
| 202x+1) ),
1> 1
- /|- ]-0
=9m| — 1 - —1 [(2 3) }
| 7 22x2+1)  22%x0+1) )
1.1 6"
ol 1] 2
L 10 2 b) y=VI-x=y°=1-x
2
=9n[%} =%7T units® x=1-y
1 2_ (1,2
10 (i) Areaunder curve =J.O\/1—xdx x ( y)
2 2, .4
.[1(1 )%dx x"=1-2y"+y
= —X 1
0 _ 2
) - V—Jonx dy
_| (A-x)2 1
= 3 = J.O1t(1—2y2 +y4)dy
L2
_ 7 y3 ysl
__2 (1-x) =M y-—3 t%
= 3 0
L -o 3 5
2x1° |1
= 1- +=|-0
_ 2’ |20y’ ”[( 3 5) }
B 3 3
-8
15"
=[O_(_g }zz
3)173 1221
Volume of the cone = 31'c><1 ><1—3n
Areaunderline:lxlxlzl 3 1 1
2 2 Finalvolumezﬁrt—gn:gn
Shaded area = area under curve — area of triangle
:%_%Z% OR y=l-x=x=1-y=x>=1-2y+y’
1
V=n| |(1-2y*+y*)-(1-2y +y*) |d
(i) (a) Volume of curve rotated around the x-axis: JO[( J y) ( sy )]y
1 1
V:J.Onyzdx =7TJ-0(2)’—3)’2+)’4)C1)’
1 2 571
:nJ.O(w/l—x)dx =1{y2—y3+%}
1 0
:n.[o(l—x)dx :ln

5
1
_ [ xz}
=T X—T
0
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7 Integration

(ii)

OR Volume of the cone =

Volume of y = x° rotated around the x-axis:

Final volume = 1 T— 1 _

377

If y=x’thenx=3[y = x’ =3y’ =y
Ify=x thenx=y=x’>=y

2

1 2 _1
3Tr><1 X1—3TI

ﬂTC

2
3

2

Volume =Jln(y§ —yzjdy
0

{4

2T ynits® (0.838 units® to 3 s.f))

1 2 1

OR Volume of the cone = =t x1“ X1==7

3 3

Volume of y = x” rotated around the y-axis:

L

Final volume =
Past exam questions

4
1 Volume =nJ. (5-
1

1

3n——n—in umts

5

37 15

(Page 73)

x)zdx—njl4(%)zdx

-5 -]

-

G-4°) [ -1’
3 3

-]

=971 (or28.3)

. 8
2 Equation: =J‘7dx
q y P

~2x)*
8j(5 —2x) 2 dx

-1 -2

ZS{MXL}H

7=

Soy=

3 (i

4
5-2x
4
5-2%2

+c

+c=>c=3

4
5—2x+3

Aiswhere1—-2x=0 or (2x—1)*=0

-1
=x=3
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7 Integration

1

1 1
(ii) Area= J‘2\/1—2x dx— F(Zx—l)z dx
0

:_(1—§x)§x%2 é{(u;)i{ﬂé
2 0 0
:_ (1-2x)2 {(2x—1) T
3 6 |
o

4 (i) Gradient of normal = —% so gradient of tangent at

Pis 3.
oY __ 12
dx J4x2+a
12 _
J8+a
12=3J8+a
4=8+a
16=8+a
a=38
i) y= Jrﬁ
1
=12J(4x+8)_§dx
(4x+8)2
_ x+s8)2 1
=12 1 ><4 +c
2
=6/4x+8+c¢

14=6V4x2+8+c=c¢=-10
Soy=6+/4x+8-10

5 (i) sz %—
gx—yz_[(24x‘3—4)dx

=—12x 2 —4x+c

=—£—4x+c
x?

=—-1<0= maximum

When x = z’dx 0

0=—2—2—4(2)+c

c=11
dy 12
So 5——x——4x+11

(i) %:—12x‘2—4x+11

y= J(—12x_2 ~4x+11)dx

y=%—2x2+11x+c
13=12-2+11+¢
c=-8

When x =2,
y———2(2) +11(2)-8=12
Pis (2,12)

8

(i) Intersection is where = =9- x°

X
8=9x>—x°

x°—9x>+8=0
Let t = x°. Then the equation becomes

> —9t+8=0

(t-1)(t-8)=0
t=1or 8
x¥=1or x*=8

x=1or x=2
Soa=1,b=2

_ _2t 4 1t o4
(o2} (sxa- et

=15-12.75 =2.25
. d)/_ 2
[lll] a——&x
8 ;. dy 24
===8x "=>=="24x =—-=
=3 dx o

If the tangents are parallel, the gradients are the
same so

—3x2=—%

X4
x%=8
x=48=2=141
Soc=¥8=+2~141
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7 Integration

stretch and challenge RUGEV-CRE)) P 109
3 Area:J 2x2dx =22
0 2 10 k 6
1 J_z((2x+k)—(x+2) Jax =10 -
0 , " [&} _109
J._Z((2x+k)—(x +4x+4))dx=? 3, 6
02 _10 2k+1)° 2% |_109
J_2< x“=2x+k 4)dx—3 3 3 |76
0 Z
—x—3—x2+(k—4)x _10 2(k* +3k* +3k+1)-2k> | _ 109
3 L5 3 3 6
3 _
0— —ﬂ—(—2)2+(k—4)x—2 -10 2k> + 6k* + 6k +2-2k> _109
3 3 3 6
8 44ok_g=10 6k> +6k+2]_109
3 3 -1V
20 10 ’ - o
3 T2k=7 2(6k% +6k+2)=109
2k—10 12k2 +12k+4=109
k=5 12k> +12k—105=0
. . .. _ h 5 7
2 Gradient of the sloping line is m=p_, k_for_f
. 5
S __h ___hr Sincex >0, k==
Equatlonlsy—mx+c:>0——R_r><r+c:>C— R—7r 2

y:—RIirx—Rh_rr 4 x2+y2=R2:>x2=R2—y2
hr _ h w) 2 _p2 2 2wl
YT R R Also(i) +r°=R"=r"=R -7
h w/2
X=TpAT sz /nxzdy—V(cylinder)
-w/2
> _(R=r\* 2 2r(R—r) 2 e
x _( h )y L =2J nxzdy—nrzw
h
V:J nxzdy —2_[ dy nriw
0
w/2
h(R=7r\* » 2r(R—r) 2 2 }’3 2
L [V
L 0
5 h i 3
R—r)z)/ 2r(R=1) )y~ 2 m)
=7 =t +r
{( h 3 h 2 ) =2m Rz(ﬂ)——(z rtw
2 3
_ {(R=r\}}K®  2r(R=1)h* | -
_n[( h ) 3 h 2t h—0 R2w wd ,
=2 > oW
=n{h(R3") +hr(R r)+r2h} _Rw nl_vf_mzw
3 2
2 2 =nR*w— m_n(Rz_W_]W
zﬂ{w+hr(1{_r)+r2h} 12 4
=nR*w nlv;3 mR*w+ T
=n—h[R2—2Rr+r2+3rR—3r2+3r2] 1 3
3 ZETIW
= %h[ R%*+Rr+r? ] Since the volume does not depend on R, the claim is
true.
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8 Trigonometry

8 Tri gonom et ry 2 Using Pythagoras’ theorem gives a length of /15 for
the other side.
8.1 Trigonometrical functions [J(EY-CEL)

. d _ 85
10 sin95° ~ sin 50°

_ 85
sin 50°

X sin95°=11.1cm 4
V15
sinf3 _ sin53°

(ii) 35 0

sin 53°
T35 X35 x
B =60.9°

6=180-60.9—-53=66.1° (i) sinx=

sinff =

—_

1

|
wu

liii) x*=15%+12% —2x15%12X cos 82° (i) tanx =15
x?=318.897... = tan’x =15
x=179cm

_41*+28% 56> _
6= T 2P =—02922.. )

1
6 = cos 1 (=0.2922..) =107°

3 Using symmetry from the unit circle,
(iv) cos

2 (Using rounded answers from Q1)

li) Area= %x8.5x11.1><sin35° =269cm>

(i) Area=%><32><35><sin66.1°=512m2 7 K x
(iii) Area = %x 15% 12 X sin 82° = 89.1cm >
liv] Area= %x 4.1% 2.8 X sin107° = 5.49 m>
-1
. x_38 8 .
3 ) S=F=x=:x7=112cm i) cos(—6)=k
. y_y+9 (ii) cos(m—0)=—-k
(II] Z = —10 5
(iii) sin@=+1—-k
10y =4(y+9
y =) (ivl cos(m+6)=—k
10y =4y +36
2
6y =36 (v) tan@= lzk
y=6cm
8.2 Trigonometrical functions for angles of any size 8.3 Trigonometrical graphs [ ¥L))
(Page 77) ]
g 10 »
1 First ratio | Other ratio that Exact
has the same value | value 3t
sin 30° sin 150° : 2r
1
1
sin 210° sin 330° 2 0 ! ! ! :
90° 180° 270° 360° *
1k
cos 60° cos 300° %
2k
1
tan 30° tan 210° ﬁ =3
cos 150° cos 210° —?
tan 120° tan 300° -3
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8 Trigonometry

i) » 7 (i) Since the amplitude is half the range,
2 b b= %(8 ——2)=5. Also, 3 is halfway between
1 \ / these two values so a = 3.
0 Il Il Il 1 e
T n 3n 2n X (ii)
-1+ E ? y
oLk 8 -
’7 .
3k o L
4 + 5k
5L 4 L
3
i) v ) \
1k
3 r 0 1 1 1 1
-1k T T 3n on ¥
2+ 2 2
2|
1k
0 ) LA L (Page 80)
90° 180° 270° 360° ©
-1r 1 (i) sinxtanx= —CoSX
CcOS X
Lk )
3L LHS = sin x x 31X
Ccos x
_ sin’x
CcOS X
_1- cos’x
cos X
2
__1 cosx
COSX  COSX
= —Ccosx
Ccos X
x = RHS
(i) l1+cosx _ sinx
2 A=4,B=1,C=-2 sinx ~ l1—cosx
3 A=5B=2C=-1 RHS = sin x ><1+cosx
> 1—cosx 1+cosx
4 A=2,B=3,C=-2 zsinx(1+cosx)
5 A-2 B=-_1 1—cos’x
’ _ sinx(1+cos x)
6 (i) Period= g—;‘ = % sin’x
i) 7 _1+cosx
s sin x
4 L = LHS
3 .
5L iii) tan’x —sin’x = tan’x sin’x
1 in2
LHS =3 X _ qin2x

AN N N N N [
mh 1 2 3 4 cos’x
2r _ sin’x — sin’x cos’x
j i cos’x

_ sin®x (1 - cos’x)

-5 =
cos’x
sin’x x sin’x
(iii) From the graph, the highest points occur at = T otk
- .2
t=0.7,1.3,2,2.7,3.3and 4 (1 d.p.) _ szx « sin’x
cos“x

t=12.40 a.m., 1.20 a.m., 2 a.m., 2.40 a.m.,

2.2
3.20 am., 4 a.m. =tan"x sin"x

= RHS
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8 Trigonometry

oS x 8.5 Trigonometrical equations JGEI-CXA))

(iv) tanx + 1
C

osx 1-sinx 1 (i) 2sinx=-1
LHS.=Snx 1

" cosx  cosx sin x =1

_sinx+1
CcoS X x=sin"} (—%) =-30°
_ sinx+1>< COS X
T cosx COS X x =210° or 330°
_ (smx+i)cosx (i) cos2x=L
cos“x 2

_ (sinx+1)cosx 2x =cos”! (%) =60° or 300° or 420° or 660°
= 2

—si
(s Slr:. f) x =30° or 150° or 210° or 330°
sin x COS X

~ (1-sinx)(1+sinx)

2 2cos3x—sin3x =0

= _COSX 2cos3x _sin3x __ 0
1—sinx cos3x  cos3x cos3x
= RHS 2—tan3x =0
tan3x =2
2 (i) LD S— an3x

— - .2
I-cosx I+cosx  sin’x 3x = tan~'(2) = 63.4° or 243 4° or 423.4°..

(1+cosx)+(1—cosx)

LHS = x =21.1°or81.1°0r 141.1° (1 d.p.)
(1-cosx)(1+4cosx)
= 2 . 3 i) ¥
1—-cos“x 1
__2
sin’x
=RHS /) 025
(ii) cosx _ _cosx _ 2 -1 1 x
1—cosx 1+4+cosx  tan2x
LHS = _COSX __ _cosx
1—cosx 1+cosx
_cosx(1+cosx)—cosx(1—cosx) T

(1-cosx)(1+cosx)
x =14.5° or 165.5° (1 d.p.)

_ COSX +C0Os*X — cos x + cos*x
= : .
1—cos’x (ii) y

_ 2cos’x
sin’x
__2 :
sin’x
cos’x
2 -1
tan’x
= RHS

-1

x =134.4° or 225.6°
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8 Trigonometry

(iii)

(iv)

(i)

(ii)

(i)

(ii)

(iii)

—_ <

x =41.2° or 221.2°

x =203.6° or 336.4°

2sinx = —/3
sinx = —T\B
X = sm_l(_—\z/g): —g
x= 4% or 5?"
cos3x =—1

3x =cos ' (=1)=mor3mor5n...

_T oM
x=7 ormor =
Period = Z?T[ =40 seconds
20

Maximum height is when sin (%t) =1

i.e.54 + 53 =107m

h= 54+53sm(%t) 30

t

t

U—,I
[\)
""4;

t

t|=-047 or3.61

)=
-5
)= (55
|

ga Ba B2 gl

t=3.61x ? = 23 seconds

(i)

(i)

(i)

(ii)

(iii)

(L+tan9
C

) _l+sinf
0s0 -

—sin@

sinf )’
LHS = (c059+c056)

_ (1 + sin@)2
cosf
_ (1+5in)’
~ cos’6
_ (1+5in0)?
~ 1-sin’0
3 (1+sinB)>
~ (1-sin@)(1+sin0)

_1+sin®
1—sin@
= RHS

(—cos o + tan@

1+sinf _
1—sinf 7

7(1+sin@) = 3(1—sin0)
7 +7sin@ =3 —3sinf

) 1+ 1+sinf _
1—sin6

10sin@ =—4
_4__2
sinf = 10 z
T | _2 —_ o
0 =sin ( 5) 23.6

0 =203.6° or 336.4°

2cos’x = cos x
2cos’x — cosx =0
cos x(2cosx—1)=0
cosx =0o0r cosx =
x =90°270°60° 300°

O N|'—‘

2tanx = tan’x
0 = tan’x — 2tanx
0 = tanx(tanx —2)
tanx =0 or tanx = 2
x=0,m,2m,1.11,4.25

cosx = —3tanx
in

3sinx

COSX

COSX = —

cos’x = —3sinx
.2 .
1—sin“x = —3sinx
.2 .
0=sin“x—3sinx—1

3+4/32—4x1x-1
2%x1
_3+J13
2

=3.30 or —0.303
x =-0.308 or —2.83

sinx =
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8 Trigonometry

liv) 4+5cosx =2sin’x
4+5cosx=2(l—coszx)
4+5cosx =2 —2c0sx

2c0s’x +5c0sx+2=0

(2cosx +1)(cosx+2)=0

cosx = —% or cosx =—2

x =120°0or —120°

8 [i) 4cos’x+7sinx—2=0
4(1—sin2x)+7sinx—2=0
4—4sin’x +7sinx—2=0
—4sin’x +7sinx+2=0
4sin’*x —7sinx—2=0
(4sinx+1)(sinx—2)=0

sinx =—i or sinx =2

Since sinx is never greater than 1, sinx = —i

li) sin(0-20°)=—7
0 —20°=sin"! (—i)

6 —20° =-14.5°,194.5°,...
0 =55°214.5°

LR ATETE CEHTCN (Page 84)

1 | Degrees | Radians
120° 2?"
36° %
330° Lz
150° n
240° 4
54° e
225° o
315° =

2 | Degrees | Radians

12° 0.209
10.9° 0.190
145° 2.53

169.0° 2.95
235° 4.10
288.8° 5.04
342.5° 5.98
78.5° 1.37

3 (i) P=7+7+7x12=224cm
A=%><72><1.2=29.4cm2

(ii)  Angle of sector is 8 =360°—130° = 230°

Convertmg to radians,

T _ 237
230X 155 = T3

P=125+125+ (125X 4.014---)
=75.2cm (3s.f.)

=4.014...

a=1 ><125 X 4.014... = 314cm? (3 s.f)
L 12=70

0= % —1.71=98.2°

5 Perimeter:

2n _ 101
33

By joining OC create two right-angled triangles AOC
and BOC.

Length of arc AB = 5x =10.47...

tan% ASC = AC=5X tang
=5./3 = 8.66...
p= IOTr +5U3+53
1%“ +1043 =27.8cm (3 s.£)

Area:
Area of triangle AOC = l X5X53 = 25—2\/5
Area of sector AOB = >< 5% x 2;" Zg“
Shaded area = 2 x 252‘/_ - 257”

=253 - 257“

=17.1cm’

6 (i) Lengthofarc, s=10x0.8=8cm

- _RP
sin 0.8 = 10

RP=10%sin0.8=7.1735...cm

_Op
cos0.8= 10

OP =10X%c0s0.8 =6.967...cm
so QP =10 - 6.967... =3.0329...cm
Perimeter = 8 + 7.1735 + 3.0329
=182cm (3s.f)

(ii)  Area of shaded region
= area of sector - area of triangle OPR

1 r20 — ><OP><PR

2><10 X 0.8 — —><6967 X 7.173...
= 40— 24.989...
=15.0cm? (3s.f)
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8 Trigonometry

i) Shaded
7 (i) lx62><9—%><6><6><sin9=36 liii) Shaded area

2 = area OAB — area OCD — area ACD
180 —18sin 6 = 36
— L6 xln—lxg?xsinln—Lixg?x2n
18(6 —sin0) = 36 2 372 372 3
oo 128 N3 _64
0—sinf =2 =3 n 32 % 5 3
0 =sinf+2 =674n—16\/§
(i) 6+6+60=27.3
12+60=27.3 ARl (Page 88)
60=15.3 . . . .
0 1 (i) The amplitude of the graph is 2 and it repeats
=2.55

3 times in 360° (the period is 120°) so the

8 equation is y =2sin3x.
(ii) The graph repeats twice in 2 so ¢ = 2.
The range is —2 < y < 6 and the amplitude is
half of the total range so b = 4.
The graph has been shifted up 2 units so a = 2.
The negative sign in front of the cos term
means the graph is upside-down.
The equation is y =2—4cos2x.
Since each part of the band around a circle is 2 (i) tanx(l1-sin’x)=sinxcosx
one-third the length of the circumference, the total LHS = tan x X cosx
length is :
& = SIX 5 cos’x
(2x7mx4)+8+8+8 =49.1cm (3s.f) Cos X
AC = sin x cos x
9 (i) tan@szAC=8tan9 — RHS
Shaded area lii) sin*x —cos*x = sin’x —cos’x
= area of triangle OAC - area of sector OAB LHS = (sinzx - coszx) (sinzx + Coszx)
1 1
= EXStan@XB—EXSZXO :(Sinzx_coszx)(l)
= 32tan0—320 = sinzx—coszx
= 32(tan6—0) = RHS
(ii) tanngTczACzﬁang (iii) cosf =1
tan6(1+sin@) sin6
8 zsfz13.86 cm LHS — s~n9C039
T_ — _ i .
cos§—&:>OC— E—16cm c050(1+sm6)
cos 5
_ cos” 6
SoBC=16-8=8cm sin@(1+sinH)
Length ofarcAB:8><%=8?n (1—sin2 9)
> 87 ; c " sin6(1+sin6)
imeter = —-+ 8 + 8+/3 = 30.2 3.t
erumeter=-3 cm (3 s.) _(1-sin@)(1+sinb)
10 (i)  Since AOCD is equilateral, ZOCD = % sinf(1+sin6)
5 _1—sin6
So ZACD=n-Z=%n sin@
3 3 .
__1 sinf
(ii) Perimeter = AD+BD+ AB "~ sinf sin@
) 1 -1 __
=8X M+ 8+16X 3 sng !
= RH
=327+ 8cm S

3
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8 Trigonometry

3 () tanx+1=3
tanx =2

x=tan ' (2) =63.4° or 243.4° (1d.p.)

(i)  sin(x—30°)=1
x—30°=sin"(-1)

x—30°=-90°
x =120°
4 (i) 2tanx-1=1
2tanx =2
tanx =1
—tan (1) = & op 2T
X = tan (1)—4or 4

(i) %sin(Zx +1)=0.1
sin(2x +1)=0.2
2x+1=sin"(0.2)
2x+1=0.2014 or 2.940
or 6.485 or 9.223 or 12.77
x=0.9700r2.74 or4.11 or 5.88 (3s.f)

(iii) 4sin®x + 4sinx —3=0
(2sinx + 3)(2sinx —1) =0
sinx = _3 orsin x = %

2

_ T 5m
*T6 6

livl 2sin’x =3—3cosx
2(1—c052x) =3-3cosx
2—2c0s’x =3—3cosx
0 = 2cos’x —3cosx +1
0=(2cosx —1)(cosx—1)
cosx =% or cosx =1

x= g% 0, 21

(v) 3sin’x+5cos*x = 9sinx
3sin2x+5(1— sinzx) =9sinx
3sin’x +5—5sin’x = 9sin x
0=2sin’x+9sinx —5

0=(2sinx—1)(sinx+5)

sinx == or sinx =-5

N[ =

T
x=€,

o

(i) The diagram shows the relationship between

(i)

(iii)

sinx and sin(m—x):

-1
sinx=sin(nm—x)=k
Looking at the right-angled triangle formed in

the unit circle, we can calculate the length of
the unknown side with Pythagoras’ theorem:

x*+k*=1?
x=~1-k?
Hence cosx = V1 — k?

Looking at the diagram, we can calculate the
value of tanx from the answers to the first two
parts of the question.

y
(1-k9 :
kp----/- EREES
n/
X E
1&

k

tanx =
J1-k?

Looking at tan(% - x) we can see that the values

of sinx and cosx have swapped so

bl )_W

tan(i—x k

OR the values can be found directly by looking at
the unit circle:

»
2.
=]

=

SIERINIE
|
L

It _
tan(z—x)— (
CcoSs
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8 Trigonometry

6 Pythagoras’ theorem gives the length of the other
side as v/53.

53

7
(i) From the triangle, cosx = %, but if
90° < x < 180°, then the value of cos x is

negative, so cosx = L

J53

(ii) sinzxz(i)2 -4

7 LHS=1+tan’0

)
sin“ @
=1+302
cos“ 0
2 2
_cos” 0 +sin”" 6
cos’0
_ 1
cos’6
= RHS

§ [Hs=Sx, 1
cosx  sinx

CcosXx

_ sinx , cosx
cosx sinx

_ sin’ x + cos” x

sin X cosx

1

sinx cosx

= RHS

9 l—cosx , sinx _ 2
sinx 1—cosx sinx

(1-cosx)(1—cosx)+ sin’x
sinx(1—cosx)

LHS =

_(I-2cosx+ cos® x)+sin’x
h sinx(1 —cosx)

__ 2—2cosx
sinx(1 — cosx)
2(1—cosx)
" sinx(1— cosx)
_ 2
sinx
= RHS

10 (i) From the graphs of y=2cos2x and y=+/3:

AANYA

90° 180° 270° 360° X

Y,
2

—_—

(=]

Clearly there are four solutions.

COS2x = ﬁ
2
2x = cosl(g)

2x =30° or 330° or 390° or 690°
x =15° or 165° or 195° or 345°
(ii) Whenever there is an equation with a mixture
of sin and cos terms, you need to use either
cos*x =1-sin’x or sin’x =1—cos’x so that the
equation can be written as a quadratic with
only sinx or cosx terms.

cos’x —1=sinx

(1-sin’x)—1=sinx
0 =sin’x +sinx
0 = sinx(sinx +1)

sinx =0 or sinx = —1

— _n
x=0or >

If the domain for the solutions was —n < x < m,
then you would have included x=mor —m.

(iii) 2sinxtanx=3

. in
2sinx 38X 3
COSX
.2
2sin X_3

COSX

2sin®x =3cosx
2(1—cos’x)=3cosx
2—-2cos*x=3cosx
0=2cos’x+3cosx—2
0=(2cosx—1)(cosx+2)

0.5
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8 Trigonometry

11 Area of segment = area of sector — area of triangle

=—r29 —r %5in6
_ 1oz, m_ 1 o2, s T
_2><8 ><3 2><8 ><51n3

=5.80cm’ (3s.f)

12 Shaded area = area of triangle OAB — area of sector
OAC

=2 XOAXAB - 2170

_1 2T

_2><10><AB ><10 3
tan% ‘?—(E);so AB—IOXtan——IOJ—

1

So shaded area = 2><10><10\/_——><10 x L

3

= (50J§ - %n)cm2
To find the perimeter of the shaded region, we need
to find the length of OB.
10

14
Cos%
3

BC=0B-0C=20cm-10cm = 10cm
Perimeter of shaded region = arc AC + AB + BC

cosZ = = 0OB=

3 OB =20cm

:10x%+10\/§+10

_ 10w

3 +10/3 +10

_ _ _10_5
s=r0=10=60 =0 = 6 =3

(ii) Angle ODE is 90° so triangle ODE is a
right-angled triangle

13 (i)

1 L.5_5
Angle DOE = >< angle DOF = 2 X35%
5 _DE 5_
‘tan6 3 = DE = 6><tan6— .60 (3s.f)
(iii) Shaded area = 2 x area triangle ODE — area
of sector DOF
(1 125
—2><(2><6.60><6) X6 X3
=9.63 cm’ (3 s.f)
EREVEL TN (Page 90)
1 (i) Length DC =length AB
0|6
rcm
A M B

2

sinf = M = BM = rsinf

So AB = 2r sin@
OR

AB2 =712 +r2 - 2r%cos20
AB =+2r% = 2r%cos26

= /2r%(1 - cos26)

Arc AB =2r0
Perimeter = 2r + 2rsin6 + 2r0
=2r(1+sinfB+0)

(ii) Shaded area = area rectangle — area segment

Area rectangle = r X 2rsin6
=5><2><5Xsin%n
=25

Area segment = 129 %rz sin@

2

D UUPCIU0 VS RUPESUNMS |
—2><5 ><37c 2><5 ><sm31t

=2.26
Shaded area = 25 — 2.26 =22.7 (3 s.f)

(i) cos*x=(1-sin’x)?

=1-2sin’x+sin*x

(i) 8sin*x+(1—2sin’x+sin*x) = 2(1 —sin’x)

9sin*x =1
. 4 _l
sin x—9

. 1
442
SINX =T ’9

x =35.3°,144.7°, 215.3°, 324.7°
; n_ AC
(i) tan 3= o

AC=2x><tanE=2x><\/§=2\/§x

3
AM? = AC? + MC?
= (243x)* + x*
=12x* +x2
=13x2
AM = J13x
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8 Trigonometry

(ii)

(i)

(ii)

(iii)

(i)

| (i)

tan MAC =

2J_x 273
ZMAC = tan™" (%)
ZBAC=1m
0= % — tan™" (%j

OC=rcosa, AC=rsino
Area OAC =

1(1 2
2(21’ (x)

%rzoc = r’cosasina

X rcosor X rsino

E
; X rcoso X rsina

(ii)

%(x = cosasino

sinocoso = %a

Perimeter OAC =r+rcosa+rsino
=71+1rco0s0.9477 +rsin0.9477 7 i
=2.396r
Perimeter ACB
=ro+rsina+(r—rcosa)
=7rx0.9477 +rsin0.9477 + (r —rc0s0.9477)
=2.176r
Ratio is 2.396r:2.176r
2.396:2.176

2.396 .4
2.176°

1.1:1

180

ZAOB =0.9477 x - 54.3°

1 36in6tano+4=0
cos6

%+3sin0$iﬂ+4=0

0s6 cos6
1 3sin’ @ _
cosh * cosf +4=0

(ii)
1+43sin’0+4cos8 =0

1+3(1—cos®0)+4cosh =0

1+3—3cos*6+4cosf =0
0=3cos’0—4cos6 —4

3c0s?6 —4cos6—4=0

(3cosf+2)(cos6—2)=0

cosf = —% or cosf =2

0 = cos™! (—%) —131.8° or 2282°

AtC,y=0s0
acosx—b=0
CcosSx = b
a

X = cos_l(é)

a

. -1 b
Since x = cos™ ¢,c = cosx = 2

AtD,x=0s0
d=acosO—b=a-b
tan(BAO) = = :> BAO = 0.3948

Angle ABO = %— 0.3948~1.176

Shaded area = area sector APQ + area sector
BOQ - area triangle ABO

:%x122x0.3948+%x52><1.176—%><12><5

=13.1cm?

_1—cos0
1+cos6O

(6~ Tane)
sinf tan6

LHS

sin@ tan@)

_cosf )
sin@

1- cose)
sin@

(s
( 1
sin@
-
(1—cos6)” cos@)
sin”@

(1 —cosh)’
- (1-cos’8)
: (1/—eos/éj(l—cos(9)

(L=€0s8) (1+cosb)

_1—cos0
1+ cos6

= RHS

1—cosf _2

1+cos® 5
5(1—cos@) = 2(1+cos6)
5—-5c0s0 =2+ 2cosf
3=7cos0
%zcos()

0 = 64.6° or 295.4°
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8 Trigonometry

8 (i) Distance from D to AB is 6sin% =6X g =33 (ii) Period = % = 2?1t =4 hours
Distance from E to AB is 10sin8 (i) 1am. 2

Equating these distances gives
3 105=9- 3cos(ﬁt)

10sin6=3/3 8
. I
smez% 3cos(§t) =-15
_ . 133 (E ) __1
6 =sin (10 ) Ccos 8t 3
(ii) 6=31.3°(1d.p.) or 0.546 radians %t = cos ! (_%)
AB=6+10=16cm
m,_2m 4n
DE=16—6COS%—10COSQ 8 3’3
1 ¢ =16 32
=16—6X§—10Cos(31.3...°,) 3’3
=446cm t=5%,10%
P =arc DX + arc EX + DE
) Since t is hours after 9.30 a.m., refloating can occur
=6X 575 +10x0.546...+ 4.46... between 5% and 10% after 9.30 a.m., so between
=16.20 cm (4 Sf) 2.50 p.m. and 8.10 p.m.
4 Moon
stretch and challenge RGEI-CXZA) p
1 3sin36+3=2cos’36 0
3sin30+3 = 2(1 — sin? 39)
g
3sin36+3 =2 —2sin’36
2sin?30 +3sin360+1=0
2sin360+1)(sin36+1)=0
( N ) (i) A=2(%r229—%rzsin29)
sin30 = _1 or sin30 =-1
2 1_.2 2 2 .
~mr° =r°20—r"sin26
30 =-30°,—150°,—390°,—510°,210°,330°,—90°, 2
2700 _4500 T = 46 - 2511129
6 =—170°,—150°, — 130°,— 50°, — 30°,— 10°, 70°, 2sin26 =46 —n
900,1100 [iil
2 (i) H(rg) i y=ZSin(%)+3
7L Amplitude =2
6 L Period = 2n/(n/2) = 4
5 r
4
3
2
1
[7)
0 1 1 1 1 1 1 1 _l
Sk 1203 s ¢ 7 glthours) r
ok 2
3L
N r
cos@:g:>c059=l:>9=60°=E
r 2 3
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8 Trigonometry

i) A= 2(%#29 - %72 sin29)

=2r20—r?sin20

— 222N

3_7’ Sln?
_2n z_ﬁ 2
EEN
_[2m_+31,.
3 2
213\ 2
- r
3 2
%coveredzileoo%
r
2m 3
3 2
=—X%100%
T
=39.1%
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