Answers

The questions, with the exception of those from past question papers, and all example answers that appear in this book were
written by the authors. Cambridge Assessment International Education bears no responsibility for the example answers to
questions taken from its past question papers which are contained in this publication.

Non-exact numerical answers should be given correct to three significant figures (or one decimal place for angles in degrees) unless

a different level of accuracy is specified in the question.You should avoid rounding figures until reaching your final answer.

Chapter 1
@ (Page 1)

See text that follows.

@ (Page 2)
cos® x +sin’x =1
@ (Page 3)

cosh t is positive for all values of ¢, so only the branch
for which x is positive is given.

Exercise 1A (Page 6)

2
2  coshx=+/5,tanhx=—=
NG
3 (i) 3e™+2e"-1=0
4 () w22 (i) -n2 (i) no real root
4
5 x=In3,y=1In2
[ 1.62m, 22.3°
9 (i) a+b,a—b,call have the same sign and

b+ > a

(i) a+b,a—b,call have the same sign and
b*+ & =a* or a+ b and a — b have opposite
signs and b* + & > @

(i) 6>+ &< a®ora+banda— b have the
same signs and ¢ has the opposite sign.

Activity 1.1 (Page 12)

cosh™2 = ln(Z + ﬁ).This is one of the roots of the
equation coshx = 2, but there is a second root which
is the negative of this.

Exercise 1B (Page 13)
1 (i) In(G3+2v2)
(i) In(1+~2)

(i) In3

liv)] In(=2++/5)
(v] 1n2

(vi) _%IHS

2 (i) x=In@B+/10)
i) x=+In(3+2V2)
(i) x=11n3

3 (i) (2x+— Ax? — )

(ii) (x 3)++/x7 +6x+10)

(i) % ( X

4 (i) =In
(i) x=0,x=1n5
[mlxzim@+Jﬂ,im(“gﬁ)
(iv) x=Qim@ )

(v) =0, +ln(5+2\/_)

Chapter 2

Exercise 2A (Page 20)

1 9<=—7,é
2
. (=10 (0=
2 i A‘[()1j B_[—1oj
(ii) _01 (1) =—1x1-0%x0=—1
0
_]0 =0x0—(=1)x(-1)=—1
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(iii) YA (i) The image of all points lie on the line

A —reflection 5
1n y-axis y = ——x. The determinant of the

= If 5 matrix is zero which shows that the image

will have zero area.

v r o I 5 9 (i) x=2,y=-1
$: x (i) x= _
5t 1l x==-3,y=4
< : 10 k==4; k=4 gives the same line so an infinite
: number of solutions.
. B — reflection
. in the line y = —x k = —4 gives parallel lines so there are no solutions.
: " >4+ be ab+bd
: ; 5 1 [I] MZ _ a +uvc ab+ ‘
: ac+cd bc+d”
: 0 I > | @ +ad ab+bd
. T X - 2
: ac+cd ad+d
: P’ I ab
: = (a+d)( ]z(a+d)M
: cd
: . 10
o3 ) (4 J (i) M"=(a+d)"'M
: (i) determinant = 1 so area is preserved. (i) Trueforn=1: M'=(a+d)'M
: 4 (i) (11,-3) Assume true for = k: M* = (a+ d)k_] M
: ’ e+l _ A k1
: . (s s M =M(M")=Mx(a+d)"'M
: W50l -13 =(a+d)" M =(a+d)'M
L il .o ()
: 5 k=1,6 Thus also true for n =k + 1, and since it is
: . true for n = 1, it must be true for all .
t 6 (i) det(M) =-9, det(N) = —67
: ! b || x
: y 19 —17 12 Yl e
: i MN:(SO —13] vo) Led )y
det(MN) = 603 and 603 = —9 X —67 ) [ ax+by = ax+by
. ey , = ey ,
: 3 -1 36 y x+dy Yy =cx+dy
¢ 7
: -10 00 Solving simultaneously and using the fact
: 8 i ad — bc = 0 gives the result.
. i
: - 13 (i) 4, 1),(2,2) and (-12,-3)
8 6 A
S \\?\ 4 54
E \\\ 2 4
: o *
. T T T T T NG| T T T > B B
: -10-8 6 4 20~2 4 6 8 >
: = A;\ C ] A
—4 \\ la-l1-loJo B8 b7 o= h 5o 1, 123335 [*
. Ea
. c
: 4
2
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14

15

16

(ii)

(iii)

(i)

Area of T = 4;Area of T' =12
Ratio 12:4 or 3:1. 3 is the determinant
of M.

w7
o (3300

a_ 1 42
ols _2[3—1]

(GG

(i)
(i)
(jii)
(iv)
(i)

(ii)

(iii)

so (x, y) 1s invariant under T~
2 -1
M =
3
k=——;x=2,y=3
> Y

There are no unique solutions.

(a] Lines intersect at a unique point.
(b) Lines are parallel.

(c) Lines are coincident.

oo 12 ) ol 43
slos ) 7\ =11
MN:(S—lj
14

(MN)™ = i( +1 ] =N"'M"

21\ =15
(PQPQ =1
(PQ'PQQ" = IQ"
(PQ"PI= Q"
(PQ)'PP' = Q' P
(PQ'1=Q" P
(PQ' = Q'P"

Exercise 2B (Page 27)

1

NV 00 N &

@M (a 5 (b) 5

(i) (a) -5 (b) -5
Interchanging the rows and columns has
not changed the determinant.

i) (@ o (b) 0
If a matrix has a repeated row or column

the determinant will be zero.

3 0 -6
. 1
(i) g -4 2 3
2 -1 0

(i) Matrix is singular.

-0.06 -0.1 -0.1
(i) | 092 02 07
0.66 0.1 0.6
| 34 11 32
i) = 9 6 6
21 -38 =16 =37
218 -11
= 239 =25 |; x=8, y=4, 2=-3
3 41 =27
1 4 -10 12
T=————| —(4k+8) 8 —(4+2k) |;
28 —10k
—k 7 -3k
k=28
(] The columns of the matrix have been
moved one place to the right, with the
final column moving to replace the first.
This is called cyclical interchange of the
columns.
(i) det(A) = det(B) = det(C) = —26
Cyclical interchange of the columns leaves
the determinant unchanged.
—-1£+/41
X=—
2
x=1,x=4
1<k<5

(il LetX=PQ)'soXPQ) =L
=XPQQ'=IQ'=Q"
= XP(QQ ) =XP=Q"!
= XPP'=Q! P!
=X=Q'P!
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ri_4
96 9
. _ 21 1
i) P'=| = — ——
9 6 9
ot
32 3
3 1
— __4 —
2 2
Q'=l 1 =2 0
3 1
25 _=
2 2
Snr 7
9 6 18
S 5 1 2
P = P = - — —— ——
(PQ) =Q i
515
9 3 18
10 (i) Multiplying only the first row by k equates
to a stretch of scale factor k in one direction,
so only multiplies the volume by k.
(iii)  Multiplying any row by k multplies the
determinant by k.
11 (i) 10x43=430

(i) 4x5x—7%x43=-6020

(iii)

. 4 1 3

(iv] x'x—x4yx43=86x"y
2x

XX2XyXx43=_86xy

Exercise 2C (Page 35)

02 04 -0.6
-0.25 0.25 -0.25
—0.15 =0.05 0.45

1 (i) deeM=20,M"=

2 (i)  Planes n, and m, are parallel and the second
is not parallel to either, so will cross through
both to form two parallel straight lines.

(i)  Planes n, and m, are parallel and =, is

coincident to ,.

(iii)  All three planes are parallel.
532 x 6
623 y |=1 11
718 z 12

3 ()

(i) Eliminating y gives the equations

—8x — 13z =-13 and —8x — 13z =-15
which are inconsistent so the planes

form a prism.

Planes meet at the unique point (3, —14, 8)
(i) Inconsistent, the planes form a prism.

(iii)

(iv)

Consistent, the planes form a sheaf.
Planes meet at the unique point
(-15,24,-1)

(v]  Three coincident planes.

The planes intersect in the unique point
(-0.8,0.6,1.5)

(i) Inconsistent, the planes form a prism.
(iii) Consistent, the planes form a sheaf.
13 26 -13

7 —2k—-4 -3k+8 |;

13k=05 4 3,7 _ok+14

k=5

(i) Unique point of intersection at:

[52—13;; 20-7p 4p—17)

13 13 13

(iii) Form a sheaf of planes when p = 4
7  Any point on the line (4, 24 — 4,9 — 5])
8 %,3;
k= %: no solution, the planes form a triangular
prism.
k= 3:any point on the line (4.5 — 3.54, 4,0.54 — 1.5),

the planes form a sheaf.

9 a=—2,%
14 2 x 0 2
10 det| 3 0 =2 |=0, | v |=| 1 |+¢ -2
3 -3 -4 > -2 3
1M a=-1
x 0.4 1
i |y |=| o |+
o 1.8 0

(i) The planes form a prism.

Activity 2.1 (Page 39)
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(c)

(
(e) (_2] (f)

0 1 5 1
5 (i) =3,¢| =6 |:0,¢| 9 4, ¢l 1
1

1 -7
—6
where ¢ # 0;

1
YA =-3+0+4=1+(-2)+2 HIpS
i) @ y=% b) y=3x P 3
; . . . 4
 y= %x (d) x=0 (ivl 1, ¢ ? ;2 (repeated); ¢| 2p+4q |; :
q .
) V=7 0 y=-gx ‘
e Y 6 where ¢ # 0 and p and q are not both zero. :
Exercise 2D (Page 45) YA =14242=0+7+(-2) :
- 1 3 1 1 0 :
1 : : = M
(i) 2,/{_1 ], 7, l{ 5 ]where k#0;2+7=5+4 M =2 o |2 o |31 :
-1 1 0 :
(i1) —1,]{ 14 J; 4, k( 23 J where k#0; where ¢ # 0. :
SA="24+2+3=0+3+0 :
—1+4=7+(-4) :
1 1 0 :
(i) 1—\/5,1{\/E - 1++/2, 1{\/5 Vi) L 1 [:4¢ 1 [:9¢ 1 :
-1 1 -1 -2 -1 :
where le;tO;l—\/E+l+\/§=1+1. where ¢ # 0. :
Y A=1+44+9=1+6+7 :
(iv] 2 (repeated), Ie( 1 ] where # 0; :
2+2=1+3. 3 L tand i1 c ! where ¢ # 0. :
-1 tan@ :
(v] 0.3, k ! 1k 4 where :
" 2 )77 1 4 (i) (A+B)s=As+Bs=as+fs=(a+p)s; :
k#0303+1=1.14+0.2. eigenvalue : (ot + f3)
. (i)  ABs=A(Bs)=BAs = Bas; eigenvalue: Bo. :
(vi] p, k[O ];q, Ie[ j; where k # 0; 6 () 6 §
pHa=p+q. 1 1 :
2 i (i) 2,k 0 |53,k 1 :
1 -
3¢ 0 [;2,¢c] 1 |;-1Lcl 1 | wherec#0; 8 (i) (a) 2,3 (b) 4,9 :
0 - @ 32245 ) 5.1 :
A =3+2+(-1)=3+2+(-1) i) (@) 1,23 (b 1,49
9 1 1 € 1,352,243 (d) 1,7, 3 :
(i) —Le| =14 |33, ¢| =2 |34, ¢ -1 5 5 :
) ) 2 9 5,/{ . );1,/«[ 3 )andki() :
where ¢ # 0; :
SA=—1+3+4=1+2+3 52[_? )+( ;] :
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10 (i] Mrv converges to 0
(i) if A, =1 M"v converges to s ;if A, =

M"v eventually alternates between i51
(iii) The magnitude of M"v increases without

limit; the direction of M"v becomes
parallel to s,.

. (0503
LU M"[0.50.7j

(ii) MZ( 100):( 76 j,so 76 at Calgary

100 124

and 124 atVancouver.

125
(iv] 75 at Calgary and 125 at Vancouver.

1 3
6(1],4’ C( 1 )’
p= —425e2’( 1 j+475e4’( i J

@ (Page 52)

No. The suggested substitution is invalid since

(iii) x=[ /> } Mx = Ax with A =1.

12 (iv] 2;

‘lambda’ is a number and M is a matrix.

Exercise 2E (Page 53)

v el 31 o)
0 o33) o+(43)
w oo 31) o-(721)

(L]0

4.0951 —5.1585 10 —15
; tends to
2.0634 —2.439 6 -9
. 876 —1266
3 0 (422 —601 j

n

)

(ii)

524 800 —523 576
=523 576 524 800

0.6666 0.3334

H o (29)
(i) [le

42
—110)_%12}
5 14 14
+6(10j=[00)
01 00

M* —(a+d)M+(ad —be) 1

i [ 0.6667 0.3333 J

01
(iii) [0 Oj

M2—5M+6I:(

a’ +bc ac+cd ac
= —(a+d d—bc
[ab+bdbc+dzj ( )(bdj e )[01]

(00)

0 1 2
3,0t 1 ;2,¢ 1 |35 ¢ —1
1 -1 1
01 2 243 0 0
P={11 -1 ;D= 0 32 0
1-11 0 0 3125
ABe = A(ue)=puAe = pile
1 1 1
=1t 0 51, ¢ =2 [;2,¢] 6
0 0 3
1 -11 1 1
-6 =3 4 6 |=-2| 6
-9 -37 3 3
1
6 | 1is an eigenvector of CD with eigenvalue —2.
3
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1

12

13

-200 0 10 stationary points, whereas sin x is periodic and §
D= 010 | P=|2 14 has infinitely many. =
o
003 =1 Exercise 3A (Page 63) @
-1 1-1 1 sin™! has domain [-1, 1] and range [—%, %]
P'= 100 cos™' has domain [—1, 1] and range [0, 7]
2-1 2 tan~! has domain R and range [—%, %]
(A+B)e=(l+,u)e 2 [I] 3
2
Eigenvalues of A: —1, 1, 3, eigenvalues of 1-9x
M: -8, -2, 2 i) - 1
4—x
1 12 5
- 1= (iii)
R=| 1-104, 25x% +1
1 11
. 6x
(iv)
-32768 0 0 1-9x*
D= 0 =32 0 e”
v —
0 0 32 e2¥ 41
. 6x
-1 1 2 Vi) ——=—=
S:% 1.1 2 X' =2x"+2
2 0-=2 3 (i) 4coshdx

(i) Aez0 = le#0

Chapter 3
@ (Page 61)

A polynomial of degree n has at most n-1

(i) 2xsinhx’

(iii) 2coshxsinhx

(i) Ale=ATe
(iv] cosh®x+sinh®«x
100
12-6 1 1 1
0= 0 4 |—=In3,———=
P={ 0125 [;D= 2 ( 2 3\/5)
00 20 1
00 = . 3
6 5 (] ———
V1+9x°
Eigenvalue = 5 (i) 4
—1 2
11 1 500 11 1 V16x™—1
M= 11 0 040 11 0 (iii) 4736
01-1loo2]01-1 V1+4x
il -2,3 (iv) !
i) -2, -
\/x2+x
1 _1
.. T+x(x” —1) 2
(ii) -1 6 () —F———
-1 x+x’ =1
1 1+x
= = = — 8 || tanhqx:—ln( )
(i) p=2,q=5r=-6 (ii) 5 —x
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10 in™' (xz) + 7,—12f2x4

Activity 3.3 (Page 66)

Gradients tend to zero and to infinity on the two

branches.
Activity 3.4 (Page 67)
2
% =—¢Vsinx—e “cosx, d—x{ =2¢ “sinx

Activity 3.5 (Page 68)
y® = 4dax

dy _2a 1dY_4a2: 1
dx y tdx®  y*  2af

Exercise 3B (Page 68)

1 (i)
ay
(i) (”’ j
8——6x 6y(dl)
(iii)
(3y —4x)
, d dy )’
(iv) (%) (do);j
siny+cosy \ (dy ’
(v) (cosy—sinyj (%)
2 i %cose&@
i) L
8t
(iii) —%cosec 0
: 3-+
(v 4¢
(v]  —e™(cost+sint)
3 (i) (1,-1)as g—z is not defined at (0.0).

(ii) d;}z’ =2 so minimum point.
dx

. d 2
4 i) d_o); =cotht, jx); = —cosech’t

(i) cotht= 0 for all values of 1.

(i) % =y*=1
5 (] Form<x<2m, cos2y>1
[”] ﬂ= COSX
dx  2sin2y’ 5
inx + 4 cos2y[
&y sinx +4cos2y| -
axz 2sin2y
4T
(iii) (2,_4)
(iv) (g,%) j;z, = —5 5O maximum
(%,—%) % = —% SO minimum.
6 1 ; 3¢
1617 (2 t)z( )
y_1 1
— Sgecdl - 41
8 (il 7= 5sec 291+c059 gsec 10
10 y=x2,(21‘,2%)maximum.
Activity 3.6 (Page 71)
1, 1, 1, 1 .
ii xX)=l+x+—x"+—x"+—x +—x
(i) pCo) 27 60 240 120

Activity 3.7 (Page 71)

If more terms were used, the terms in x* and x°
and higher terms would cancel out, leaving 1.

@ (Page 72)

It is often the case that if the terms of a series
converge, the sum of the series also converges.
However, it is not always the case: for example, the

terms of the series 1, = — converge to zero but the

n
sum of the terms does not converge.
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Activity 3.8 (Page 72) ,ox Xt X X
(iii) 24+x—x"——+—+

Order =7 _ 34 15 24
Maclaurin approximation up to term (iv) YA
in x' 1s 7.388994709, percentage )

error = —0.00083%.
Activity 3.9 (Page 74) "

Using the Binomial expansion ! L

7 -1 0 1 é\ 3

Maclaurin approximation

Step by step solution

SJaMsuy/

=Y

(1=x)" =1+ (=) (—x)+ %(—x)2
=D(E=2)(=3), s .
i 3! (o) s 9 coshx=l+x—+x—+...

=l4+x+x’4+x"+.. 21 4]

Sum to infinity of the sequence 1 + x + x% + &% +...

2 4 6

witha=1,r=x 10 () (a) 1_9_+0__9

p 1 » 21 41 ¢!

R Eriah Tl Gl b 00,00

Notice Maclaurin expansion, Binomial expansion 3t 51 71
and the geometric sequence give the same result. )

) . 0% e’ ' i’ 0° e’
Exercise 3C (Page 77) TR TR
1 (i) 0995004 (6 50 (i) 14100 _10° 0" 16" ¢ i6®

(i) 1.4x107% 20 31 41 51 6! 7!

2 (i) 0.60653,7 terms

; a0
(i) 2.40x 107% 1M (i) a=1a

3 sinxzx—a-i-... (iv) x+;+
(il x’+6x>—6x=0

2
4 (i) Inxisnotdefinedatx=0 " [(n — 2 =Dl - 6)(1)] x", n odd

n- entry = n!
5 f(0)=0,f"0)=-3,fY0)=15

0, n even
yA

1 Activity 3.10 (Page 79)
/“\ (i) In each case, you get the series for the
derivative of the original function.

(i) sinx has only odd powers of x.The graph of
y = sinx has rotational symmetry about the

=Y

origin, as do all graphs of the form y = x" for

O
odd n.
| cosx has only even powers of x.The graph
6 tanx=x+-—u+... of y = cosx is symmetrical about the y-axis,
7 (i) o 242(;: as are all graphs of the form y = x" for even n.

8 (i) a,=2

w
wn
©000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000
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Activity 3.11 (Page 80)

(il because In(1+0)=0

(i) terms need to be discarded as they are
incomplete — other parts arise from higher
powers in the series themselves.

(iv] 1+ yis the Maclaurin expansion for cos x

Exercise 3D (Page 80)

(i) 1-2x2+

2 8 3
i 2x—2x" +—
(ii) 3
1 1 1 1
(iii) I+ —x+—-nx"+—x"+—x
2 8 48 384
2 1y

X ——X

1 1 1,
(i) x——x"+—x'——x!
2 6 12

1
x—x"+—x’
(iii) 3

liv) 1+ Ll L
X+t—X ——X
W 27 8

1
—sin™' 2x +¢
2
4 12 5 40 7
(i) 2x+— = —x +...
3 5
(iii) Using x = 0.25 gives 0.5235258557...,
percentage error = —0.0139%
0.6456 (4 dp)
(i) 0.6911 (4 dp)
2x7 2x° 1
(i) 2x 3 , ng gives
In2=0.6930

T+x+x” +a’+...
i —
! (1-x)
LI IV
30 90
1 1 1
(ii) x+at+—x"——x>——x°
3 ]2 36
(1) as far as the term in x*

7 (i) x+x"+-—

agrees with

1
(i) 1+x- 59(3; the x* term of the product is

not correct.

8 (i) V(x)=4"(x)—13f"(x)
(4)(x) — 4f(3)(x> _ 13f"(x)
i) f(x):3x+6x2+%x3—5x4+...

10 Given 0 <r<1,the area of the square

1Y :
:( j =1+2r 432 +47 +5¢  + ...
—r

Also the side of the square
=(1=n)(A+2r+3r" +4° +5r" +..)

(_r)( r)Z 1ir

Chapter 4
@ (Page 85)

Estimate the area of the photograph and the number

of birds per unit area.

Exercise 4A (Page 88)
1 sin_1%+c
2 0.615@3s.f)
3  sin 1%+c
4 () 7§
(il 1%
5 () sin” (X724

(i) sm (

(iii) sin” (x2 1)+c
1

(iv) ﬁsin71(4x—1)+c
6 i) ;(x 9—x> +9sin” ( ))
(ii) éx\/4 9’ +§ 37)

+c

(iii) m
Exercise 4B (Page 91)
1 ()

cosh™ %—F c
(i)  sinh™ %+c
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2 () (2_,_\/3) 2 0.5336 and 0.7171
il In Y 3 [(i] 6.1404
(i) (a) 6.1056
(ii) 2+\/_j (b) 6.1344.
1++/2 (iii) The turning point in the interval means
3 (i %cosh_ 3x+c¢ that it is not clear that either is definitely an
1 1 underestimate and the other an overestimate.
(i)  =sinh™ 3x+¢
3 0.4282
o1 2
i Esmh KN (il log2+log3+:--+log10
liv] Jcosh™ 2+ =log(2x3x...x10)
. =log10!
4 () %ln(l(5+\/21)) )
1 (i} 155(10In10-9)
i) 3In(v10+3
3 in(10+3) i) 10!>1234098.041
5 (ii) 1 avx?+4 +2sinh ' 2+ ¢
l n
2 2 7 2 J.mdx— ln(x+1)]0=ln(n+1)
6 (i %x x —9+gcosh_1%+c

Asn—> oo, In(n+1)— oo

9 (i) «xsinh'x—~/x>+1

- 5 1 , A
(i)  xtanh 2x+zln(1—4x )
3V’ 1

10 (i) 4(x+5j - 49

(i) 0.322 5
11 Constant of proportionality 132. <|_
Exercise 4C (Page 96) 0 >

2 4

1 8
2 6e'-2
3 Im-1ome24 !

1,3
© arET 0.5
Activity 4.3 (Page 99) '
0.8099815 and 0.7599815 for 10 rectangles and *ié'§|=
0.797794 and 0.772794 tor 20 rectangles. For 20 0 5 J; “x
rectangles, both round to 0.8, so this would be an
answer accurate to 1 significant figure. 0.8 is 1.9% -2 ) S 4_ 2
error and mid-value between bounds give 0.78 to 1+n ﬁ < ~ A <07 ﬁ 50
2 significant figures and 0.7% error. 1

; \/5 < T/

Exercise 4D (Page 100) e
1 (i) 05165 and 0.5320

(i) T

(i) 3.099 <7 < 3.192

Cambridge International AS & A Level Further Mathematics Further Pure Mathematics 2
© Roger Porkess, Jean-Paul Muscat and Rose Jewell 2018

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

-

SJaMsuy/




2
)
<
0
IS
<

©000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000

Activity 4.4 (Page 103)
(i) \

Y

1
/ @
!
(ii) YA
[iii] JVA

! 1
N
Y
-1

>
1 X
>
>
1 pY

<

%
//V

@ (Page 107)

PQ = Js, QK =188 ,KP = r56. Use Pythagoras on
‘triangle’ PQK.

Exercise 4E (Page 107)

8(107* —1)
27

1 =9.07 2

2 )

N—
~_ 1
\
\
\
\
j‘
~
1]
S
o

(=]

n
1

2a a

N

Exercise 4F (Page 112)

(i)  45m

(i)  4ma2

(iii) 2mac+mc?sinh (Q)
3

Sma’ (53/2 _ 23/2)

(iv) 3
64na’

v 5%

. ]2 2

ol L2

(vii) (2—\/5)71'412

.. 32ma’

(viii) %

(i)  2ma’(1-cosa)
(i) 4ma’(sino—acosa)

(i)  4ma?
(i) 2.03 x 10°km?

() 4

3
. 11
I —
(i) 5
241
s=2-41  S=4m2
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(i) 51 ImA
Chapter 5
6+
@ (Page 118) sk
4+
Similarity — both use r and 6. N C
S
Difference — Modulus argument form is used 2+ : 2
to represent a complex number on the Argand 1k %
diagram, polar coordinates are used to represent I N S S N I
: 3-2-10 1 2 3 4 5 Re :
a real number on the coordinate plane. 4l :
Activity 5.1 (Page 119) :
0 T, T o o i) —2</3-2i :
i =cosyHisiny;—2= (cosm+isinm) A
(i) (a) Anticlockwise rotation of the vector z :
I . 3F .
through 7 radians. :
2 :
(b]  Anticlockwise rotation of the vector z 1l :
through nt radians (which is equivalent [ | | | [ | | | :
to two successive rotations through z 4 3 2 10[ 1 2 3 4 Re :
radians) and enlargement by scale factor 2. i :
. o -2+ 5
Exercise 5A (Page 120) Ll :
. 333, :
1 i) 3/2-3v2i i) T\/__El . :
livl 32 -32i
i) —v2++2i (V) —#—%i Im A :
1 :
2 (i) 4 3 4(cos€+1sm€) . I T O S :
-1 0 1 2 3 4 5 Re .
i sn Sn Sn T
(i) 4 3 4((:05( 3 )+1sm( 3 )) Ll :
i) 4 -I 4 cos(—E)—i-isin(—E) >r :
6 6 6 Al :
X :
5t :
- _sn _5E) 4 igin (3T :
(iv] 4 3 4(cos( 3 )+1sm( 3 )) :
4 (i) 15(c05£+isin£) :
2 2 .
3 ¥+3\2/51 i 3 5\, (5w :
k ] g(cos(—?)-i—lsm(—?)) :
Im / .
B (0 BTy BT :
Al (iii) 3(Cos 6 +1s1n 3 ) 3
3L (iv) %(cos%+isin%) f
2t X 5 (i) Enlargement scale factor 5+/2 and a §
1k clockwise rotation through % radians. :
S 1ol 1 3 é ) é é Ri (i) Enlargement scale factor 12 and a §
-r clockwise rotation through ZTTE radians. :
2T 6 () 1+/3i :
11 A :
(i) —g—gVa3i :
(K]
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Activity 5.2 (Page 121) 2
2% = 4(cos0.2+15in0.2)

2’ =8(cos0.3 +1isin0.3)
2" =16(cos0.4 +isin0.4)
2> =32(cos0.5+1sin0.5)

2" =2"(cos0.1n+1isin0.1n)

2" =7r"(cosnf+isinnb)

3
@ (Page 122)

The lines will continue all the way round. What

happens then depends on whether or not % isa

rational number. If it is rational, a limited 4
number of lines get repeated over and over again

as n—> oo If' it is not rational the number of lines

— oo but no line ever gets repeated.

o Using the two
Activity 5.3 (Page 124) resu?ts given.

cos(—=¢)+isin(—¢) = cosp — ising «—

2[cos(—¢)+1sm ] [cosq)—lsmq)]

= cos(—ng) +isin( [cos¢— 1sm¢]
N 5

Using de Moivre’s theorem on the left-hand side.

= cos(np)—isin(ng) = [cos¢— isind)]” ‘—I

Using the two results given in the question. 6

Exercise 5B (Page 124) 7

: 2n 2n
1 [I] [a] cos?+151n7

(b) COS(—z?n)+isin(—2Tn) g
(c) cos 57t)+isin(—5?n) 9

() z=w' (i) =0 i

ImA
12
21 X X w
g Ly
-1 0 1 Re

(i) cos(—30)+isin (—30)
(ii) cos(?2)+1sm(?g)

(i) -1

M z=w"

i) =z, =w"
Im A
1 —
W
X
| 1 |
-1 0 1 2 Re
X z,
-1 622
(i)  —8+8-/3i
(i) —1024-1024i
(iii) —46656
64(\/3+i)

(i) 81(cos86+isin8e)
(ii) icos1560 —sin1560
liil) % (icos(-210)—sin(-216))
k= 41472
2n

(i} 2 =cos0+isin0, z, =cos =L +isin <L,

3

Z; —cos(—%—n)+1sm( ZTE)

Cambridge International AS & A Level Further Mathematics Further Pure Mathematics 2
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one vertex at the point 1. 1.38(c0s2.96 +i5in 2.96);

2 o'=1w0= %4.#1’ o* =i, 1.38(cos(=2.07) +isin(=2.07));
1.38(cos(—0.81) +isin(—0.81))

(iii) Im
X
X
0 Re P o
0 : 2
X > 3
X ! ]
7 :
cosO+isin0,cos2—57'c-i-isin25—7t,cos%E 3
Fisindn cos(—z—n)+isin(—ﬁ), The points forrg a regular octagon with one
5 5 5 vertex at the point 1. :
4w\, o 4n :
cos(——=|+1sin|——==], :
( 5 ) ( 5 ) 3 0.90+2.79i, —0.90 - 2.79i :
. b 1+i1-i,—1+i,—1—i :
Activity 5.4 (Page 128) ImA :
X 1+ X .
n=2 1+(-1)=0 :
— i —1— ; 0.5 .
n="73 1+ l+\/§1+ 1 \/31=0 :
2 2 | ! ! ! :
n=4 1+ (1) + i+(=0) =0 -1 05 0 05 1 Re :
. 0.5 |~ E
Exercise 5C (Page 132) :
X 1H X :
1 o' =10'=0.309+0.951i, :
> L5 _ ~ . | .
o =—0.809+0.588i, »" =—0.809—-0.588i, 5 (i) 2 (COS(_%)+ ism(_%)); :
o' =0.309-0.951i :
2 (cos7—n+isin7—ﬂ)' :
A 12 12 )2 :
2 cos(——”)+ism(—3—ﬂ) :
4 4 :
(i) 1.38(cos0.25+isin0.25);
T 1.38(cos1.82 +isin1.82);
1.38(cos(—2.90) +isin(—2.90)); :
1.38(cos(—1.33) +isin(=1.33)) :
(i) 1.38(cos0.44 +isin0.44);
The points form a regular pentagon with 1.38(cos1.70 +isin1.70);
3 V2 2 :
O =—"5t5 10 L 6 The fifth roots give alternate tenth roots and their :
negatives (given by a half turn about the origin) :
o = —#— \éz i 0 =-1, fill the gaps. :

Cambridge International AS & A Level Further Mathematics Further Pure Mathematics 2
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7 w=-119-1201
-3+21, -2-31, 3-21

Activity 5.5 (Page 133)

sin50 =5¢'s—10°s7 +§°

ImA
3L % =55(1—52)2—1053(1—52)+55
X 2k =55—10s" +55° =105 +10s° + 5°
I sin50 =165in°0 —20sin’ @+ 5sin O
| | | | | | | | >
4 3 2-10 1 2 3 4 Re
1

Activity 5.6 (Page 134)

2 X o 5
3 2isinf=z—=z
X 3 -
= (2ising)’ 2(2—2_1)5
8 2(COS(_%)+isin(_% ) = 32isin’9 =2 —52° +102 - 10z
+5270 27
_ 137\, ... (13x% s s -
2(cos 1 )+1sm( 1 )), :(2;_2 ;)_5(23_2 3)
2(cosl1l—”+isinlll—”) +10(z—271)
- =2isin560 —107s5in 30 + 20isin 6
9 (2+1-30) =2187 . in®g = Sn50=55in36-+ 10sint
10 (i) ﬁ(cos%-&isin%) \/g(cos—+isin—,

8

\/g(cosm + isin%),

Exercise 5D (Page 135)

3tan6 —tan’0

1 [(ii) tan30= 1= 3tan’0
\/g(cosls—n+isin15—n) . 5 - Fan
8 8 2 (i) 2 =cos30+isin30 |
ImA 27 =cos30 —1isin36
o 3 (i) z'=cosf—isind
l-x (i) (b) cos460+4cos20+3
|>< 1 1 1 - II 8
-2 - ?_ o2 | Re (iii) (b) sin560—5s5in36+10sin@
>z 16
72_
L cos60 =32cos’0—48cos'0+18cos’0—1
. in 60
(i) w:%(cos%—#isin%) SslinW=32c0559—32cos39+6c059
Im A 5 Sin69=—cos69+6cos49—15c0529+10
32
2,_W
X P 1 3
. 6 N . e .
QX 1+ jsm 0do = 19251n6(9+6451n49
R | R R B _ 15 5
X e sin20 + 0+¢
R>21- S 64 16
=21 6 cos'Osin’ = —sin760 —sin560 + 3sin 30 + 3s1in 6
- 64
12 cos%n+cos%n=%;cos%anos%nz—% Joncos405in39d0=%
4x* =2x—1=0; cosln=l(l+x/§) 203
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S

5%
8

(iii) 6=18°=cos50=0

cosf = i(#j or +(

c0s18° is close to 1 so cos18° —(

8 [(ii) cos’e=

=)

+
8

and using cos’ 6 +sin” 6 =1 gives
sin18° = (—3 _8\/3)

9 4= % (i)

ol—

2
,r=2z",2n terms

10 (i) =" =cosnbB+isinnd

%zcosne—isinne
z
z"+i—2cosm9
2"
"= i = 2isinnd
2"
_L -t -1 _ 1
i) P=16- 17732 "="16" *~ 32
11 1+z=1+cos@+isinf
21 LgeosLo
=2cos 29+21sm290052

_ 1 1
—2c0526(c0529+151n 0)

1
2
n n
1 sin@ + 5 sin20+ ...+ sinn@

=2"cos" lGsinlne

2 2

13 sin’0 = —sin560 —

16 sm39+—sm9

oolut

S U T
P=16-1="16" "7

@ (Page 138)

cos(—0) =cos0 and sin(—0) =—sinb
sO

r(cos@—1sinB) = r(cos(—6)+1isin(—0))
Therefore

r(cos@—isin@) =re?

Activity 5.7 (Page 138)

(i) ™ =ce” =e¢"(cosy+isiny)

(ii) ™™ = e%e®™ =¢7 (cosZTm +1isin 2T[I’l)
—e"X1l=¢"
(iii) Using (i) with x=0, y=7n  gives
e’ (cosmt+isinm) =—1
@ (Page 139)
-1
The earlier results cosf == +22 and

sin@ = z—Zizf , where z=cosf+1isin, can
be rewritten with z =¢",s0 ™' =, giving
cosO—M and sine—eie_e_ig
- 2 N 21
Activity 5.8 (Page 141)
= "0 1o
S=2"cos 5 sin >
Exercise 5E (Page 141)
I .. _5m; -
1 (i) 4¢? (i) /3¢ (iii) 5e 2
_3m; _I;
liv) 3</2¢ (v] 2e°
2 (i) -5 (i) —1+i
(i) —1-i () 252,
11
zw=6e ?
2_2.1
w 3¢
4 (i) w=32e

2i60 (n—1)i6

C+iS=1+e?+e™ +... +¢

(i) sin@+sin(n—1)0 —sinnd
2—2cosO

S=2"cos"0sinnd

a=16,b=-20,c=5
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8 ' =a-biso

et =t = (cos(—b) + isin(—b))

s

=e¢"(cosb—isinb)

e” =™ =e"(cosb +isinb) so
(ez)* =¢e"(cosb—1isinb)
9 llc== (3C052f3+25m2x)) i
g€ e (- 2c05219§+351n2x) +o,
10 C=20 sl

Chapter 6
@ (Page 145)

‘Winds of moderate speed caused large oscillations in
the bridge, which eventually collapsed into the river
below.

Activity 6.1 (Page 147)

() (a) (i) (a) (P==x",Q=x%),
(b) (P=x,Q=x%),

(¢ (P=—(x+1),Q=x"+x)

Exercise 6A (Page 151)

1 (i) e
(i) e'°1°”
(i) x *
(iv] «
(v] ™
(vi) secx

2 (i %%y_xiz
(i)«
LAy, 1
i) xdx+y_x
W) ()=t

(V] xy=Inx+c

(vi) y= llnx+£

(Vi) ¢=0

(viii) ¥= llnx
X
3 (i) y=x———

(i) y—4-2e"
(i) = 3e70"D
(iv) x=L@e -1
(v] y=x3—x2

Vi) y=L-4e™)

3
& (i) v=25+Ae""
(ii)-(iii]) v=251—=e"")

(iv)] The method of separation of variables is
usually preferred as it involves less work.

5 () k=1
. dv
(i) -q10-1,
dr 3
_L
i) v=30+Ae 3
1
(iv) 1/=30(1+e *J
A
6 (] y=sinx+ S
X X
. cosx —1
(ii) y=smx+——
X
(i) y=sinx
liv] As x—=0,y—sinx
y

-1.57]

N A /\ A

—0.5 \\\J// \\\J//4 \\b// \\v/]
14
—1.54
7 () y=Aetr R ow
b kz - kl
. _ 14 —kit _—kot
(i) vy —kz—kl( ™)
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() .
dt

(iv] x=uae”

The amount y of Th-234 is affected by
both its own decay (the k,y part of the

kit

differential equation) and the rate at which
U-238 decays into it — given by k, x 1.e.

ak,e™".
(v)] y=kate™
. dz —kt
(vi) Ez—ky,z=a(kt+l)e —a
_ 2
8 (i y:l—x(A+x+x—)
1+x 2
1-x x
. it A
(i) (@) y Hx(x 2)

As x > -1y —>o0

_l 2
(i) y=50-x7)
YA
1
/\
1 0 %
3
1

9 (i) &%= A+3(1+x2)5

i) y=[1-22 ) Lagay
I y [1 3 J+3(1+ )

3x® 3xt
Gii) 1+ 2422
2 8
[|V] ~£+L ]+3_xz+£+
LN 2 g
Take A= =32 y~—— L(1+x2)2
awe 3 3x 3x°

Activity 6.2 (Page 157)
(i) (a), (c) and (d) are linear, (a), (b), (d) and (e) have

constant coefficients.

(ii) (a] Can be solved by any of the three methods,

y — Ael7x

(b) Separation of variables, y =

1
c— X
(c) Separation of variables or integrating factor,

1
y = Ae ?

(d) Can be solved by any of the three methods,
y = Ae™

(e] After division by y, any of the three methods
can be used, y = Ae”

Activity 6.3 (Page 158)

_ 3x 2x, ﬂ_ 3x 2x_ﬁ_
y=Ae™ +Be™; dx_3Ae +2Be e
9A4e™ +4Be*

d’y _dy

_ _ 3x
TE s ey=(9A4-154+64)c" +

(4B—10B+6B)e™ =0
Exercise 6B (Page 164)

1 () y=Ae™
i) y=Ae™
i) x = Ae™
liv] p= A"

(V] > = Aeo.Zr

2 (i) y=3>

i) y=e
T
Gii) x = 2e3 "
(iv) P = Re"

(v] m moefkt

[”] y = Ae1.79x + Be—2.79x

i) x = Ae " + B
-2,

(iv] y=A+Be’

v y= e%x(Ax + B)
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A =31+2=0
i) A=12
(i) y= Ae" + Be™

m]gZ:A€+2&“
X

v)  y=2e" -

2x
€

2
)
<
0
IS
<

A =8A+16=0,1=4
i) y= Ae"™ + Bxe™

(iii) y = et — 5xe*

X = %(1 - efst)

Initially moves quickly towards its limiting

position x = 0.8

"t

1,
(i) x = (1 +1(Ve - 1))e > Initially
increases briefly then decays to zero.

YA

q= (249>

(i) qA

0.18 0.58

~Y

i

I

dg A i
dt 1
I

I

I

I

4
‘\\\\d

0

0.18\%‘

[iii]q—)Oand%%Oast—)oo

Y

©000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000
—_
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8 (i) T =373+127"

(i) T=42.0°C

(iv) 37.3°C

9 (i) T =Ae™+Be™

(i) T =-52.3¢" +152.3¢™

(iii) 87.9°C
10 (i) x =2—2e"

(iii) 49.9 seconds, 50kmh!

(iv) The car takes an infinite amount of time to stop.
M) y=Ax+B

(i) flx)=Ax+B

(iii) y = (Ax + B)e™®

Activity 6.4 (Page 168)
x=asin(wt+€)=asin(e+wr) =
asin€cost+ acosEsin Of
= Pcoswt+ Qsinwt

= P=ygsine and Q=acos€

= p+Qi=4d (c0528 + sinzs) =a’;

P _asing _

Exercise 6C (Page 175)

1 (i) x=Asin3t+ Bcos3t
(i) x=lsin3t

3

(iii) Period = 2n ,amplitude = 1

3 3

X

1

3 /\

OL A m ™\ ¢
3 3

1

3
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2 (i) x=Asin 1t Beosls Exponentially increasing oscillations

2 2 XA
.. _ 1 x=1.15¢" 7
(ii) x—4cos§t 15—~
<
(iii) Period = 4w, amplitude = 4 0 \ _
X 't : ]:>
4 115 !
/\ e === . s
- P
5 T x=-L15 O~ : 7
™ T T .
4L \/ (iii)  x=2e"sins :
Decaying oscillations :
3 (i) y=e(Asinx+Bcosx) YA :
2o x=2¢" :
(i) y=e"(Asin2x+ Bcos2x) S~ :
VA N :
(iii) xze_’(Asin\/gt+Bcos\/3t) 0 \/ NS——-Tx :
(iv)] x=¢""(Asint+ Bcost) Y P :
. a2 2
4 i) x—Asm3t+Bcos3t (iv) x=e'(2€os%t—4sin%t) :
.2
(i) X—SSIH(3t+O.927) Zme[cos(%t+l.ll) :
(iii) :
XA Increasing oscillations :
SH .
v A ; :
x:\/i)e_’_.' Y :
0 7; 3z I Iz ;l \20 pe-ot s
2 2 2 2 21N :
0 ;x i
30 -\ :
5 (i) x:%sin2\/§t+c052\/§t xsz/f);;"\\ §
= 3){5 sin(2\/§t+l.23) [ ] 3 T o5 = 6.58¢"" sin 2t E
v] x=3e “sin2t=6.58¢ "sin :
Oscillations with constant amplitude Decaying oscillations :
XA .
1.06 3
1 \ /\ :
0 > :
\/ ’ :
i .
~1.06 - :
x=g(-e )
(i) x=e (cos\é3 %sm%tj 6 (i) x=Asin8t+Bcos8¢ §
(i) x=0.1cos8t :
2 § 3. T . _ :
=—=e¢ ~= 4+ = (iii) Period = ,amplitude = 0.1 .
V3 ( 2 6) 4 :
21

Cambridge International AS & A Level Further Mathematics Further Pure Mathematics 2
© Roger Porkess, Jean-Paul Muscat and Rose Jewell 2018




2
)
<
0
IS
<
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. ) 2 .
v (iii) %=—2Ae""+%e3“; g—j:+2y

\
0.1
=24 +§e3x +2A4e™ +ge3x =e™
5 5
0 >
) 3t om Tn ¢ ; dy _ o1 2 .
16\/6 16\/16 (iv) In =—-2Ae" 551nx+§cosx ;
-0.1 | dy 1

I +2y=—2Ae +=sinx
X 2

5
+2cosx+2Aef —=Ccosx
5 5

7 (i) 6=e(Asint+Bcost) or

0=ec"Acos(t+¢) 4 .
+=sinx =sinx

5

(ii) 9:%6721<28i1’1t+COSt) or )
. Exercise 6D (Page 182)
0=1.76e"cos(t—1.11)
(i) The motion effectively ends at about t=2.5. 1 (i y=-2x-5
Although 0 subsequently does become (i) 1,1
negative, the amplitude of the oscillation is ! 4772
very small and decreases rapidly. (iii) y=—-0.08cos3x+0.06sin3x
oA [ ] x= ée_zf
iv 1
i 1.2
2 (i) y=Acos2x+Bsin2x+§e
1 (i) x=Ae’+Be +e

\‘_ (iii) y=e"(Acos2x+Bsin2x)+0.1sinx+0.2 cos x
0 | |

(iv) y=e"(Acos2x+Bsin2x)+0.6x+0.16

<Y

—_
[\
w
NN .

b 3 (i) x=Acost+Bsint—%tcost
(i) y=Ae e + Be* +éxe
72_
(iii) sze'+Be3’+%te3’
(iv] 620 andt— oo (iv) x= At 4 B)e™ + 212
( )
8 (i) k=~/20 4 (i) y:ezx—663x+6x+5

(i) (@) Underdamped.

(b) Overd d (ii) x=—2cos3t—%sin3t+2e[
verdamped.

10 Y=A62I+Befzf+Csin2t+Dcos2t (i) y=e"(-cos2x+1)
(iv) =—¢ ' +4e' —cos2t—3sin 2t
. Y
Act|V|ty 6.6 ([Page 178)
dy (v) x=—%e'+%62'+%—%eﬂ

i —2Ae™; = 42y=-2Ae" +24e7 =0
Ui dx N N (vi] y=2sin2x—3xcos2x
(i) %2—2A6_2X+% jy+2 (vii) y=C_zx(2cosx+3sinx)—cosx+sinx

= DA 434246 +3x -2 il y=de +le 1xo1

2 2 ry=3 2
=3x—-1
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(i) P=Ae" (ii) (a) (b

(ii) P =100—-25(cost—sint) XA
(i)  P=100—25(cost—sint)—55¢e " Y D
(iv] 100 L R Qb LLLLLLLLLLLLE .
v) 252 §
/ / -3
(i) x=e1'5'(Acos 2311+Bsin §1t)+0.05 : A
A A 0 C
i) x=e 15'(0 05c0s3 2L 1+ L1 gy ;lt)+0.05 :
V31 (c) :
x—0.05 35 t — oo ) E
(i) 116 08
) ™ (Asin503r+Beos5043) | /N ©m=4:
3] /A WY S W 4 W Y e P :
(ii) Underdamped. |/ )\ I\ A :
(iii)  —0.1cos100¢ o — >
=50t : 48" E
g=e (A 51n50\/§t+ BcosSO\/gt) | :
9 () (&) (b) y=dAe"+——e" :
~0.1cos100¢ P :
. —50¢ 1 . 1 N — ALk et .
= — =A +t .
(iv) g=e (10\/351n50\/§t+10c0550\/51j (i) (@) (b) y e e :
—0.1cos100¢ 10 (i) x=2cos3t :
[V] XA §
7A 2 .
02 \ /\ /\ /\ 3
(ii) :

. X 3
The oscillations quickly settle to almost 2 :
constant amplitude. \ /\ :

. 20 o 8 25 .
() la) x=4-Fe +5e” : NN L
(b) x=4.9—(7.01t+4.9)e™*" p i 2 :
(c) x =8—¢™"(10.05in0.70¢ + 8 c0s0.70¢) :

23
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(i) x= 2cos3t+%tsin3t L xy = A(y—x)z

5 y+\/xz+yz=Ax2

S dzx_ 2
o 6 ) g =1-22
g : (ii) (x+y)2+(x—y)=A
0 .
< .
. 1
= : 7 yzz( 3—2962+9c)
: 8 y=-2¢"sin(lnx)
: The r-11acl?1ne wa shake itself to bits (this 9 y= [ A+Blnx+ L (Inx)’ :|x3 +2
: situation is described as resonance). 2 3
§ 1 10 y=%x2+A(lnx)2+Blnx+C
I & x:(A+Bt)e‘2’+1+t—§t2
. -1
. =t
¢ 12 General solution 1M y=tanx
: . i ; .12 y=1n[ X ]+Ctan_1x+D
: x=e¢""(A cos 2t+ B sin 2t)+ 3cos2t+4sin 2t ; m
: Particular solution 5
: x=e (2 cos 2t— sin 2t)+3cos2t+ 4sin2f 13 y= (1—x)
: As t—> o0, x =3co0s2t+4sin2t = 5cos(2t— Q) 14 %y3+Cy+D=2x
: Exercise 6E (Page 191) 15 y=xcosx
E X —5x 3
D1 y=x2+Inx) 16 )/Zi/Ae3 +Be™ —5e
. 2 . 1
c 2 2x=(x—y)Inx—% =
(x=y)( 3) 17 (i) vy .
i3 ln()/2+xz)+2tan_1 (%)ZO 18 (i) 31.6ms!
(i) 92.0m
24
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